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1. Introduction

A logical space is a pair (A,B) of a non-empty set A and a subset B of the power
set PA of A. Let T = {0, 1}. Then since PA is identified with TA and T is a typical
lattice, a pair (A,F) of a non-empty set A and a subset F of BA for a lattice B is
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also called a B-valued functional logical space, if B has the smallest element 0 and
the largest element 1 and is non-trivial in the sense that #B ≥ 2.

Logical spaces naturally occur in logic. For instance, let A be the set of
the formulas in PL (propositional logic). Then A is generated by the set X of
variables, and each mapping v of X into the set T of the truth values is as well-
known extended to a mapping fv of A into T, and we obtain a T-valued functional
logical space

(
A, {fv}

)
. Also, let A be the set of the formulas in FPL (first-order

predicate logic). Then A is determined by the sets C and X of the constants and
variables, and each pair of mappings Φ and v of C and X into each domain E of
interpretation determines as well-known a mapping fE,Φ,v of A into T, and we
obtain a T-valued functional logical space

(
A, {fE,Φ,v}

)
. Thus, a logical space is

a model of a pair of the set of the sentences (as for FPL, not necessarily closed
formulas) of a logic and the family of functions which assign the sentences their
truth values in T. Replacing T by any non-trivial lattice B with 0 and 1 in view
of ML (modal logic), IL (intuitionistic logic), and so on, we obtain the concept of
B-valued functional logical spaces (cf. Remark 3.1). The above process has been
generalized to deal with other logics mentioned below so that each “logical system”
with a “truth” yields a logical space [5].

A deduction system on a set A is a pair (R,D) of a subset D of A and a
relation R between A∗ =

⋃
�

n=0A
n and A. Deduction systems also naturally occur

in logic. Let (A,F) be one of the logical spaces in the above examples. Then we
usually think of sound inference rules on A such as

x x⇒y
y

or
x y

x∧y
. Let ℘ and

& denote them. Then they are regarded as relations between A∗ and A, and so is
their union ℘ ∪ &. Thus, any subset D of A yields deduction systems (R,D) for
R = ℘,&, and ℘ ∪ &, although D is also usually assumed to be sound.

This paper has two purposes. The one is to study the completeness of deduc-
tion systems and subsidiarily of sets with respect to logical spaces abstractly and
systematically to the extent described below with illustrations by PL and FPL.
The other is to give a theoretical basis for the papers [4] [10] [13] by the author and
his collaborators Mizumura and Takaoka who will study MPCL (monophasic case
logic) and PPCL (polyphasic case logic) designed for rather a developing branch
of MP (mathematical psychology) enjoying interesting problems. They will serve
as motivations and examples of applications of the theory in this paper. Thus, the
abstract theory of the logical spaces applies to classical PL, FPL, non-classical
ML, IL, newborn MPCL, PPCL, and hopefully to other logics. It should be noted
that this paper together with [4], [5] and others abridges an aspect of an electronic
publication [6] which contains updates on progress in MP and has served as a text
at the Graduate School Math. Sci. Univ. Tokyo for more than a decade.

In the literature, there seems to be a debate on the question “What is a
logical system?” It will be fruitless, because answers may vary according to a sense
of purpose. For instance as for MP, logic is a tool for constructing and analyzing a
mathematical model of human system of cognizing and thinking, the outer worlds
which humans cognize and think about, and the relationship between a human
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and the outer worlds, just as calculus is a tool for mechanics. The language A
of the logic is a model of the human system of cognition, and semantics for A
consists of models (W,Φ) of pairs of an outer world and a relationship between a
human and the world. The pair

(
A, {(W,Φ)}

)
deserves the name of logical system,

while deduction systems on A are so named because they are models of the human
system of thinking. Adequacy of the two systems is examined solely by observation
of human’s thought through natural languages, just as Newton’s laws are solely
examined by observation of motion, neither by mathematician’s aesthetic sense nor
by engineer’s sense of efficiency. On the other hand, the abstract theory of logical
spaces is a framework for practical logics, and as such could have been polished
by sense of beauty and efficiency, and generalized by wish for a wider use.

The body of this paper begins at §4 and ends at §8. Among the preliminaries
collected in §2, however, quasi-finitarity (Definition 2.2) is a key concept and leads
to Theorem 6.10, which shows how all the B-theories (§6) of a logical space (A,B)
are generated by B and in turn leads to a classification of the logical spaces into
three classes (Definition 6.3) and also to results on B-models (Definition 8.2) of
B-consistent (Definition 8.1) subsets of A. Also among the preliminaries collected
in §3, results in §3.1–§3.2 are regarded as ones on the F-validity relation (6.1) of a
Boolean logical space (A,F) (Definition 6.1). All of PL, FPL, MPCL, and PPCL
yield Boolean logical spaces (Example 6.1). PL and FPL belong to Class 2, while
MPCL belongs to Class 2 or 3 according to a parameter (Example 8.2, [13]), and
so probably will PPCL. Theorem 7.6 shows that a functional logical space belongs
to Class 2 iff every complete deduction system on it is extra-complete but not
super-complete (Definition 7.1). Theorem 8.9 together with Example 8.1 shows
that a Boolean logical space (A,F) belongs to Class 1 or 2 iff every F-consistent
subset has an F-model. The final §9 includes an answer to a question raised by a
referee and suggests an alternative approach to logical spaces.

This paper has a few more key concepts and results. Among them is Theorem
7.12, which gives a practically necessary and sufficient general program (Remark
7.3) for finding a complete deduction system (R,D) with respect to a functional
logical space (A,F). The program reads as follows.

1st step: Find a characteristic law (Definition 7.2) (�R, �D) of (A,F).
2nd step: Find an F-sound (Definition 7.1) deduction system (R,D) on A whose

deduction relation (5.2) satisfies the characteristic law (�R, �D).

This program is not quite new. The 1st step amounts to finding a Gentzen style
deduction system for sequents, while the 2nd step amounts to converting it into a
Hilbert style deduction system for sentences. There already exist several methods
for the 1st step, although the two steps are sometimes only implicitly separated.
The author does not intend to present a new method within the theory of logical
spaces. He and Mizumura [4] have used resolution trees for MPCL, and so will
Mizumura [10] for PPCL. Takaoka [13] will use Dedekind cuts (§7.5) for MPCL.
The author learned both methods from Ono [11], although Ono does not use the
term “cut.” The latter method is also implicit in Henkin’s proof [7] of Gödel’s
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completeness theorem [3]. Theorem 7.13 is its theoretical basis and unites the 1st
step with the problem of how to construct F-models of F-consistent sets (Remark
7.5). The 2nd step is illustrated in §5.3 by Boolean logical spaces.

A referee has pointed out that there are several theories similar to that of
logical spaces, for instance the theory of abstract logics of Brown and Suszko [1],
which is said to be the most notable of the similar studies. The surveys [2] [8]
by Font, Jansana, and Pigozzi are probably good sources of information on more
recent such studies.

Suszko writes “The class of abstract logics 〈A,C〉, with algebras A of a fixed
similarity type, constitute a category when supplied with suitably defined mor-
phisms. Here, the analogy with general topology is the guiding idea so that the
morphisms of abstract logics are defined as ‘continuous’ homomorphisms. It is
natural to continue the said analogy and, to introduce projective and inductive
generation of abstract logics as well as the notion of a dual space. Thus, we con-
struct a general framework of the theory of abstract logics.”

Brown and Suszko write “The work of Lindenbaum, Henkin, Rasiowa, and
Sikorski show in many cases of interest that an adequate semantics in the sense of
completeness theorems can be obtained from the language. For the propositional
calculi this is usually done by treating the language as an abstract algebra defining
an appropriate congruence and factoring the algebra. The models are then defined
as these quotient algebras with a distinguished subset. Such structures have been
termed logical matrices in the literature. Usually the quotient algebra is a lattice
and the distinguished subset consists of only one element, the unit element in the
lattice. An excellent summary of this algebraic approach to semantics is in ‘The
Mathematics of Metamathematics’ by Rasiowa and Sikorski. We show that this
construction is a special case of projective generation of abstract logics.”

These citations and the above description of the theory of logical spaces
clearly show the characteristic of the theory of abstract logics and the difference
between the two theories. The author neither pursues the analogy with general
topology nor aims at the algebraic construction of models. He and his collabora-
tors also use the language in proving their completeness theorems or constructing
models for MPCL and PPCL of interest to them and for PL, FPL, ML, IL, and
so on as side examples to them. However, they never factor the language by any
congruence. Instead, they use resolution trees and Dedekind cuts, and it seems
needless to connect them with algebras. The author was formerly a group theorist
and understands importance of quotient algebras. However, after converting from
groups to MP, he soon realized that quotients are irrelevant to MP, and thus has
been led to the theory of logical spaces as described above.

This paper is almost self-contained and relies only on well-known and basic
concepts about sets, orders, and algebras related to lattices. All algebras and op-
erations in this paper are total. Our notation and terminology about them will be
standard except that we denote the set of the finite subsets of a set X by P ′X and
that we denote the set of the mappings of a set Y into a set Z by Y → Z instead
of ZY . Thus f ∈ Y → Z means f : Y → Z.
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Some numbered remarks in this paper include helpful comments, motivations,
and interesting examples. Some remarks and even examples are also theorems
without proofs. Conversely, some theorems are remarks with proofs. In this sense,
there are no big differences between theorems, remarks, and examples.

2. Finitarities and closures

The preliminaries collected in this section will be used mainly in §6.3, §8, the
proofs of Theorems 3.28 and 4.4.

2.1. Covers and finitarities

Definition 2.1. Let A be a set, B be a subset of PA, and X be a subset of A. Then
X is said to be extra-covered by B, if for each Y ∈ P ′X there exists an element
B ∈ B such that Y ⊆ B. Also, X is said to be super-covered by B, if for each
Y ∈ P ′X there exists an element B ∈ B such that Y ⊆ B ⊆ X. Also, X is said to be
ultra-covered by B, if P ′X ⊆ B.

As an immediate consequence of Definition 2.1, we have that if X is ultra-
covered by B, then X is super-covered by B. Also, if X is super-covered by B, then
X is extra-covered by B. Also, if X is extra-covered by B, then X is covered by B

in the usual sense that X ⊆ ⋃
B∈B B holds. Also, if X ∈ B, then X is super-covered

by B. Furthermore, if B is downward in the sense that PB ⊆ B for each B ∈ B,
then the concepts of extra-cover, super-cover, and ultra-cover by B are identical.

Definition 2.2. Let A be a set and B be a subset of PA. Then B is said to be
finitary, if every subset of A which is extra-covered by B belongs to B. Also, B is
said to be quasi-finitary, if every subset of A which is super-covered by B belongs
to B (Matsuda [9]). Also, B is said to be semi-finitary, if every subset of A which
is ultra-covered by B belongs to B.

Definition 2.2 and remarks about Definition 2.1 immediately show that if B

is finitary then B is quasi-finitary and that if B is quasi-finitary then B is semi-
finitary. Furthermore, the following holds, which in particular shows that the above
definition of “finitary” is equivalent to the usual one.

Theorem 2.1. Let A be a set and B be a subset of PA. Then the following four
conditions are equivalent.

(1) B is finitary.
(2) B is downward and quasi-finitary.
(3) B is downward and semi-finitary.
(4) A subset X of A belongs to B iff X is ultra-covered by B.

Proof. As elements of B are extra-covered by B, (1) is equivalent to the condition

(5) a subset X of A belongs to B iff X is extra-covered by B.
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Also, each of the conditions (1)–(5) implies that B is downward, and if B is down-
ward, then extra-cover, super-cover, and ultra-cover by B are identical. Therefore,
the conditions (1)–(5) are equivalent. �

Theorem 2.2. Let A be a set and B be a subset of PA. Assume that B is quasi-
finitary. Then the ordered set (B,⊆) is inductive.

Proof. Let {Bi | i ∈ I} be a non-empty totally ordered subset of B. Define X =⋃
i∈I Bi. If Y ∈ P ′X, then there exists an index i ∈ I such that Y ⊆ Bi. Since

Bi ∈ B and Bi ⊆ X, X is super-covered by B, hence X ∈ B. Therefore (B,⊆) is
inductive. �

Definition 2.3. Let A,B be sets and ϕ be a mapping of PA into PB. Then ϕ is
said to be finitary, if ϕX =

⋃
Y∈P ′XϕY for each X ∈ PA.

Note that PA→ PB is a complete lattice with respect to the order ⊆ defined for
each (ϕ,ψ) ∈ (PA→ PB)2 so that ϕ ⊆ ψ iff ϕX ⊆ ψX for all X ∈ PA.

Theorem 2.3. Let A,B be sets. Then the following holds.

(1) If ϕ ∈ PA→ PB is finitary, then ϕ is increasing.
(2) If ϕ ∈ PA→ PB is finitary and ψ ∈ PA→ PB is increasing, then the subset

{X ∈ PA | ϕX ⊆ ψX} of PA is quasi-finitary, and ϕ ⊆ ψ holds iff ϕY ⊆ ψY

for all Y ∈ P ′A.
(3) If ϕ ∈ PA → PB and ψ ∈ PB → PC are finitary for a set C, then the

composite mapping ψ ·ϕ ∈ PA→ PC is finitary.
(4) If (ϕi)i∈I is a family of finitary mappings ϕi ∈ PA→ PB, then their supre-

mum
⋃

i∈Iϕi in PA→ PB is also finitary.
(5) If ϕ ∈ PA→ PB is finitary and D ⊆ A, then the mapping X �→ ϕ(X ∪D) is

also finitary.

Proof. The proofs of (1) and (4) are left to the reader.
(2) Suppose X ∈ PA is super-covered by B = {B ∈ PA | ϕB ⊆ ψB}. Then for

each Y ∈ P ′X, there exists a set B ∈ B such that Y ⊆ B ⊆ X, so ϕY ⊆ ϕB ⊆ ψB ⊆
ψX. Hence ϕX ⊆ ψX, that is, X ∈ B. Therefore B is quasi-finitary. If ϕY ⊆ ψY

for all Y ∈ P ′A, every member of PA is ultra-covered by B, hence PA ⊆ B, which
implies ϕ ⊆ ψ.

(3) Let X ∈ PA and Z ∈ P ′(ϕX). Then Z ⊆ ϕX =
⋃

Y∈P ′XϕY, and so
for each element z ∈ Z, there exists a set Yz ∈ P ′X such that z ∈ ϕYz. Define
YZ =

⋃
z∈Z Yz. Then YZ ∈ P ′X and Z ⊆ ϕ(YZ), hence ψZ ⊆ ψ(

ϕ(YZ)
)
. Therefore,

ψ(ϕX) =
⋃

Z∈P ′(ϕX)ψZ ⊆ ⋃
Z∈P ′(ϕX)ψ

(
ϕ(YZ)

) ⊆ ⋃
Y∈P ′Xψ(ϕY). Since ψ ·ϕ is

increasing, we conclude that ψ ·ϕ is finitary.
(5) Let δ be the constant mapping X �→ D on PA. Then, since ϕ, idPA, and

δ are finitary, so is ϕ · (idPA ∪ δ), which is equal to X �→ ϕ(X ∪D). �
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2.2. Closure operators

A closure operator on an ordered set (A,≤) is a mapping ϕ ∈ A → A which
satisfies the following three conditions.

(1) ϕ is extensive in the sense that x ≤ ϕx for all x ∈ A.
(2) ϕ is idempotent in the sense that ϕ(ϕx) = ϕx for all x ∈ A.
(3) ϕ is increasing in the usual sense that if x ≤ y then ϕx ≤ ϕy.

The set {x ∈ A | ϕx = x} = {x ∈ A | ϕx ≤ x} = ϕA will be called the fixture
domain of ϕ. Note that the order ≤ on A induces the order ≤ on A→ A defined
for each (ϕ,ψ) ∈ (A→ A)2 so that ϕ ≤ ψ iff ϕx ≤ ψx for all x ∈ A.

Theorem 2.4. Let (A,≤) be an ordered set. Then the following holds.

(1) If ϕ is a closure operator on (A,≤) and B is the fixture domain of ϕ, then
ϕx = min{y ∈ B | x ≤ y}.

(2) If B is a subset of A such that there exists min{y ∈ B | x ≤ y} for each element
x ∈ A, then the mapping x �→ min{y ∈ B | x ≤ y} is a closure operator on
(A,≤) and its fixture domain is equal to B.

(3) Two closure operators ϕ,ψ on (A,≤) satisfy ϕ ≤ ψ iff the fixture domain of
ψ is contained in that of ϕ.

Proof is left to the reader. This theorem will be used without notice.

Theorem 2.5. Let (A,≤) be a complete lattice and, for each subset B of A, let B∩

denote the set {inf X | X ⊆ B}. Note that maxA = inf ∅ ∈ B∩. Let us say that B
is ∩-closed in (A,≤) if B∩ = B. Then B∩ is the smallest of the ∩-closed subsets
of A which contain B (for the reason, we call B∩ the ∩-closure of B in (A,≤)).
Therefore, the mapping B �→ B∩ is a closure operator on (PA,⊆), and its fixture
domain is equal to the set of the ∩-closed subsets of A.

In particular, if A is a set and B is a subset of PA, then the following holds
for the ∩-closure B∩ of B in (PA,⊆).

(1)
⋂

Y⊆B∈B B =
⋂

Y⊆X∈B∩ X for each Y ∈ PA.
(2)

⋃
B∈B−{A} B =

⋃
X∈B∩−{A} X (note that A = max(PA) = inf ∅ ∈ B∩).

Proof is left to the reader.

Theorem 2.6. Let A be a set and, for each subset B of PA, let B be the set of
the subsets of A which are super-covered by B. Then the mappping B �→ B is
a closure operator on (P(PA),⊆) and its fixture domain is equal to the set of
the quasi-finitary subsets of PA. Therefore, B is the smallest of the quasi-finitary
subsets of PA which contain B (for the reason, we call B the quasi-finitary closure
of B). Furthermore the following holds.

(1)
⋂

Y⊆B∈B B =
⋂

Y⊆X∈B X for each Y ∈ P ′A.
(2)

⋃
B∈B−{A} B =

⋃
X∈B−{A} X.

(3) B − B consists of infinite sets.
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Proof. Let B ⊆ PA. Then the sets in B are super-covered by B, hence B ⊆ B.
If B ⊆ B ′ ⊆ PA, then the sets in PA super-covered by B are also super-covered
by B ′, hence B ⊆ B ′. Suppose X ∈ PA is super-covered by B. If Y ∈ P ′X, then
there exists a set B ′ ∈ B such that Y ⊆ B ′ ⊆ X, and so there exists a set B ∈ B

such that Y ⊆ B ⊆ B ′ ⊆ X. Thus X is super-covered by B. We have shown B ⊆ B.
Therefore the mappping B �→ B is a closure operator. By Definition 2.2, B = B

iff B is quasi-finitary. Suppose Y ∈ P ′A and Y ⊆ X ∈ B. Then there exists a set
B ∈ B such that Y ⊆ B ⊆ X. Therefore (1) holds. If x ∈ X ∈ B − {A}, then there
exists a set B ∈ B − {A} such that x ∈ B ⊆ X. Therefore (2) holds. If X is a finite
set in B, then since X ∈ P ′X, there exists a set B ∈ B such that X ⊆ B ⊆ X, hence
X = B ∈ B. Thus (3) holds. �

Theorem 2.7. Let A be a set. Then the mapping B �→ B∩ of P(PA) into itself is
a closure operator on (P(PA),⊆), and its fixture domain is equal to the set of the
subsets of PA which are ∩-closed in (PA,⊆) and quasi-finitary. Therefore, B∩ is
the smallest of the subsets of PA which contain B and are ∩-closed in (PA,⊆)

and quasi-finitary (for the reason, we call B∩ the quasi-finitary ∩-closure of B).

Proof. We only need to show that if B is a ∩-closed subset of PA then so is B. Let
(Xi)i∈I be a family of sets in B and define X =

⋂
i∈I Xi. If Y ∈ P ′X, then for each

i ∈ I, there exists a set Bi ∈ B such that Y ⊆ Bi ⊆ Xi. Let B =
⋂

i∈I Bi. Then
Y ⊆ B ⊆ X, and B ∈ B because B is ∩-closed. Therefore X ∈ B as desired. �

Theorem 2.8. Let (A,≤) be an ordered set. For each element a ∈ A, let (←a]
denote the downward interval {x ∈ A | x ≤ a}. Also, let us say that a subset B
of A is downward if (←b] ⊆ B for all b ∈ B. Furthermore, for each subset B of
A, define

←−
B =

⋃
b∈B(←b]. Then the mapping B �→ ←−B is a closure operator on

(PA,⊆) and its fixture domain is equal to the set of the downward subsets of A.
Therefore,

←−
B is the smallest of the downward subsets of A which contain B (for

the reason, we call
←−
B the downward closure of B).

Proof is left to the reader.

Theorem 2.9. Let A be a set and B be a subset of PA. Then the quasi-finitary

closure
←−
B of the downward closure

←−
B of B for (PA,⊆) is equal to the set of the

subsets of A which are extra-covered by B, and the mapping B �→←−B is a closure
operator on (P(PA),⊆) whose fixture domain is equal to the set of the finitary

subsets of PA. Therefore,
←−
B is the smallest of the finitary subsets of PA which

contain B (for the reason, we call
←−
B the finitary closure of B).

Proof. First assume that X ∈ PA is extra-covered by B. If Y ∈ P ′X, then there
exists a set B ∈ B such that Y ⊆ B, hence X ∩ B ∈ ←−B and Y ⊆ X ∩ B ⊆ X. Thus

X ∈←−B . Next assume X ⊆ X ′ ∈←−B . If Y ∈ P ′X, then there exists a set Z ∈←−B such
that Y ⊆ Z ⊆ X ′, and so there exists a set B ∈ B such that Y ⊆ Z ⊆ B. Therefore
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X is extra-covered by B. We have shown that
←−
B is equal to the set of the subsets

of A which are extra-covered by B and also that
←−
B is downward. Therefore, the

mapping B �→ ←−B is a closure operator and its fixture domain is equal to the set
of the finitary subsets of PA. �
Theorem 2.10. Let ϕ be a closure operator on a complete lattice (A,≤) and let B
be the fixture domain of ϕ. Then the following holds.
(1) supB X = ϕ(supA X) and infB X = ϕ(infA X) = infA X for all sets X ⊆ B.
(2) minB = ϕ(minA) and maxB = maxA.
(3) ϕ(supA(ϕY)) = ϕ(supA Y) for all sets Y ⊆ A, where ϕY = {ϕy | y ∈ Y}.

Consequently, (B,≤) is also complete and B is ∩-closed in A.

Proof is left to the reader.

Theorem 2.11. Let A be a set, ϕ be a closure operator on (PA,⊆), B be the
fixture domain of ϕ, D ⊆ A, and define ψ ∈ PA→ PA by ψX = ϕ(X ∪D). Then
ψ is also a closure operator and its fixture domain is equal to {Y ∈ B | D ⊆ Y}. If
furthermore ϕ is finitary, so is ψ.

Proof. Let B ′ = {Y ∈ B | D ⊆ Y}. Then ϕ(X ∪D) = min{Y ∈ B ′ | X ⊆ Y}, hence
the former assertion. The latter is a consequence of Theorem 2.3. �

3. Latticed representations and latticed relations

The preliminaries collected in this section will be used mainly in §5.2, §5.3, §6.2,
§7.3, the proofs of Theorems 4.5, 5.2, 6.3, and 8.7.

Throughout this section, we let A be a set, and denote by A∗ the set of
all formal products x1 · · · xn of elements x1, . . . , xn of A of arbitrary finite length
n ≥ 0. In other words, A∗ is the free monoid on A. We denote elements of A
by x, y, . . . , while elements of A∗ by α,β, . . . , both with or without numerical
subscripts. This alphabetical convention will be used throughout the remainder of
this paper. In particular, the element of A∗ of length 0 or the identity element of
the monoid A∗ will be denoted by ε. When α = x1 · · · xn ∈ A∗, we denote the
subset {x1, . . . , xn} of A also by α, where if n = 0, then α = ε and {x1, . . . , xn} = ∅.
This sequence convention will also be used throughout the remainder of this paper.

Let S, T be sets. Then the relations between S and T may be regarded as the
subsets of S× T , and so we may discuss the order R ⊆ Q of relations R,Q between
S and T , and if R ⊆ Q, we may say that R is contained in Q or that Q contains R.
In particular, the term “largest” in Definition 3.3, Theorems 3.20, 6.1, and so on
means “largest with respect to the order ⊆,” and similarly for the term “smallest.”

3.1. Validity relations of latticed representations

Throughout this subsection, we let B be a lattice with respect to the order ≤, meet
∧, and join ∨, and with the smallest element 0 and the largest element 1. Then a
latticed representation of A on B is simply a mapping f of A into B.
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Remark 3.1. If f is a latticed representation of a non-empty set A on a non-trivial
lattice, then (A, {f}) is a functional logical space. Conversely, if (A,F) is a B-
valued functional logical space with F �= ∅, (A,F) is “equivalent” to a functional
logical space (A, {ϕ}) made of a single latticed representation ϕ of A on the power
lattice BF = F → B defined by (ϕx)f = fx for each x ∈ A and f ∈ F. This is a
reason why latticed representations are relevant to the theory of logical spaces. Also,
extension of the concept of T-valued functional logical spaces to that of lattice-
valued functional logical spaces does not only mean extension of truth values, but
also means bundling of truth functions.

For the latticed representation (A,B, f), we define the relation �f on A∗ by

α �f β ⇐⇒ inf fα ≤ sup fβ (3.1)

using the sequence convention. We call �f the f-validity relation. If A �= ∅ and B
is non-trivial, then �f is equal to the {f}-validity relation to be defined by (6.1)
for the B-valued functional logical space (A, {f}) (cf. Remark 6.1).

In this subsection, we study properties of the f-validity relation �f under
various algebraic additional conditions on the latticed representation (A,B, f). It
includes the study of B itself because (B,B, idB) is a latticed representation.

Theorem 3.1. The f-validity relation �f satisfies the following four laws:

x �f x, (repetition law)

α �f β =⇒ xα �f β,

α �f β =⇒ xα �f β,

}
(weakening law)

xxα �f β =⇒ xα �f β,

xxα �f β =⇒ xα �f β,

}
(contraction law)

αxyβ �f γ =⇒ αyxβ �f γ,

αxyβ �f γ =⇒ αyxβ �f γ.

}
(exchange law)

Proof is left to the reader.

Remark 3.2. The repetition law is related to but different from the reflexivity law
α �f α. The �f is reflexive iff B is trivial, because ε �f ε iff 1 ≤ 0.
Theorem 3.2. The f-validity relation �f satisfies the following law:

α �f x, xβ �f δ =⇒ αβ �f δ,

α �f x, xβ �f δ =⇒ αβ �f δ.

}
(cut law)

If B is a distributive lattice, then �f satisfies the following law:

α �f xγ,

xβ �f δ

}
=⇒ αβ �f δγ. (strong cut law)

Proof. In order to prove the strong cut law, let a = inf fα, b = inf fβ, c = sup fγ,
d = sup fδ, and e = fx. Then the premise implies that a ≤ e∨ c and e∧b ≤ d

holds. Therefore, if B is distributive, then a∧ b ≤ (e∨ c)∧ b ≤ (e∧ b)∨ c ≤
d∨ c. Therefore inf f(αβ) = a∧b ≤ d∨ c = sup f(δγ), hence αβ �f δγ. If γ = ε
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or β = ε, then c = 0 or b = 1, and so the above reasoning works without the
distributive law. Thus the cut law holds with no additional conditions. �

Definition 3.1. If a relation on A∗ satisfies the repetition law, weakening law, con-
traction law, exchange law, and cut law, we say that it is a latticed relation. Also,
if a relation on A∗ satisfies the repetition law, weakening law, contraction law,
exchange law, and strong cut law, we say that it is a strongly latticed relation.

Thus, the f-validity relation �f is a latticed relation, and if B is distributive, then
�f is a strongly latticed relation.

Theorem 3.3. The image fA of f contains 0 and 1 iff the f-validity relation �f

satisfies the following end laws:

there exists an element x ∈ A such that x �f ε, (lower end law)

there exists an element x ∈ A such that x �f ε. (upper end law)

Proof. This is because an element x ∈ A satisfies fx = 0 iff x �f ε, while x satisfies
fx = 1 iff x �f ε. �

Theorem 3.4. According as 0 = inf fA or 1 = sup fA, the f-validity relation �f

satisfies the following lower quasi-end law or the upper quasi-end law (the union
of these laws will be called the quasi-end laws):

α �f ε ⇐⇒ α �f y for every element y ∈ A, (lower quasi-end law)

α �f ε ⇐⇒ α �f y for every element y ∈ A. (upper quasi-end law)

Proof. Assume 0 = inf fA. If an element α ∈ A∗ satisfies α �f y for every element
y ∈ A, then inf fα ≤ fy for every element y ∈ A, and so inf fα ≤ inf fA = 0,
hence α �f ε. Conversely if α �f ε, then α �f y for every element y ∈ A by the
weakening law. The rest of the proof is similar. �

Remark 3.3. Under the weakening law and cut law, the lower and upper end laws
respectively imply the lower and upper quasi-end laws.

Theorem 3.5. Let x∧y and x∨y be binary operations on A. Then f is a {∧,∨}-
homomorphism iff the f-validity relation �f satisfies the following junction laws:

x∧y �f x, x∧y �f y, xy �f x∧y, (conjunction law)

x∨y �f x, x∨y �f y, xy �f x∨ y. (disjunction law)

Proof. Assume that f is a {∧}-homomorphism. Then, for each (x, y) ∈ A × A,
we have f(x∧ y) = fx∧ fy, hence f(x∧ y) ≤ fx, f(x∧ y) ≤ fy, and fx∧ fy ≤
f(x∧ y). These inequalities show that �f satisfies the conjunction law. Conversely,
assume that �f satisfies the conjunction law. Then for each (x, y) ∈ A×A, we have
f(x∧ y) ≤ fx, f(x∧ y) ≤ fy, and fx∧ fy ≤ f(x∧ y), hence f(x∧ y) = fx∧ fy.
Thus f is a {∧}-homomorphism. The proof for ∨ is similar. �
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Theorem 3.6. The image fA of f is a sublattice of B iff the f-validity relation �f

satisfies the following quasi-junction laws:

for each (x, y) ∈ A×A, there exists an element z ∈ A such that

z �f x, z �f y, and xy �f z, (quasi-conjunction law)

for each (x, y) ∈ A×A, there exists an element z ∈ A such that

z �f x, z �f y, and xy �f z. (quasi-disjunction law)

Proof. Let (x, y) ∈ A×A. If fA is closed under the operation ∧, then there exists
an element z ∈ A such that fx∧ fy = fz, hence fz ≤ fx, fz ≤ fy, and fx∧ fy ≤ fz,
which imply z �f x, z �f y, and xy �f z respectively. Conversely, if there exists an
element z ∈ A which satisfies z �f x, z �f y, and xy �f z, then fz ≤ fx, fz ≤ fy,
and fx∧ fy ≤ fz, hence fx∧ fy = fz ∈ fA. The rest of the proof is similar. �

Theorem 3.7. Assume that B is a Boolean lattice, and let ♦ denote the comple-
ment on B. Furthermore let x♦ be a unary operation on A. Then f is a {♦}-
homomorphism iff the f-validity relation �f satisfies the following negation laws:

xx♦ �f ε, (lower negation law)

xx♦ �f ε. (upper negation law)

Proof. If f is a {♦}-homomorphism, then we have fx∧ f(x♦) = fx∧(fx)♦ = 0

and fx∨ f(x♦) = fx∨(fx)♦ = 1 for every element x ∈ A, and so �f satisfies the
negation laws. Conversely, assume that �f satisfies the negation laws. Then for
every element x ∈ A, we have fx∧ f(x♦) = 0 and fx∨ f(x♦) = 1, hence f(x♦) =
(fx)♦ by the uniqueness of the complement. Thus f is a {♦}-homomorphism. �

Remark 3.4. In dealing with several lattices simultaneously, we wish to use dif-
ferent symbols for meets and joins in different lattices, for instance, ∩ and ∪ for
a lattice A, ∧ and ∨ for a lattice B,  and � for a lattice C, and so on. Then,
how about complements in Boolean lattices? The best way is to use symbols made
of those for meets and joins. For instance, if the lattices A,B,C, . . . above are
Boolean, then use ◦ for A, ♦ for B, � for C, and so on. This is the reason why an
unusual symbol ♦ is used for complements or negations in this paper.

Theorem 3.8. Assume that B is a Boolean lattice, and let ♦ and ⇒ be the com-
plement and implication on B. Furthermore let x♦ and x⇒ y be unary and binary
operations on A. Then f is a {♦,⇒}-isomorphism iff the f-validity relation �f

satisfies the following implication laws in addition to the negation laws:

x♦ �f x⇒y, (1st implication law)

y �f x⇒y, (2nd implication law)

x⇒y �f x
♦y. (3rd implication law)

Proof. Assume that f is a {♦,⇒}-homomorphism. Then �f satisfies the negation
laws by Theorem 3.7. Furthermore f(x⇒ y) = fx⇒ fy = (fx)♦ ∨ fy = f(x♦)∨ fy,
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hence inequalities f(x♦) ≤ f(x⇒ y), fy ≤ f(x⇒ y), and f(x⇒ y) ≤ f(x♦)∨ fy,
which imply that the implication laws are satisfied. Conversely, assume that �f

satisfies the negation laws and implication laws. Then f is a {♦}-homomorphism by
Theorem 3.7. Furthermore (fx)♦ = f(x♦) ≤ f(x⇒ y) and fy ≤ f(x⇒ y) by the 1st
and 2nd implication laws, hence fx⇒ fy = (fx)♦ ∨ fy ≤ f(x⇒ y). On the other
hand, f(x⇒ y) ≤ f(x♦)∨ fy ≤ (fx)♦ ∨ fy = fx⇒ fy by the 3rd implication law.
Therefore f(x⇒ y) = fx⇒ fy. Thus f is an {⇒}-homomorphism. �
Definition 3.2. Assume that B is a Boolean lattice, and let ♦ and ⇒ denote the
complement and implication on B. Also, assume that x∧ y, x∨y, x♦, x⇒ y
are operations on A, and f ∈ A → B is a {∧,∨,♦,⇒}-homomorphism. Then we
say that f is a Boolean representation of A on B with respect to the operations
∧,∨,♦,⇒. Boolean representations on T = {0, 1} are called binary representations.

Definition 3.3. Let x∧ y, x∨y, x♦, x⇒ y be operations on A. Then a relation �
on A∗ is called a Boolean relation if it is a strongly latticed relation and satisfies
the junction laws, negation laws, and implication laws with respect to ∧,∨,♦,⇒.

Also, a relation � on A∗ is said to be weakly Boolean, if it satisfies the
repetition law, weakening law, contraction law, exchange law, and the following
four laws with respect to the operations ∧,∨,♦,⇒:

xyα � β =⇒ x∧y, α � β,

α � xβ, α � yβ =⇒ α � x∧y, β,

}
(strong conjunction law)

xα � β, yα � β =⇒ x∨y, α � β,

α � xyβ =⇒ α � x∨y, β,

}
(strong disjunction law)

α � xβ =⇒ x♦α � β,

xα � β =⇒ α � x♦β,

}
(strong negation law)

α � xβ, yα � β =⇒ x⇒ y, α � β,

xα � yβ =⇒ α � x⇒ y, β.
}

(strong implication law)

The strong conjunction law and strong disjunction law put together will be called
the strong junction laws. Obviously, the largest relation on A∗ is Boolean and
weakly Boolean. We call it the trivial relation.

Note that weakly Boolean relations need not satisfy the cut law. The relationship
between the Boolean relations and the weakly Boolean relations will be clarified
by Theorem 3.17.

Theorem 3.9. Assume that B is a Boolean lattice and f is a Boolean representation
with respect to operations x∧ y, x∨ y, x♦, x⇒y on A. Then the f-validity
relation �f is a Boolean relation with respect to the operations.

Proof. This is a synthesis of Theorems 3.1, 3.2, 3.5, and 3.8. �
Theorem 3.10. Assume that fA = B and that the f-validity relation �f satisfies
either the strong conjunction law with respect to an operation x∧y on A or
the strong disjunction law with respect to an operation x∨ y on A. Then B is a
distributive lattice.
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Proof. Consider the case where �f satisfies the strong conjunction law. Then,
since xy �f x and xy �f y hold by the repetition law, weakening law, and
exchange law, it follows that �f satisfies the conjunction law. Therefore, f is a
{∧}-homomorphism, as shown in the proof of Theorem 3.5. Let a, b, c, d ∈ B and
assume d ≤ a∨ c, d ≤ b∨ c. Then there exist elements x, y, z,w ∈ A such that
a = fx, b = fy, c = fz, d = fw, which necessarily satisfy w �f xz, w �f yz.
Therefore w �f x∧y, z by the strong conjunction law, hence fw ≤ f(x∧y)∨ fz.
Since f(x∧ y) = fx∧ fy, we conclude that d ≤ (a∧ b)∨ c holds. Therefore B is
distributive. �
Theorem 3.11. Assume that the latticed representation (A,B, f) satisfies the fol-
lowing condition for each element α ∈ A∗:

a = inf fα =⇒ a = sup
(
fA ∩ (← a]

)
,

a = sup fα =⇒ a = inf
(
fA ∩ [a→)

)
,

}
(3.2)

where (← a] = {b ∈ B | b ≤ a} and [a →) = {b ∈ B | a ≤ b}. Let ≤f be the
restriction of �f to A×A, that is, x ≤f y iff fx ≤ fy. Then x1 · · · xm �f y1 · · ·yn

holds iff the following holds for all elements (x, y) ∈ A×A (cf. Remark 3.5):

x ≤f xi (i = 1, . . . ,m), yj ≤f y (j = 1, . . . , n) =⇒ x ≤f y. (3.3)

Proof. Let a = inf{fx1, . . . , fxm} and b = sup{fy1, . . . , fyn}. Then x ≤f xi (i =
1, . . . ,m) iff fx ≤ a, and yj ≤f y (j = 1, . . . , n) iff b ≤ fy. Therefore, we may
argue as follows to complete the proof:

(3.3) holds for all elements (x, y) ∈ A×A⇐⇒ if elements x, y ∈ A satisfy fx ≤ a and b ≤ fy, then fx ≤ fy⇐⇒ if elements c, d ∈ fA satisfy c ≤ a and b ≤ d, then c ≤ d⇐⇒ sup
(
fA ∩ (← a]

) ≤ inf
(
fA ∩ [b→)

)

⇐⇒ a ≤ b⇐⇒ x1 · · · xm �f y1 · · ·yn. �
3.2. Analysis of latticed relations

Throughout this subsection, we let A be a set and � be a relation on A∗ which
satisfies the repetition law, weakening law, contraction law, and exchange law.
Here we search for the laws which are equivalent to the strong cut law, junction
laws, negation laws, and implication laws on �.

Theorem 3.12. Let x∧y be a binary operation on A, and assume that � satisfies
the cut law. Then the following three laws are equivalent.
(∧1) x∧ y � x, x∧y � y.
(∧2) xyα � β =⇒ x∧y, α � β.
(∧3) α � x∧y, β =⇒ α � xβ, α � yβ.
Also, the following law (∧4) and (∧5) are equivalent and (∧6) imply them. If �
satisfies the strong cut law, then (∧6) is equivalent to (∧4) and to (∧5).
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(∧4) xy � x∧y.
(∧5) x∧ y, α � β =⇒ xyα � β.
(∧6) α � xβ, α � yβ =⇒ α � x∧y, β.

Let x∨y be a binary operation on A, and assume that � satisfies the cut
law. Then the following three laws are equivalent.

(∨1) x � x∨y, y � x∨y.
(∨2) α � xyβ =⇒ α � x∨y, β.
(∨3) x∨ y, α � β =⇒ xα � β, yα � β.

Also, the following law (∨4) and (∨5) are equivalent and (∨6) imply them. If �
satisfies the strong cut law, then (∨6) is equivalent to (∨4) and to (∨5).

(∨4) x∨ y � xy.
(∨5) α � x∨y, β =⇒ α � xyβ.
(∨6) xα � β, yα � β =⇒ x∨ y, α � β.

Proof. The law (∧2) is derived from (∧1) by the cut law, exchange law, and
contraction law. We have xy � x and xy � y by the repetition law, weakening
law, and exchange law, and so (∧2) with α = ε and β = x or y implies (∧1).
The law (∧3) is derived from (∧1) by the cut law. We have x∧ y � x∧y by the
repetition law, and so (∧3) with α = x∧y and β = ε implies (∧1). The law (∧5)
is derived from (∧4) by the cut law. The law (∧5) with α = ε and β = x∧y

implies (∧4). The law (∧6) is derived from (∧4) by the strong cut law, exchange
law, and contraction law. The law (∧6) with α = xy and β = ε implies (∧4).
Since the dual � of � is also a latticed relation and dual of the strong cut law is
the strong cut law itself, the rest holds by the duality. �

Theorem 3.13. Let x♦ be a unary operation on A, and assume that � satisfies the
strong cut law. Then the following four laws are equivalent.

(♦1) xx♦ � ε (the lower negation law).
(♦2) α � xβ, α � x♦β =⇒ α � β.
(♦3) α � xβ =⇒ x♦α � β.
(♦4) α � x♦β =⇒ xα � β.

Also, the following four laws are equivalent.

(♦5) ε � xx♦ (the upper negation law).
(♦6) xα � β, x♦α � β =⇒ α � β.
(♦7) xα � β =⇒ α � x♦β.
(♦8) x♦α � β =⇒ α � xβ.

Proof. The laws (♦2), (♦3), and (♦4) are all derived from (♦1) by the strong cut
law, exchange law, and contraction law. We have xx♦ � x and xx♦ � x♦ by the
repetition law, weakening law, and exchange law, and so the law (♦2) with α = xx♦

and β = ε implies (♦1). Similarly, the law (♦3) with α = x and β = ε together
with the exchange law implies (♦1), and the law (♦4) with α = x♦ and β = ε

implies (♦1). The rest holds by duality. �
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Theorem 3.14. Let x⇒y be a binary operation on A, and assume that � satisfies
the strong cut law and the negation laws with respect to a unary operation x♦ on
A. Then the following three laws are equivalent.

(⇒1) x♦ � x⇒ y, y � x⇒ y (the 1st and 2nd implication laws united).
(⇒2) xα � yβ =⇒ α � x⇒y, β.
(⇒3) x⇒ y, α � β =⇒ α � xβ, yα � β.
Also, the following four laws are equivalent.

(⇒4) x⇒ y � x♦y (the 3rd implication law).
(⇒5) α � x⇒y, β =⇒ xα � yβ.
(⇒6) α � xβ, yα � β =⇒ x⇒ y, α � β.
(⇒7) x, x⇒ y � y (cut-implication law).

Proof. Assume (⇒1) and xα � yβ. Then applying the cut law to xα � yβ and
y � x⇒ y, we have xα � x⇒ y, β. Also, applying the weakening law and exchange
law to x♦ � x⇒y, we have x♦α � x⇒y, β. Hence α � x⇒y, β by the law (♦6).
Thus (⇒1) implies (⇒2). Assume (⇒1) and x⇒y, α � β. Then applying the cut
law to x⇒ y, α � β and x♦ � x⇒y, we have x♦α � β, hence α � xβ by the
law (♦8). Also, applying the cut law to x⇒y, α � β and y � x⇒y, we have
yα � β. Thus (⇒1) implies (⇒3). We have xx♦ � y by the lower negation law
and weakening law, and so (⇒2) with α = x♦ and β = ε implies x♦ � x⇒ y. We
have xy � y by the repetition law and weakening law, and so (⇒2) with α = y

and β = ε implies y � x⇒ y. Thus (⇒2) implies (⇒1). We have x⇒y � x⇒ y
by the repetition law, and so (⇒3) with α = ε and β = x⇒ y implies ε � x, x⇒ y
and y � x⇒y. Applying the law (♦3) to ε � x, x⇒ y, we have x♦ � x⇒y. Thus
(⇒3) implies (⇒1).

The laws (♦4) and (♦7) show that (⇒4) and (⇒7) are equivalent. Assume
(⇒7) and α � x⇒ y, β. Then applying the exchange law and strong cut law, we
have xα � yβ. Thus (⇒7) implies (⇒5). Assume (⇒7) and α � xβ, yα � β.
Then applying the strong cut law, exchange law, and contraction law, we have
x⇒ y, α � β. Thus (⇒7) implies (⇒6). We have x⇒ y � x⇒ y by the repetition
law, and so (⇒5) with α = x⇒ y and β = ε implies (⇒7). We have x � xy and
yx � y by the repetition law, weakening law, and exchange law, and so (⇒6) with
α = x and β = y yields x⇒ y, x � y, hence x, x⇒y � y by the exchange law.
Thus (⇒6) implies (⇒7). �
Theorem 3.15. Assume that � satisfies the cut law, the strong negation law with
respect to a unary operation ♦ on A, and either of the strong junction laws with
respect to binary operations ∧,∨ on A. Then � satisfies the strong cut law.

Proof. Consider the case where � satisfies the strong conjunction law. Assume
α � xγ and xβ � δ. Then αβ � xδγ and xαβ � δγ by the weakening law
and exchange law, and applying the strong negation law to xαβ � δγ, we have
αβ � x♦δγ, so αβ � x♦ ∧ x, δγ by the strong conjunction law. Also, x♦ ∧ x � ε

by the repetition law, strong negation law, and strong conjunction law. Therefore
αβ � δγ by the cut law. Thus � satisfies the strong cut law. �
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Theorem 3.16. Assume that � satisfies the cut law and the strong implication law
with respect to a binary operation ⇒ on A. Then � satisfies the strong cut law.

Proof. Assume α � xγ and xβ � δ. Then αβ � xδγ and xαβ � δγ by the
weakening law and exchange law, and so x⇒ x, αβ � δγ by the strong implication
law. Also, ε � x⇒ x by the repetition law and strong implication law. Therefore
αβ � δγ by the cut law. Thus � satisfies the strong cut law. �
Theorem 3.17. Let x∧ y, x∨y, x♦, x⇒y be operations onA. Then the following
conditions are equivalent.
(1) The � is Boolean with respect to ∧,∨,♦,⇒.
(2) The � is weakly Boolean with respect to ∧,∨,♦,⇒ and satisfies the cut law.

Proof. This is a consequence of Theorems 3.12, 3.13, 3.14, and 3.15 or 3.16. �
Theorem 3.18. Assume that � satisfies the cut law. Then according as � satisfies
the quasi-conjunction law or the quasi-disjunction law, � satisfies the following
n-tuple quasi-conjunction law or the n-tuple quasi-disjunction law for each n ≥ 1:

for each element (x1, . . . , xn) ∈ An, there exists an element y ∈ A such that

y � xi (i = 1, . . . , n), and x1 · · · xn � y, (n-tuple quasi-conjunction law)

for each element (x1, . . . , xn) ∈ An, there exists an element y ∈ A such that

y � xi (i = 1, . . . , n), and x1 · · · xn � y. (n-tuple quasi-disjunction law)

Proof is a routine using induction and the cut law.

3.3. Restrictions of and extensions to latticed relations

The following theorem obviously holds.

Theorem 3.19. Let A be a set and � be a latticed relation on A∗. Let � be the
restriction of � to A∗ ×A. Then � is a partially latticed relation in the sense that
it satisfies the following five laws:

x � x, (repetition law)

α � y =⇒ xα � y, (partial weakening law)

xxα � y =⇒ xα � y, (partial contraction law)

αxyβ � z =⇒ αyxβ � z, (partial exchange law)

α � x, xβ � y =⇒ αβ � y. (partial cut law)

Furthermore, the restriction of � to A×A is a preorder.

Theorem 3.20. Let A be a set and � be a partially latticed relation between A∗

and A. Define the relation � on A∗ so that α � y1 · · · yn holds iff the following
holds for all elements z ∈ A:

yi � z (i = 1, . . . , n) =⇒ α � z.
Then � satisfies the lower quasi-end law and is the largest of the latticed relations
on A∗ which extend � (therefore we call � the largest latticed extension of �).
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Proofs of this and the next theorem are similar routines.

Theorem 3.21. Let A be a set and � be a preorder on A. Define the relation �
on A∗ so that x1 · · · xm � y1 · · · yn holds iff the following holds for all elements
(x, y) ∈ A×A:

x � xi (i = 1, . . . ,m), yj � y (j = 1, . . . , n) =⇒ x � y.
Then � satisfies the quasi-end laws and is the largest of the latticed relations on
A∗ which extend � (therefore we call � the largest latticed extension of �).

Remark 3.5. Theorem 3.11 shows that, under a certain condition on a latticed
representation (A,B, f), the f-validity relation �f is equal to the largest latticed
extension of the preorder ≤f obtained by restricting �f to A×A.

Theorem 3.22. Let A be a set and � be a latticed relation on A∗. Assume that �
satisfies the quasi-disjunction law and lower quasi-end law. Then � is equal to the
largest latticed extension of the partially latticed relation � obtained by restricting
� to A∗ ×A.

Proof. Let �∗ denote the largest latticed extension of �. Since � ⊆ �∗ and both
� and �∗ satisfy the lower quasi-end law, we only need to show that if α �∗

y1 · · · yn with n ≥ 1, then α � y1 · · ·yn. Since � satisfies the quasi-disjunction
law, Theorem 3.18 shows that there exists an element z ∈ A such that yj � z (i =
1, . . . , n) and z � y1 · · · yn. Since � is an extension of �, we have yj � z (i =
1, . . . , n), and so α � z by the definition of �∗, hence α � z. Applying the cut law
to α � z and z � y1 · · ·yn, we conclude that α � y1 · · ·yn holds as desired. �

Theorem 3.23. Let A be a set and � be a latticed relation on A∗. Assume that �
satisfies the quasi-junction laws and quasi-end laws. Then � is equal to the largest
latticed extension of the preorder � on A obtained by restricting � to A×A.

Proof is quite similar to that of Theorem 3.22 and left to the reader.

Theorem 3.24. Let A be a set and � be a latticed relation on A∗. Assume that � is
equal to the largest latticed extension of the partially latticed relation � obtained
by restricting � to A∗ ×A and that � satisfies the following laws with respect to
binary operations x∨y and x⇒y on A:

x � x∨y,

y � x∨ y,

}
(3.4)

x∨y, x⇒ z, y⇒ z � z, (3.5)

xα � y =⇒ α � x⇒ y. (deduction law)

Then � satisfies the strong disjunction law with respect to the operation ∨.

Proof. Assume xα � z and yα � z. Then, we have α � x⇒ z and α � y⇒ z
by the deduction law. By repeated application of the cut law, exchange law, and
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contraction law to these two relations and (3.5), we have x∨ y, α � z. Thus �
satisfies the following law:

xα � z, yα � z =⇒ x∨y, α � z. (3.6)

This law with α = ε becomes “x � z, y � z =⇒ x∨y � z,” because � is the
restriction of � to A∗ ×A. Therefore � satisfies the law x∨ y � xy, because � is
the largest latticed extension of �. This law and (3.4) constitute the disjunction
law. Therefore, � satisfies the union

α � xyβ ⇐⇒ α � x∨y, β (3.7)

of the laws (∨2) and (∨5) of Theorem 3.12. This implies one of the two laws which
constitute the strong disjunction law. It remains to prove another:

xα � β, yα � β =⇒ x∨ y, α � β. (3.8)

In proving this, we may assume β �= ε, because � satisfies the lower quasi-end law
by Theorem 3.20. Also, (3.7) implies that, when β �= ε, (3.8) is equivalent to (3.6).
Therefore � satisfies (3.8). �

3.4. Latticed representations for latticed relations

Theorem 3.25. Let A be a set and � be a latticed relation on A∗. Assume that
� satisfies the quasi-junction laws and end laws. Then there exists a latticed
representation (A,B, f) such that the f-validity relation �f is equal to � and
fA = B (note that the converse is also true by Theorems 3.3 and 3.6).

Proof. Let � be the restriction of � to A×A. Then � is a preorder by Theorem
3.19. Let ≡ be the relation on A defined so that x ≡ y iff x � y and x � y. Then ≡
is an equivalence relation. Let f be the projection of A onto the quotient B = A/≡.
Then fA = B, and we can define the order ≤ on B so that fx ≤ fy iff x � y.

Since � satisfies the end laws, there exist elements x, x ∈ A such that x � ε

and ε � x. By the weakening law, every element x ∈ A satisfies x � x � x, hence
fx ≤ fx ≤ fx. Thus fx and fx are the smallest and the largest elements of B.

Let x, y be arbitrary elements of A. Then by the quasi-conjunction law, there
exists an element z ∈ A such that z � x, z � y, and xy � z, hence fz ≤ fx and
fz ≤ fy. Conversely, if an element z ′ ∈ A satisfies fz ′ ≤ fx and fz ′ ≤ fy, then
z ′ � x and z ′ � y, and applying the cut law, exchange law, and contraction law
to z ′ � x, z ′ � y, and xy � z, we have z ′ � z, hence fz ′ ≤ fz. This implies
fz = inf {fx, fy}. Similarly by the quasi-disjunction law, there exists an element
w ∈ A such that w � x, w � y, and xy � w, which satisfies fw = sup {fx, fy}.

Thus, B is a lattice which has the smallest element and the largest element,
and f is a latticed representation of A on B. Moreover since fA = B, (A,B, f)
satisfies (3.2) for each element α ∈ A∗, and so by Theorem 3.11, �f is equal to the
largest latticed extension of the restriction ≤f of �f to A × A (cf. Remark 3.5).
On the other hand, since � satisfies the quasi-end laws by Remark 3.3, Theorem
3.23 shows that � is equal to the largest latticed extension of �. Since � is equal
to ≤f by the definition of ≤, we conclude that � is equal to �f. �
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Theorem 3.26. Let A be a set and � be a latticed relation on A∗. Assume that
� satisfies the end laws. Also, let x∧y and x∨ y be binary operations on A, and
assume that � satisfies the strong conjunction law and disjunction law or satisfies
the conjunction law and strong disjunction law with respect to the operations
∧,∨. Then � satisfies the strong cut law.

Proof. Theorem 3.12 shows that � satisfies the junction laws with respect to ∧,∨,
and so satisfies the quasi-junction laws. Also, Theorem 3.25 shows that there exists
a latticed representation f of A onto a lattice B such that � is equal to the f-validity
relation �f. Since fA = B, Theorem 3.10 shows that B is distributive. Therefore,
Theorem 3.2 shows that � satisfies the strong cut law. �

3.5. Specific latticed relations

Theorem 3.27. Let A be a set and B be a subset of A. Define the relation �B on
A∗ so that α �B β iff α � B or β∩B �= ∅. Then �B is a strongly latticed relation.

Proof. Let 1B be the characteristic mapping of B. Then 1B is a latticed represen-
tation of A on T = {0, 1} and �B is equal to the 1B-validity relation �1B

. Since T
is distributive, �B is a strongly latticed relation by Theorems 3.1 and 3.2. �

Theorem 3.28. Let A be a set, ϕ be a closure operator on (PA,⊆), and define
the relation �ϕ on A∗ so that α �ϕ β iff ϕα ⊇ ⋂

y∈βϕ{y}, where if β = ε then⋂
y∈βϕ{y} = A. Then �ϕ is a latticed relation.

Proof. Let B be the fixture domain of ϕ, define the order ≤ on B so that X ≤ Y

iff X ⊇ Y, and define the mapping f ∈ A → B by fx = ϕ{x}. Then by Theorem
2.10, B is a lattice with minB = A, max B = ϕ∅, and f is a latticed representation
of A on B. Let α,β ∈ A∗ and define X =

{
ϕ{x} | x ∈ α

}
, Y =

{
{x} | x ∈ α

}
,

Z =
{
ϕ{y} | y ∈ β}. Then X,Z ⊆ B, Y ⊆ PA, and the following holds:

fα = {fx | x ∈ α} =
{
ϕ{x} | x ∈ α} = X = {ϕη | η ∈ Y} = ϕY,

fβ = {fy | y ∈ β} =
{
ϕ{y} | y ∈ β} = Z.

Therefore the following holds by Theorem 2.10:

infB fα = ϕ (supPA X) = ϕ (supPAϕY) = ϕ (supPA Y) = ϕα,

supB fβ = infPA Z =
⋂

y∈βϕ{y}.

Therefore, �ϕ is equal to the f-validity relation �f and so is a latticed relation by
Theorems 3.1 and 3.2. �

Theorem 3.29. Let A be a set and B be a subset of A. Define the relation �B

between A∗ and A so that α �B y iff α � B or y ∈ B. Then �B is a partially
latticed relation.

Proof. This is a consequence of Theorems 3.27 and 3.19, because �B is the restric-
tion of the relation �B defined in Theorem 3.27. �
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Theorem 3.30. Let A be a set, ϕ be a closure operator on (PA,⊆), and define the
relation �ϕ between A∗ and A so that α �ϕ y iff ϕα � y. Then �ϕ is a partially
latticed relation.

Proof. Since ϕ is a closure operator, it follows that ϕα � y iff ϕα ⊇ ϕ{y}. There-
fore, �ϕ is the restriction of the relation �ϕ defined in Theorem 3.28, and the
result follows from Theorems 3.28 and 3.19. �
Theorem 3.31. Let A be a set and ϕ be a closure operator on (PA,⊆). Then the
relation �ϕ defined in Theorem 3.28 is the largest latticed extension of the relation
�ϕ defined in Theorem 3.30.

Proof. This is because an element (α, y1 · · ·yn) ∈ A∗ ×A∗ satisfies ϕα ⊇ ϕ{y1}∩
· · · ∩ϕ{yn} iff ϕ{yi} � z (i = 1, . . . , n) implies ϕα � z. �
3.6. Closure of the laws on relations

Definition 3.4. Let S and T be sets, and let L be a law on the relations between S
and T . Then L is said to be ∩-closed if the set of the relations between S and T
which satisfy L is ∩-closed, when regarded as a subset of P(S × T ).

Theorem 3.32. All the laws which define the latticed relations, partially latticed
relations, Boolean relations, and weakly Boolean relations are ∩-closed.

Proof is left to the reader (cf. Example 5.2).

4. Theories for logics

Being ready, here we begin a systematic study of logical spaces and deduction
systems. The purpose here is stated right after Definition 4.1.

Let A be a set. Then a logic or a relational logic on A is a relation R between
A∗ and A. For the logic R, if a subset B of A satisfies the condition

α ⊆ B, αRy =⇒ y ∈ B (4.1)

written by sequence convention, then we call B an R-theory or say that B is closed
under R or that R closes B. Obviously, A itself is an R-theory. (4.1) implies

εRy =⇒ y ∈ B.
Therefore, defining the R-core AR in A by

AR = {y ∈ A | εRy},

we have that every R-theory contains the R-core.

Remark 4.1. The inference rules ℘ and & mentioned in the introduction are logics
on the set A of the formulas of PL or FPL. The f-validity relation (3.1) defined by
a latticed representation (A,B, f) yields a logic on A when restricted to A∗ × A.
Thus, a logic R on a set A is not only a model of an inference rule but also a model
of a relation between A∗ and A which can hardly be regarded as an inference rule.
This is a key to the theory of logical spaces and also is the reason why we use the
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term “logic” instead of “rule” or something like that. Nevertheless, let us regard R
as an inference rule for the time being. Then if elements x1, . . . , xn, y of A satisfy
x1 · · · xn Ry, we may think y to directly follow from or to be a direct consequence
of x1, . . . , xn by virtue of R (cf. Remark 4.3). Also, a subset B of A is an R-theory
iff every direct consequence of elements of B by virtue of R belongs to B.

Theorem 4.1. Let R be a logic on a set A. Then the set of all R-theories in A is
∩-closed in PA.

Proof. Let (Bi)i∈I be a family of R-theories and define B =
⋂

i∈I Bi. If α ⊆ B and
αRy, then for all i ∈ I, since α ⊆ Bi and Bi is an R-theory, we have y ∈ Bi, hence
y ∈ B. This argument works even if I = ∅. Therefore, B is an R-theory. �

Definition 4.1. Let X be a subset of a set A and R be a logic on A. Then Theorem
4.1 shows that there exists the smallest of the R-theories in A which contain X. We
denote it by [X]R and call it the R-closure of X (see Remark 4.3 for its meaning).

The purpose of this section is to study logics R and R-theories in terms of
the mapping X �→ [X]R. The main result is Theorem 4.5. Its rather easy conse-
quence Theorem 4.6 is, however, crucial to the main result Theorem 5.6 of §5.1.
Its consequence Theorem 6.3 plays an important role in §8.

Theorem 4.2. Let R be a logic on a set A and X be a subset of A. Then [X]R is
the union

⋃
n≥0 Xn of the R-descendants Xn (n = 0, 1, . . . ) of X, where X0 = X

and Xn (n ≥ 1) is the inductively defined set of the elements y ∈ A such that
x1 · · · xm Ry for some elements xi ∈ Xli (i = 1, . . . ,m) with n = 1+

∑m
i=1 li.

Remark 4.2. If m = 0 in the above definition of Xn (n ≥ 1), then x1 · · · xm Ry

means εRy and n = 1+
∑m

i=1 li means n = 1.

Proof. First we will show that every element y ∈ Xn (n = 0, 1, . . . ) belongs to [X]R
by induction on n. This holds when n = 0 because X0 = X ⊆ [X]R. Assume n ≥ 1.
Then x1 · · · xm Ry for some elements xi ∈ Xli (i = 1, . . . ,m) with n = 1+

∑m
i=1 li,

and x1, . . . , xm ∈ [X]R by the induction hypothesis. Therefore y ∈ [X]R. This
argument works even if m = 0. We have shown that B =

⋃
n≥0 Xn is contained in

[X]R. Next suppose x1, . . . , xm ∈ B and x1 · · · xm Ry. Then for i = 1, . . . ,m, there
exists a non-negative integer li such that xi ∈ Xli , and defining n = 1+

∑m
i=1 li,

we have y ∈ Xn. This argument works even if m = 0. Thus B is closed under R.
Since X ⊆ B ⊆ [X]R, we conclude that [X]R = B holds. �

Remark 4.3. In addition to Theorem 4.2, an element y ∈ A belongs to [X]R iff there
exist elements x1, . . . , xn ∈ A such that xn = y and, for each i ∈ {1, . . . , n}, either
xi ∈ X or there exist numbers j1, . . . , jk ∈ {1, . . . , i − 1} satisfying xj1 · · · xjk Rxi.
Also, y ∈ [X]R iff there exists an “R-proof figure” with elements of X at the top
and y at the bottom. For this reason, when a subset X and an element y of a set A
satisfy [X]R � y for a relation R between A∗ and A, we may think y to indirectly
follow from or to be an indirect consequence of X by virtue of R (cf. Remark 4.1).
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Theorem 4.3. Let Q,R be logics on a set A, and assume R ⊆ Q. Then every
Q-theory in A is an R-theory. Consequently, [X]R ⊆ [X]Q for every subset X of A.

Proof. Let B be a Q-theory. If α ⊆ B and αRy, then αQy, and so y ∈ B.
Therefore B is an R-theory. Since [X]Q is an R-theory and X ⊆ [X]Q, Definition 4.1
implies that [X]R ⊆ [X]Q holds. �

Theorem 4.4. Let R be a logic on a set A and D be a subset of A. Then the
mapping X �→ [X ∪ D]R is a finitary closure operator on (PA,⊆), and its fixture
domain is equal to the set of the R-theories which contain D. Consequently, the
set of the R-theories containing D is ∩-closed in PA and quasi-finitary.

Proof. The latter assertion is derived from the former by Theorems 2.10 (cf. The-
orem 4.1) and 2.3. As for the former, we may assume D = ∅ by virtue of Theorem
2.11. By Definition 4.1, the mapping X �→ [X]R is a closure operator and its fixture
domain is equal to the set of the R-theories. Thus, defining (X)R =

⋃
Y∈P ′X[Y]R, we

only need to show [X]R ⊆ (X)R. We have X ⊆ (X)R, because {x} ⊆ [
{x}

]
R
⊆ (X)R

for each x ∈ X. Suppose x1, . . . , xn ∈ (X)R and x1 · · · xn Ry. Then there exist sets
Y1, . . . , Yn ∈ P ′X such that xi ∈ [Yi]R (i = 1, . . . , n). Define Y =

⋃n
i=1 Yi. Then

Y ∈ P ′X and xi ∈ [Yi]R ⊆ [Y]R (i = 1, . . . , n), so y ∈ [Y]R ⊆ (X)R. This argument
works even if n = 0. Thus (X)R is closed under R, and therefore [X]R ⊆ (X)R. �

Theorem 4.5 (fundamental theorem of logics and theories). Let A be a set and R
be a partially latticed logic on A. Then the following holds for each subset X of A
and for each element α ∈ A∗ (see Remarks 4.1 and 4.3 for its meaning):

[X]R = {y ∈ A | there exists an element α ∈ A∗ such that α ⊆ X and αRy}
= the 1st R-descendant X1 of X,

[α]R = {y ∈ A | αRy}. Consequently AR = [∅]R.

Proof. As for the first equation, we have X ⊆ X1 by the repetition law and X1 ⊆
[X]R by Theorem 4.2, and so we only need to show that X1 is closed under R.
Therefore assume y1, . . . , yn ∈ X1 and y1 · · ·yn Rz. Then, for each i ∈ {1, . . . , n},
there exists an element αi ∈ A∗ such that αi ⊆ X and αi Ryi. By repeated
application of the partial cut law and partial exchange law to the above n + 1 R-
relations, we have α1 · · ·αn Rz, hence z ∈ X1 as desired. This argument works even
if n = 0. The second equation is derived from the first by the partial weakening
law, partial contraction law, and partial exchange law. �

Theorem 4.6. Let A be a set and Q,R be logics on A. Assume that Q is a partially
latticed relation. Then the following three conditions are equivalent.
(1) R ⊆ Q.
(2) [X]R ⊆ [X]Q for every subset X of A.
(3) Every Q-theory in A is an R-theory.

Proof. Theorem 4.3 says that (1) implies (3). If (3) holds, then [X]Q is an R-
theory containing X for each subset X of A, and so (2) holds. Suppose (2) holds.
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If (α, y) ∈ A∗ × A satisfies αRy, then y ∈ [α]R, so y ∈ [α]Q by (2), hence αQy
by Theorem 4.5. Therefore (1) holds. �

5. Deduction systems

A deduction system on a set A is a pair (R,D) of a logic R on A and a subset D
of A. Here we study it abstractly, take a novel view of it, and have its example.

5.1. Deduction relations

Here we study deduction systems in terms of the relations defined below. The
main result is Theorem 5.6 on a certain preorder between deduction systems. Its
rather easy consequence Theorem 5.7 is, however, crucial to the definition 7.1 of
the completeness and related concepts for deduction systems on logical spaces.

For each deduction system (R,D) on a set A, we define the logic RD on A by

αRD y ⇐⇒ [α ∪D]R � y (5.1)

for each (α, y) ∈ A∗ ×A. We call RD the D-closure of R. We will denote RD also
by �R,D and call it the partial deduction relation determined by (R,D) in order
to relate RD to the deduction relation �R,D on A∗ defined by

α �R,D β ⇐⇒ [α ∪D]R ⊇ ⋂
y∈β

[
{y} ∪D]

R
(5.2)

for each (α,β) ∈ A∗ ×A∗. In fact, �R,D is the restriction of �R,D to A∗ ×A.

Remark 5.1. An interpretation of αRD y or α �R,D y has been given by Remark
4.3, that is, αRD y iff y indirectly follows from α∪D by virtue of R. However, this
kind of interpretation of α �R,D β is needless. What is important about �R,D is
that it is the largest latticed extension of �R,D as will be proved in Theorem 5.2.

Theorem 5.1. Let (R,D) be a deduction system on a set A. Then the following
holds for the D-closure RD of R and the RD-core ARD .
(1) R ⊆ RD.
(2) ARD = [D]R, hence in particular D ⊆ ARD .
(3) If a deduction system (Q,C) on A satisfies R ⊆ Q and D ⊆ C, then RD ⊆ QC.

Proof. If (α, y) ∈ A∗ ×A satisfies αRy, then y ∈ [α]R, and since [α]R ⊆ [α ∪D]R
by Theorem 4.4, we have αRD y. Thus (1) holds. (2) is a consequence of (5.1)
with α = ε. If (α, y) ∈ A∗ × A satisfies αRD y, then y ∈ [α ∪ D]R, and since
[α∪D]R ⊆ [α∪C]Q by Theorems 4.3 and 4.4, we have αQC y. Thus (3) holds. �

Theorem 5.2. Let (R,D) be a deduction system on a set A. Then RD is a partially
latticed relation, and �R,D is the largest latticed extension of RD.

Proof. Define ϕ ∈ PA → PA by ϕX = [X ∪ D]R. Then ϕ is a closure operator
by Theorem 4.4, and RD is equal to the relation �ϕ defined in Theorem 3.30, and
�R,D is equal to the relation �ϕ defined in Theorem 3.28. Therefore Theorem 5.2
is a consequence of Theorems 3.30 and 3.31. �
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Theorem 5.3. If (R,D) is a deduction system on a set A, then the following holds.
(1) [X]RD = [X ∪D]R for every subset X of A.
(2) The set of the RD-theories in A is equal to that of the R-theories which

contain D.
Consequently, if R is a logic on A, then [X]R∅ = [X]R for every subset X of A, and
the set of the R∅-theories in A is equal to that of the R-theories.

Proof. Since RD is a partially latticed relation by Theorem 5.2, Theorem 4.5 im-
plies [X]RD =

⋃
Y∈P ′X[Y ∪ D]R. Since the mapping X �→ [X ∪ D]R is finitary by

Theorem 4.4, the right-hand side is equal to [X ∪ D]R. Thus (1) holds. Also by
Theorem 4.4, the fixture domains of the mappings X �→ [X]RD and X �→ [X ∪D]R
are respectively equal to the set of the RD-theories and that of the R-theories which
contain D. Therefore (2) is a consequence of (1). �
Theorem 5.4. Let (R,D) be a deduction system on a set A. Then in order that
RD = R holds, either of the following conditions is necessary and sufficient.
(1) R is a partially latticed relation and every R-theory in A contains D.
(2) R is a partially latticed relation and D ⊆ AR.

Consequently, a logic R on A satisfies R∅ = R iff R is a partially latticed relation.

Proof. Since RD is a partially latticed relation by Theorem 5.2, RD = R holds only
if R is a partially latticed relation. Therefore assume that R is a partially latticed
relation. Then by Theorems 4.6 and 5.3, RD = R holds iff every R-theory contains
D. Since [∅]R = AR by Theorem 4.5, every R-theory contains D iff D ⊆ AR. �
Theorem 5.5. Let (R,D) be a deduction system on a set A. Then RD is the smallest
of the logics Q on A which satisfy the following conditions.
(1) Q is a partially latticed relation.
(2) R ⊆ Q and D ⊆ AQ.

Proof. If Q = RD, then Theorems 5.1 and 5.2 show that (1) and (2) hold. Con-
versely if (1) and (2) hold, then RD ⊆ QD = Q by Theorems 5.1 and 5.4. �
Theorem 5.6 (fundamental theorem of deduction systems). Let (Q,C), (R,D) be
deduction systems on a set A. Then the following four conditions are equivalent.
(1) RD ⊆ QC.
(2) [X ∪D]R ⊆ [X ∪ C]Q for every subset X of A.
(3) Every Q-theory in A containing C is an R-theory containing D.
(4) R ⊆ QC and D ⊆ AQC .

Proof. Since QC is a partially latticed relation by Theorem 5.2, Theorems 4.6 and
5.3 show that (1)–(3) are equivalent, and Theorem 5.5 shows that (4) implies (1).
Conversely under (1), we have R ⊆ RD ⊆ QC and D ⊆ ARD ⊆ AQC by Theorem
5.1, and thus (4) holds. �
Theorem 5.7. Let (R,D) be a deduction system on A and Q be a partially latticed
logic on A. Then the following four conditions are equivalent.
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(1) RD ⊆ Q.
(2) [X ∪D]R ⊆ [X]Q for every subset X of A.
(3) Every Q-theory in A is an R-theory containing D.
(4) R ⊆ Q and D ⊆ AQ.

Also, the following three conditions are equivalent.
(5) Q ⊆ RD.
(6) [X]Q ⊆ [X ∪D]R for every subset X of A.
(7) Every R-theory in A containing D is a Q-theory.

Therefore, the following four conditions are equivalent.
(8) Q = RD.
(9) [X]Q = [X ∪D]R for every subset X of A.

(10) The set of the Q-theories in A is equal to the set of the R-theories in A
containing D.

(11) R ⊆ Q, D ⊆ AQ, and Q ⊆ RD.

Proof. We have Q∅ = Q by Theorem 5.4. Therefore, (1)–(4) are equivalent to (1)–
(4) of Theorem 5.6 with C = ∅. Also, (5)–(7) are equivalent to (1)–(3) of Theorem
5.6 with (Q,C) and (R,D) interchanged first and C replaced by ∅ next. �
5.2. Generational laws for relations

The purpose of this subsection is to view deduction systems on direct products
A×B as laws on relations between A and B. This view is crucial to the fundamental
theorem 7.12 of completeness.

Let A,B be sets and (R ′,D ′) be a deduction system on the direct product
A ′ = A × B. Then (R ′,D ′) is also called a generational law on the relations
between A and B, and if a relation R between A and B regarded as a subset of A ′

is closed under R ′ and contains D ′, we say that R satisfies (R ′,D ′) or call R an
(R ′,D ′)-relation. This definition is justified shortly by the examples below.

As an immediate consequence of the above definition, we have that the R ′-
closure [D ′]R ′ ofD ′ regarded as a relation betweenA and B is the smallest (R ′,D ′)-
relation. Also, Theorem 4.4 shows that generational laws for relations are ∩-closed
in the sense of Definition 3.4.

Example 5.1. The equivalence law may be regarded as a generational law. Let A
be a set and define A ′ = A×A. Define the subset D ′ of A ′ by D ′ = {(x, x) | x ∈ A}.

Let R ′ be the union of the logics S ′ =
(x, y)

(y, x)
and T ′ =

(x, y) (y, z)

(x, z)
on A ′ each

defined by the fractional expression. Let R be a relation on A and regard it as a
subset of A ′. Then R is reflexive iff R contains D ′, R is symmetric iff R is closed
under S ′, and R is transitive iff R is closed under T ′. Therefore, R is an equivalence
relation iff R contains D ′ and is closed under R ′. Thus, a relation on A is an
equivalence relation iff it satisfies the generational law (R ′,D ′).

Example 5.2. The Boolean law is regarded as a generational law, and so also are
the laws listed in Theorem 3.32. Let A be a set and define �A = A∗ ×A∗. Denote
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the elements (α,β) ∈ �A by α→ β or β← α, and call them sequents. Let �R be the
union of the following seven logics on �A each defined by the fractional expression:

α→ β

xα→ β
,

α← β

xα← β
, (weakening)

xxα→ β

xα→ β
,

xxα← β

xα← β
, (contraction)

αxyβ→ γ

αyxβ→ γ
,

αxyβ← γ

αyxβ← γ
, (exchange)

α→ xγ xβ→ δ

αβ→ δγ
. (strong cut)

Let �D be the set of the sequents of the following form, where ∧,∨,♦,⇒ are
operations on A:

x→ x, (repetition)

x∧y→ x, x∧ y→ y, xy→ x∧ y, (conjunction)

x∨y← x, x∨ y← y, xy← x∨ y, (disjunction)

xx♦ → ε, xx♦ ← ε, (negation)

x♦ → x⇒y, y→ x⇒ y, x⇒ y→ x♦y. (implication)

Let R be a relation on A∗ and regard R as a subset of �A. Then R contains �D and
is closed under �R iff R satisfies the repetition law, weakening law, contraction law,
exchange law, strong cut law, junction laws, negation laws, and implication laws
with respect to the operations ∧,∨,♦,⇒. Therefore, R satisfies the generational
law (�R, �D) iff R is a Boolean relation with respect to ∧,∨,♦,⇒.

5.3. Boolean deduction systems

Throughout this subsection, we let A be a non-empty set with operations x∧y,

x∨y, x♦, x⇒ y on it and (R,D) be a deduction system on A. As in the introduc-
tion, we define logics ℘ and & on A by

℘ =
x x⇒ y

y
, & =

x y

x∧y
. (5.3)

Motivated by the program to be given in Remark 7.3 and Theorem 7.10 to
be proved, here we seek conditions on (R,D) under which the deduction relation
�R,D is Boolean or weakly Boolean with respect to the operations ∧,∨,♦,⇒. Our
goal is Corollary 5.9.1 (cf. Example 7.1), although it is one of examples.

Since �R,D is a latticed relation by Theorem 5.2, the results in §3.2 apply
to �R,D. In particular, Theorem 3.17 shows that �R,D is Boolean iff it is weakly
Boolean. Therefore, we only need to seek conditions on (R,D) under which �R,D

satisfies the strong cut law, junction laws, negation laws, and implication laws.
Note that if αRy then α �R,D y by Theorem 5.1.
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Lemma 5.1. If R contains ℘, then �R,D satisfies the following laws:

x, x⇒ y �R,D y, (cut-implication law)

α �R,D x⇒y =⇒ xα �R,D y. (reverse deduction law)

Proof. Since x, x⇒ y℘y and ℘ ⊆ R, we have x, x⇒ yRy, hence the cut-implication
law. The reverse deduction law is derived from the cut-implication law by the cut
law and exchange law. �
Theorem 5.8 (deduction theorem). The deduction relation �R,D satisfies

xα �R,D y =⇒ α �R,D x⇒y, (deduction law)

provided �R,D satisfies the laws (1) ε �R,D x⇒ x, (2) y �R,D x⇒ y (2nd impli-
cation law), and (3) if z1 · · · zk Ry (k ≥ 1) then x⇒ z1, · · · , x⇒ zk �R,D x⇒y.
The converse is true provided that R contains ℘.

Proof. Assume xα �R,D y. Define X = {x} ∪ α ∪ D. Then [X]R � y, and so by
Theorem 4.2, y belongs to the n-th R-descendant Xn of X for some non-negative
integer n. We will show α �R,D x⇒ y by induction on n. Assume n = 0 or y ∈ X.
If y = x, then the law (1) and the weakening law imply α �R,D x⇒y. If y ∈ α∪D,
then α �R,D y, and so the law (2) and the cut law imply α �R,D x⇒y. Therefore
assume n ≥ 1. Then z1 · · · zk Ry for some elements zi ∈ Xli (i = 1, . . . , k) with
n = 1+

∑k
i=1 li. If k = 0, then αRy by the weakening law, and so α �R,D y, hence

α �R,D x⇒y as above. Therefore assume k ≥ 1. Then x⇒ z1, · · · , x⇒ zk �R,D

x⇒ y by the law (3), and α �R,D x⇒ zi (i = 1, . . . , k) by the induction hypothesis.
By repeated application of the cut law, exchange law, and contraction law to the
above k + 1 �R,D-relations, we have α �R,D x⇒ y.

Suppose R contains ℘ and �R,D satisfies the deduction law. Then (1) and
(2) hold by the repetition law, weakening law, and deduction law. If z1 · · · zk Ry
(k ≥ 1), then z1 · · · zk �R,D y, and x, x⇒ z1, · · · , x⇒ zk �R,D zi (i = 1, . . . , k)
by the cut-implication law of Lemmas 5.1 together with the weakening law and
exchange law, hence x⇒ z1, · · · , x⇒ zk �R,D x⇒ y by the cut law, exchange law,
contraction law, and deduction law. �
Corollary 5.8.1. The deduction relation �℘,D satisfies the deduction law iff [D]℘
contains all of the elements of A in the following form: (1) x⇒ x, (2) y⇒(x⇒ y),
and (3)

(
z⇒(x⇒y))⇒(

(z⇒ x)⇒(z⇒ y)).
Proof. Note that ε �℘,D x iff x ∈ [D]℘. Therefore, if �℘,D satisfies the deduction
law, then the above elements belong to [D]℘ by Theorem 5.8. Conversely if they
belong to [D]℘, then by the reverse deduction law of Lemmas 5.1, �℘,D satisfies
the conditions (1)–(3) of Theorem 5.8, and so satisfies the deduction law. �
Lemma 5.2. If �R,D satisfies the laws (1) ε �R,D x♦ ∨ x, (2) y �R,D x∨ y, and
(3) x♦ ∨y �R,D x⇒ y, then �R,D satisfies the laws (1) and (2) of Theorem 5.8.

Proof. Apply the cut law to (1) and (3) with x = y to get ε �R,D x⇒ x. Apply
the cut law to (2) with x replaced by x♦ and (3) to get y �R,D x⇒ y. �
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Lemma 5.3. If R contains &, then �R,D satisfies the laws (1) xy �R,D x∧ y and
(2) x∧ y, β �R,D α =⇒ xyβ �R,D α.

Proof. Since xy& x∧ y and & ⊆ R, we have xyRx∧ y, hence (1). Apply the cut
law to (1) and the premise of (2) to get the conclusion of (2). �

Theorem 5.9. Assume that R contains ℘∪&. Then �R,D is a Boolean relation with
respect to the operations ∧,∨,♦,⇒, provided that �R,D satisfies the following
eight laws: (1) ε �R,D x♦ ∨x, (2) x∧ y �R,D x, (3) x∧ y �R,D y, (4) x �R,D x∨y,
(5) y �R,D x∨ y, (6) x♦ ∨y �R,D x⇒ y, (7) x∨ y, x⇒ z, y⇒ z �R,D z, and (8)
if z1 · · · zk Ry (k ≥ 1) then x⇒ z1, · · · , x⇒ zk �R,D x⇒y.
Proof. The �R,D is a latticed relation by Theorem 5.2 and satisfies the 2nd im-
plication law by Lemma 5.2. Therefore, we need to show that �R,D satisfies the
strong cut law, junction laws, negation laws, 1st and 3rd implication laws.

We note that �R,D is the largest latticed extension of �R,D by Theorem 5.2
and so �R,D satisfies the lower quasi-end law by Theorem 3.20. Also, �R,D satisfies
the cut-implication law, reverse deduction law, and deduction law by Lemmas 5.1,
5.2 and Theorem 5.8.

The laws (2), (3) and Lemma 5.3 show that �R,D satisfies the conjunction
law. Also, Theorem 3.24 shows that �R,D satisfies the strong disjunction law.
Therefore, �R,D satisfies the disjunction law by Theorem 3.12.

We have x♦ �R,D x♦ ∨y and x♦ ∨y �R,D x⇒y by the laws (4) and (6),
and so we have the 1st implication law x♦ �R,D x⇒ y by the cut law.

Applying the reverse deduction law to the 1st implication law, we have
xx♦ �R,D y, hence the lower negation law xx♦ �R,D ε because �R,D satisfies
the lower quasi-end law. Since ε �R,D x♦ ∨ x by the law (1), we have the upper
negation law ε �R,D xx♦ by the disjunction law, cut law, and exchange law.

Since �R,D satisfies the junction laws and negation laws, it follows from
Theorem 3.12 that �R,D satisfies the end laws. As shown above, �R,D satisfies
the conjunction law and strong disjunction law. Therefore by Theorem 3.26, �R,D

satisfies the strong cut law.
Since �R,D satisfies the strong cut law, negation laws, and cut-implication

law, Theorem 3.14 shows that �R,D satisfies the 3rd implication law. �

Corollary 5.9.1. Assume R = ℘∪&. Then �R,D is a Boolean relation with respect
to the operations ∧,∨,♦,⇒, provided that [D]R contains all of the elements of A
in the following form: (1) x♦ ∨ x, (2) (x∧ y)⇒ x, (3) (x∧ y)⇒y, (4) x⇒(x∨ y),
(5) y⇒(x∨y), (6) (x♦ ∨y)⇒(x⇒ y), (7)

(
(x⇒ z)∧(y⇒ z))⇒(

(x∨y)⇒ z), (8)(
(z⇒ x)∧(z⇒ y))⇒(

z⇒(x∧ y)
)
, and (9)

(
(z⇒ x)∧

(
z⇒(x⇒ y)))⇒(z⇒ y).

Proof. Since R = ℘ ∪ &, the elements in the form (8) or (9) are precisely the
elements

(
(x⇒ z1)∧ · · ·∧(x⇒ zk)

)⇒(x⇒ y) with z1 · · · zk Ry (k ≥ 1). We may
use the reverse deduction law and Lemma 5.3 (2). Therefore, if the elements in the
form (1)–(9) belong to [D]R, we can show that �R,D satisfies the laws (1)–(8) of
Theorem 5.9, and so �R,D is a Boolean relation. For instance, since the elements in
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the form (7) belong to [D]R, we have ε �R,D

(
(x⇒ z)∧(y⇒ z))⇒(

(x∨ y)⇒ z),
and it follows that �R,D satisfies the law (7) of Theorem 5.9. �

6. Logical spaces

A logical space is a pair (A,B) of a non-empty set A and a subset B of PA, which
we call the set of the given theories of the logical space. A logic R on A is said to
be B-sound or called a B-logic, if every element of B is closed under R. A subset X
of A is called a B-theory, if X is closed under every B-logic on A. We call

⋂
B∈B B

the B-core. Elements and subsets of A are said to be B-sound if they are contained
in the B-core. A B-sound element is also called a B-tautology.

As immediate consequences of the above definitions, we have that the given
theories are B-theories and hence that B-logics are the only logics on A that close
every B-theory. A Galois connection underlies these facts.

6.1. Control by the largest logic

The purpose of this subsection is to show that all the above concepts are controlled
by the largest B-logic.

Theorem 6.1. Let (A,B) be a logical space. Then the following holds.
(1) There exists the largest B-logic on A,

which we denote by Q for the time being.
(2) A logic R on A is a B-logic iff R is contained in Q.

Let X be a subset of A. Then the following holds.
(3) The X is a B-theory iff X is a Q-theory.
(4) The Q-closure [X]Q of X is the smallest of the B-theories which contain X.

Proof. Let R be the set of the B-logics on A, regard R as a subset of P(A∗ ×A),
and define Q =

⋃
R∈R R. If α ⊆ B ∈ B, y ∈ A, and αQy, then αRy for some

R ∈ R, and so y ∈ B. Thus Q is also a B-logic on A and so is the largest one.
Suppose R ⊆ Q. Then every element B ∈ B is a Q-theory and so is an R-theory by
Theorem 4.3. Therefore, R is also a B-logic. Since Q is a B-logic, B-theories are
Q-theories. Conversely if X is a Q-theory, then X is an R-theory for each R ∈ R

again by Theorem 4.3, and so is a B-theory. Thus we have proved (1)–(3). Finally,
(4) is a direct consequence of (3) and Definition 4.1. �

Theorem 6.2. Let (A,B) be a logical space. Then the following holds for the largest
B-logic Q on A and each (α, y) ∈ A∗ ×A:

αQy ⇐⇒ y ∈ ⋂
α⊆B∈B B.

Proof. Define the logic P on A so that αP y iff y ∈ ⋂
α⊆B∈B B. If α ⊆ B ∈ B,

y ∈ A, and αP y, then y ∈ B by the definition of P, which shows that P is a
B-logic, hence P ⊆ Q. If αQy and α ⊆ B ∈ B, then since Q is a B-logic, we have
y ∈ B. This shows Q ⊆ P. Therefore Q = P. �
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Theorem 6.3. Let (A,B) be a logical space and Q be the largest B-logic on A.
Then Q is a partially latticed relation, and the following holds for each subset X
of A and for each element α ∈ A∗:

[X]Q = {y ∈ A | there exists an element α ∈ A∗ such that α ⊆ X and αQy},

[α]Q = {y ∈ A | αQy}.

Proof. For each set B ∈ B, define the logic �B on A as in Theorem 3.29. Then
Q =

⋂
B∈B �B by Theorem 6.2. Therefore the former assertion is a consequence of

Theorems 3.29 and 3.32. The latter assertion is a consequence of the former and
Theorem 4.5. �
Alternative proof. It follows from Theorems 5.3 and 5.1 that Q∅ is a B-logic and
Q ⊆ Q∅. Therefore Q = Q∅, and so Q is a partially latticed relation by Theorem
5.2, and the second equation holds. Since the mapping X �→ [X]Q is finitary by
Theorem 4.4, the first equation follows from the second. �
Theorem 6.4. Let (A,B) be a logical space and Q be the largest B-logic on A.
Then the B-core C of A satisfies C = AQ = [∅]Q.

Proof. This is a consequence of Theorems 6.2 and 6.3 (cf. Theorem 4.5). �
6.2. Functional logical spaces and their validity relations

A B-valued functional logical space is a pair (A,F) of a non-empty set A and a
subset F of A→ B, where B is a non-trivial lattice which has the smallest element
0 and the largest element 1. For each f ∈ F and a ∈ B, we define

Af,a = {x ∈ A | fx ≥ a}.

Notice that Af,0 = A and Af,1 = {x ∈ A | fx = 1}. Furthermore, we define

BF =

{
{Af,a | f ∈ F, a ∈ B} when F �= ∅,
{A} when F = ∅.

Then (A,BF) is a logical space, and we have defined various concepts for it, that is,
the BF-logics, BF-theories, BF-core, and so on. Call them the F-logics, F-theories,
F-core, and so on, and similarly for the concepts to be introduced.

The purpose of this subsection is to connect the largest F-logic with the
values of the functions in F. Theorems 6.5 and 6.6 will help the reader understand
the meanings of the basic concepts particularly when B = T.

We define, for each f ∈ F, the relation �f between A∗ and A by

α �f y ⇐⇒ inf fα ≤ fy.
We call �f the partial f-validity relation, because it is equal to the restriction to
A∗ ×A of the f-validity relation �f defined by (3.1):

α �f β ⇐⇒ inf fα ≤ sup fβ.

Furthermore, we define the relation �F between A∗ and A by

α �F y ⇐⇒ α �f y for every f ∈ F,
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which we call the partial F-validity relation. It is equal to the restriction to A∗×A
of the F-validity relation �F defined by

α �F β ⇐⇒ α �f β for every f ∈ F. (6.1)

Remark 6.1. The importance of �F is clarified by the following theorem, while
that of �F is rather a technical one (cf. Theorem 6.8 and Remark 5.1).

Theorem 6.5. Let (A,F) be a B-valued functional logical space. Then the largest
F-logic on A is equal to �F . Also, elements x1, . . . , xn, y ∈ A satisfy x1 · · · xn �F y

iff they satisfy the following condition for all (f, a) ∈ F × B:

fx1 ≥ a, . . . , fxn ≥ a =⇒ fy ≥ a. (6.2)

Proof. Let Q be the largest F-logic. Then, Q is the largest BF-logic, and so by
Theorem 6.2, elements x1, . . . , xn, y ∈ A satisfy x1 · · · xnQy iff they satisfy (6.2)
for all (f, a) ∈ F × B. Furthermore, elements x1, . . . , xn, y and f ∈ F satisfy (6.2)
for all a ∈ B iff they satisfy inf{fx1, . . . , fxn} ≤ fy, that is, x1 · · · xn �f y. Thus,
x1, . . . , xn, y satisfy x1 · · · xnQy iff they satisfy x1 · · · xn �F y. �

Theorem 6.6. The following holds for each B-valued functional logical space (A,F).
(1) A logic R on A is an F-logic iff it is contained in �F , that is, iff it satisfies

the following condition for all (f, a) ∈ F × B:

fx1 ≥ a, . . . , fxn ≥ a, x1 · · · xn Ry =⇒ fy ≥ a.
(2) A subset X of A is an F-theory iff it is closed under �F , that is, iff it satisfies

x1, . . . , xn ∈ X, y ∈ A− X

=⇒ fx1 ≥ a, . . . , fxn ≥ a but fy � a for some (f, a) ∈ F × B.

(3) An element x ∈ A is an F-tautology iff ε �F x, that is, iff fx = 1 for all f ∈ F.

Proof. This is a restatement of part of Theorems 6.1 and 6.4 by Theorem 6.5. �

Theorem 6.7. Let (A,F) be a functional logical space. Then �F is a partially
latticed relation, and �F is a latticed relation. If �F satisfies the quasi-disjunction
law and lower quasi-end law, then �F is the largest latticed extension of �F.

Proof. Since �f is a latticed relation for each f ∈ F by Theorems 3.1 and 3.2,
so is �F by Theorem 3.32. Therefore by Theorem 3.19, �F is a partially latticed
relation. The latter assertion is a consequence of the former and Theorem 3.22. �

Definition 6.1. A Boolean logical space is a B-valued functional logical space (A,F)
which satisfies the following two conditions:
(1) B is a Boolean lattice with respect to the meet ∧, join ∨, complement ♦, and

implication ⇒.
(2) With respect to some operations x∧y, x∨ y, x♦, x⇒y on A, every element

of F is a Boolean representation of A on B.
When B = T = {0, 1}, we call (A,F) a binary logical space.
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Remark 6.2. Every Boolean logical space (A,F) is “equivalent” to the binary log-
ical space (A,F ′) made of the set F ′ of the composites of the elements of F and
the binary representations of B (cf. Remark 6.3).

Theorem 6.8. Let (A,F) be a Boolean logical space with respect to operations
∧,∨,♦,⇒ on A. Then �F is a Boolean relation with respect to the operations
and is the largest latticed extension of �F.

Proof. Since �f is Boolean for each f ∈ F by Theorem 3.9, so is �F by Theorem
3.32. Therefore, �F satisfies the quasi-disjunction law. It also satisfies the lower
negation law and conjunction law, hence the lower end law by Theorem 3.12, and
hence the lower quasi-end law by Remark 3.3. Thus, �F is the largest latticed
extension of �F by Theorem 6.7. �

Example 6.1. Logical spaces in PL, FPL, MPCL, and PPCL are all binary logical
spaces, and so �F in these logics are Boolean relations by Theorem 6.8.

6.3. Generation of theories and a classification of logical spaces

The purpose of this subsection it to prove Theorem 6.10 which shows how all the
theories of a logical space are generated by the given theories and use it for a
classification in Definition 6.3 of logical spaces. Theorem 6.10 is also crucial to §8.

Theorem 6.9. Let (A,Bi) be a logical space for i = 1, 2. Then the following three
conditions are equivalent.

(1) The set of the B1-logics is equal to that of the B2-logics.
(2) The set of the B1-theories is equal to that of the B2-theories.
(3) The largest B1-logic is equal to the largest B2-logic.

Under these equivalent conditions, the B1-core is equal to the B2-core.

Proof. As for the former assertion, obviously (1) implies (3). Also, Theorem 6.1
and the remark before it shows that (3) implies (2) and (2) implies (1). The latter
assertion is a consequence of Theorem 6.4. �

Definition 6.2. If logical spaces (A,B1) and (A,B2) satisfy the three equivalent
conditions of Theorem 6.9, we say that (A,B1) and (A,B2) are equivalent.

Lemma 6.1. Let (A,B) and (A,B ′) be logical spaces and assume B ⊆ B ′ ⊆ B∩,
where B∩ is the quasi-finitary ∩-closure of B in PA. Then (A,B) and (A,B ′) are
equivalent (cf. Corollary 6.10.1).

Proof. Since B ⊆ B ′, every B ′-logic is a B-logic. Let R be a B-logic and T be the
set of the R-theories. Then B ⊆ T, and so B ′ ⊆ B∩ ⊆ T∩ = T by Theorems 2.7
and 4.4. Therefore R is a B ′-logic. Thus, (A,B) and (A,B ′) are equivalent. �

Theorem 6.10. Let (A,B) be a logical space. Then the set of the B-theories is
equal to the quasi-finitary ∩-closure B∩ of B in PA.
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Proof due to Matsuda. Lemma 6.1 and Theorem 6.9 show that the set of the B-
theories is equal to that of the B∩-theories. Therefore, we may assume B = B∩, and
need to show that every B-theory X is super-covered by B. Therefore, let Y ∈ P ′X.
Define B ′ =

⋂
Y⊆B∈B B. Then since B is ∩-closed in PA, we have Y ⊆ B ′ ∈ B.

Let Y = {y1, . . . , yn} and define α = y1 · · ·yn ∈ A∗. Then B ′ =
⋂

α⊆B∈B B, so by
Theorem 6.2, every element y ∈ B ′ satisfies αQy for the largest B-logic Q. Since
α ⊆ X and X is closed under Q, we have B ′ ⊆ X, hence Y ⊆ B ′ ⊆ X and B ′ ∈ B.
Thus X is super-covered by B, as desired. See §9 for an alternative proof. �

Corollary 6.10.1. Two logical spaces (A,B), (A,B ′) are equivalent iff B∩ = B ′∩.

Proof. This follows from Theorem 6.10 and Definition 6.2. �

Corollary 6.10.2. Let (A,B) be a logical space and X be a B-theory different from
A. Then X ⊆ ⋃

B∈B−{A} B (see Theorem 8.4 (2) for a generalization).

Proof. This is because
⋃

X∈B∩−{A} X =
⋃

B∈B−{A} B by Theorems 2.5 and 2.6. �

Definition 6.3. We put logical spaces (A,B) into the following three classes.

Class 1: B∩ = B, that is, B is ∩-closed in PA and quasi-finitary.
Class 2: B∩ = B∩ �= B, that is, B is not ∩-closed in PA and the ∩-closure B∩

of B is quasi-finitary.
Class 3: B∩ �= B∩, that is, the ∩-closure B∩ of B in PA is not quasi-finitary.

Since B∩ ⊇ B∩ ⊇ B, we have B∩ = B iff B∩ = B∩ = B. Therefore, every logical
space belongs to one and only one of the above classes.

Remark 6.3. A logical space (A,B) belongs to Class 1 iff for some deduction sys-
tem (R,D) on A, B is equal to the set of the R-theories which contain D. Corol-
lary 6.10.1 shows that every logical space (A,B) is equivalent to the logical space
(A,B∩) which belongs to Class 1. Every Boolean logical space is equivalent to a
binary logical space in Class 1 or 2, and a binary logical space (A,F) belongs to
Class 1 iff #F ≤ 1.
Example 6.2. The logical spaces in PL and FPL belong to Class 2. The logical
space in MPCL belongs to Class 2 or 3 according to a certain parameter, and
Takaoka [13] has obtained a necessary and sufficient condition for it to belong to
Class 2. See Example 8.2 for further details.

7. The completeness of deduction systems

Here we define the completeness of deduction systems and prove a fundamental
theorem 7.12 on it. See Definition 8.1 for the completeness of sets.
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7.1. Completeness for logical spaces

Throughout this subsection, (A,B) is a logical space, Q is the largest B-logic on
A, and C is the B-core. Recall (5.1).

Definition 7.1. Let (R,D) be a deduction system on A. Then

• (R,D) is said to be B-sound if RD ⊆ Q.
• (R,D) is said to be B-sufficient if Q ⊆ RD.
• (R,D) is said to be B-complete if Q = RD.
• (R,D) is said to be B-core-sound if [D]R ⊆ C.
• (R,D) is said to be B-core-sufficient if C ⊆ [D]R.
• (R,D) is said to be B-core-complete if C = [D]R.
• (R,D) is said to be B-extra-complete, if it is B-sound and every R-theory

containing D belongs to the ∩-closure B∩ of B in PA.
• (R,D) is said to be B-super-complete, if the set of the R-theories containing
D is equal to B.

The following theorems in this subsection explain meanings of the above
concepts and interrelations between them.

Theorem 7.1. Let (R,D) be a deduction system on A. Then the following four
conditions are equivalent.

(1) (R,D) is B-sound.
(2) [X ∪D]R ⊆ [X]Q for every subset X of A.
(3) Every B-theory in A is an R-theory containing D.
(4) R ⊆ Q and D ⊆ C, that is, both R and D are B-sound.

Also, the following three conditions are equivalent.

(5) (R,D) is B-sufficient.
(6) [X]Q ⊆ [X ∪D]R for every subset X of A.
(7) Every R-theory in A containing D is a B-theory.

Therefore, the following four conditions are equivalent.

(8) (R,D) is B-complete.
(9) [X]Q = [X ∪D]R for every subset X of A.

(10) The set of the B-theories in A is equal to the set of the R-theories in A
containing D.

(11) R ⊆ Q, D ⊆ C, and Q ⊆ RD.

Proof. The Q is a partially latticed relation by Theorem 6.3, the B-theories are
identical with the Q-theories by Theorem 6.1, and C = AQ by Theorem 6.4.
Therefore, Theorem 7.1 is a consequence of Theorem 5.7. �

Theorem 7.2. Let (R,D) be a deduction system on A. If (R,D) is B-sound, then
(R,D) is B-core-sound. If (R,D) is B-sufficient, then (R,D) is B-core-sufficient.
Therefore if (R,D) is B-complete, then (R,D) is B-core-complete.
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Proof. If (R,D) is B-sound, then [X ∪ D]R ⊆ [X]Q for every subset X of A by
Theorem 7.1, hence in particular [D]R ⊆ [∅]Q, and since C = [∅]Q by Theorem 6.4,
we conclude that [D]R ⊆ C holds. The rest of the proof is similar. �

Theorem 7.3. Let (R,D) be a deduction system on A. If (R,D) is B-core-sufficient
and there exists a mapping φ ∈ A∗ ×A→ A which satisfies

αQy =⇒ εQφ(α,y), ε RD φ(α,y) =⇒ αRD y

for each (α, y) ∈ A∗ ×A, then (R,D) is B-sufficient (cf. Theorem 7.11).

Proof. If an element y ∈ A satisfies εQy, then εRD y holds by Theorem 6.4 and
the B-core-sufficiency of (R,D). Therefore, if an element (α, y) ∈ A∗ ×A satisfies
αQy, then εQφ(α,y), and so εRD φ(α,y), hence αRD y. Thus Q ⊆ RD. �

Theorem 7.4. Let (R,D) be a deduction system on A. Then the following condi-
tions are equivalent.
(1) (R,D) is B-extra-complete.
(2) (R,D) is B-complete and (A,B) belongs to Class 1 or 2.

Proof. Let D be the set of the R-theories in A which contain D, and assume
(1). Then D ⊆ B∩ ⊆ B∩. In particular D ⊆ B∩, so (R,D) is B-sufficient by
Theorems 6.10 and 7.1. Therefore (R,D) is B-complete, and so B∩ = D by the
same theorems. Therefore B∩ = B∩, that is, (A,B) belongs to Class 1 or 2. Thus
(2) holds. Conversely assume (2). Then (R,D) is B-sound, and D = B∩ = B∩ by
Theorems 6.10 and 7.1. Thus, (R,D) is B-extra-complete. �

Theorem 7.5. Let (R,D) be a deduction system on A. Then the following condi-
tions are equivalent.
(1) (R,D) is B-super-complete.
(2) (R,D) is B-extra-complete and B∩ = B.
(3) (R,D) is B-complete and (A,B) belongs to Class 1.

Proof. By Theorem 7.4, (2) holds iff (R,D) is B-complete and B∩ = B∩ = B.
This equation means that (A,B) belongs to Class 1. Thus (2) is equivalent to (3).
Let D be the set of the R-theories in A which contain D, and assume (1). Then,
since D = B, we have the following. First, R is B-sound because it closes every
element of B. Secondly, D is B-sound because it is contained in every element of
B and hence in C. Thirdly, every member of D is a B-theory. Therefore, (R,D) is
B-complete by Theorem 7.1. Furthermore, B∩ = D = B by Theorems 6.10 and
7.1, so (A,B) belongs to Class 1. Thus (3) holds. Conversely assume (3). Then
D = B∩ = B by Theorems 7.1 and 6.10, and so (R,D) is B-super-complete. �

Theorem 7.6. The following holds for each logical space (A,B).
(1) If a deduction system on A is B-super-complete, then (A,B) belongs to Class

1. Conversely, if (A,B) belongs to Class 1, then every B-complete deduction
system on A is B-super-complete.
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(2) If a deduction system on A is B-extra-complete but not B-super-complete,
then (A,B) belongs to Class 2. Conversely, if (A,B) belongs to Class 2,
then every B-complete deduction system on A is B-extra-complete but not
B-super-complete.

(3) If a deduction system on A is B-complete but not B-extra-complete, then
(A,B) belongs to Class 3. Conversely, if (A,B) belongs to Class 3, then no
deduction system on A is B-extra-complete.

Proof. (1) and (3) are restatements of part of Theorems 7.5 and 7.4 respectively.
If a deduction system (R,D) on A is B-extra-complete but not B-super-complete,
then (R,D) is B-complete and (A,B) belongs to Class 1 or 2 by Theorem 7.4, and
(A,B) belongs to Class 2 by Theorem 7.5. Conversely if (A,B) belongs to Class
2, then a B-complete deduction system on A is B-extra-complete by Theorem 7.4
but not B-super-complete by Theorem 7.5. �

Theorem 7.7. If logical spaces (A,B) and (A,B ′) are equivalent to each other, then
the B-completeness and the B-core-completeness are respectively identical with the
B ′-completeness and the B ′-core-completeness, and similarly for the soundness
and the sufficiency.

Proof. This is because the largest B-logic is equal to the largest B ′-logic and the
B-core is equal to the B ′-core by Theorem 6.9. �

Corollary 7.7.1. Suppose logical spaces (A,B) and (A,B ′) satisfy B∩ = B ′∩. Then
the B-extra-completeness is identical with the B ′-extra-completeness.

Proof. Since B∩ = B ′∩, (A,B) and (A,B ′) are equivalent by Corollary 6.10.1, and
so the B-soundness is identical with the B ′-soundness. Hence the above result. �

7.2. Completeness for functional logical spaces

Let (A,F) be a functional logical space. We have associated it with the logical space
(A,BF) in §6.2 and defined the BF-completeness, BF-soundness, BF-sufficiency,
and so on in §7.1. Call them the F-completeness, F-soundness, F-sufficiency, and
so on. The purpose of this subsection is to connect these concepts with the values
of the functions in F. Theorem 7.8 will help the reader understand the meanings
of the concepts particularly when B = T.

Recall that, if (R,D) is a deduction system on A, then the partial deduction
relation �R,D is equal to RD and is the restriction to A∗ × A of the deduction
relation �R,D defined by (5.2).

Theorem 7.8. Let (A,F) be a B-valued functional logical space and (R,D) be a
deduction system on A. Then the following holds.

(1) (R,D) is F-sound iff �R,D is contained in �F , that is, iff it satisfies the fol-
lowing condition for all (f, a) ∈ F × B:

fx1 ≥ a, . . . , fxn ≥ a, x1 · · · xn �R,D y =⇒ fy ≥ a.
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(2) (R,D) is F-sufficient iff �F is contained in �R,D, that is, iff it satisfies

x1 · · · xn ��R,D y

=⇒ fx1 ≥ a, . . . , fxn ≥ a but fy � a for some (f, a) ∈ F × B.

(3) (R,D) is F-complete iff �R,D is equal to �F, that is, iff it satisfies

x1 · · · xn ��R,D y⇐⇒ fx1 ≥ a, . . . , fxn ≥ a but fy � a for some (f, a) ∈ F × B.

Proof. This is a restatement of part of Definition 7.1 by Theorem 6.5. �

Corollary 7.8.1. Let (A,F) be a functional logical space and (R,D) be a deduction
system on A. Then the following holds.
(1) If �R,D is contained in �F , then (R,D) is F-sound.
(2) If �R,D contains �F, then (R,D) is F-sufficient.
(3) If �R,D is equal to �F, then (R,D) is F-complete.

Proof. Since the restrictions of �R,D and �F to A∗ ×A are equal to �R,D and �F

respectively, (1)–(3) are consequences of Theorem 7.8. �

Theorem 7.9. Let (A,F) be a functional logical space, assume that �F is the
largest latticed extension of �F , and let (R,D) be a deduction system on A. Then,
(R,D) is F-complete iff �R,D is equal to �F.

Proof. Assume that(R,D) is F-complete. Then �R,D is equal to �F by Theorem
7.8. Since �R,D is the largest latticed extension of �R,D by Theorem 5.2, while �F

is the largest latticed extension of �F by our assumption, we conclude that �R,D

is equal to �F. The converse has been proved in Corollary 7.8.1. �

7.3. Boolean features of completeness

In view of Example 6.1, here we study the completeness on Boolean logical spaces.

Theorem 7.10. Let (A,F) be a Boolean logical space with respect to operations
∧,∨,♦,⇒ on A and (R,D) be a deduction system on A. Then (R,D) is F-complete
iff �R,D is equal to �F . Therefore, (R,D) is F-complete only if �R,D is a Boolean
relation with respect to ∧,∨,♦,⇒.

Proof. Since �F is the largest latticed extension of �F by Theorem 6.8, the former
assertion holds by Theorem 7.9. Since �F is a Boolean relation by Theorem 6.8,
the latter assertion follows from the former. �

Example 7.1. Let (A,F) be a Boolean logical space with respect to operations
∧,∨,♦,⇒ on A. Let ℘,& be logics on A defined by (5.3) and define R = ℘ ∪ &.
Let D be the set of the elements of A listed in Corollary 5.9.1. Then, �R,D is a
Boolean relation with respect to ∧,∨,♦,⇒. The deduction system (R,D) is also
F-sound. As for the soundness of R, since �F is a Boolean relation, both ℘ and
& are contained in �F by Theorem 3.14 and Definition 3.3. Therefore both ℘ and
& are F-sound by Theorem 6.6. If (A,F) is the Boolean logical space in PL, then
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(R,D) is F-complete. As for FPL, MPCL, and PPCL, by virtue of Corollary 7.11.1,
certain F-complete deduction systems (℘,D ′) with D ⊆ D ′ have been found.

Theorem 7.11. Let (A,F) be a Boolean logical space with respect to operations
∧,∨,♦,⇒ on A and (R,D) be an F-core-sufficient deduction system on A and
assume that R contains the modus ponens

x x⇒ y
y

. Then (R,D) is F-sufficient.

Proof. Define the mapping φ ∈ A∗ ×A→ A by

φ(x1 · · · xn, y) = xn⇒(· · ·⇒(x2⇒(x1⇒y)) · · · ).
Then since �F is a Boolean relation by Theorem 6.8 and �F is the restriction of
�F to A∗ ×A, Theorem 3.14 shows that

x1 · · · xn �F y ⇐⇒ ε �F φ(x1 · · · xn, y)

holds. In particular, φ satisfies “α �F y =⇒ ε �F φ(α,y)” for every element
(α, y) ∈ A∗ ×A. Assume ε �R,D φ(x1 · · · xn, y). Then

xn⇒(· · ·⇒(x2⇒(x1⇒y)) · · · ) ∈ [D]R ⊆ [{x1, . . . , xn} ∪D]R.

Since R contains the modus ponens, it inductively follows that

xn−i⇒(· · ·⇒(x2⇒(x1⇒y)) · · · ) ∈ [{x1, . . . , xn} ∪D]R

holds for i = 1, . . . , n. Hence y ∈ [{x1, . . . , xn}∪D]R, that is, x1 · · · xn �R,D y. Thus
φ satisfies “ε �R,D φ(α,y) =⇒ α �R,D y” for every element (α, y) ∈ A∗ × A.
The result now follows from Theorems 6.5 and 7.3. �
Corollary 7.11.1. Let (A,F) be a Boolean logical space with respect to operations
∧,∨,♦,⇒ on A. Then the deduction system (℘,C) on A consisting of the modus
ponens ℘ =

x x⇒ y
y

and the F-core C is F-complete.

Proof. (℘,C) is F-sound by Example 7.1 and F-sufficient by Theorem 7.11. �
7.4. Fundamental theorem of completeness

Let (A,F) be a functional logical space. Then as in Example 5.2, we define
�A = A∗ ×A∗,

denote the elements (α,β) ∈ �A by α→ β, and call them sequents. Also we define
�CF = {α→ β ∈ �A | α �F β},

�Af = {α→ β ∈ �A | α �f β} (f ∈ F),

�F = {�Af | f ∈ F}.

Then (�A, �F) is a logical space, which we call the sequential logical space associated
with (A,F). The �F-core of �A is equal to �CF, because (6.1) means �CF =

⋂
f∈F

�Af.
Recall from §5.2 that deduction systems on �A are also called generational

laws on the relations on A∗. Less importantly, they are also said to be of Gentzen
style, while deduction systems on A are said to be of Hilbert style.
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Definition 7.2. A deduction system (�R, �D) on �A is called a characteristic law of
(A,F) if (�R, �D) is �F-core-complete, that is, if �CF = [�D]�R. In other words, a char-
acteristic law of (A,F) is a generational law (�R, �D) on the relations on A∗ which
makes �F the smallest (�R, �D)-relation.

Remark 7.1. (A,F) may have several “inequivalent” characteristic laws other than
the trivial one (∅, �CF). For instance, the Boolean law and weakly Boolean law are
both characteristic laws of PL and inequivalent.

Theorem 7.12 (fundamental theorem of completeness). Let (A,F) be a functional
logical space and (R,D) be an F-sound deduction system on A. Assume that �R,D

satisfies a characteristic law (�R, �D) of (A,F). Then (R,D) is F-complete.

Proof. We more generally prove that (R,D) is F-sufficient provided that, for some
deduction system (�R, �D) on �A, (1) �CF ⊆ [�D]�R and (2) �R,D satisfies the genera-
tional law (�R, �D). Define �AR,D = {α → β ∈ �A | α �R,D β}. Then (2) means that
�AR,D is closed under �R and contains �D, hence [�D]�R ⊆ �AR,D. Therefore �CF ⊆ �AR,D

by (1), which means that �F is contained in �R,D. Therefore (R,D) is F-sufficient
by Corollary 7.8.1. �

Remark 7.2. The following partial converse of Theorem 7.12 holds. Let (A,F) be
a functional logical space and (R,D) be an F-complete deduction system on A.
Assume that �F is the largest latticed extension of �F (cf. Theorem 6.8). Then
�R,D satisfies every characteristic law (�R, �D) of (A,F).

Remark 7.3. Theorem 7.12 and Remark 7.2 give the following practically necessary
and sufficient program for finding an F-complete deduction system (R,D) on A.

1st step: Find a characteristic law (�R, �D) of (A,F), that is, find a �F-core-
complete deduction system (�R, �D) on �A.

2nd step: Find an F-sound deduction system (R,D) on A whose deduction re-
lation �R,D satisfies (�R, �D).

Corollary 5.9.1 is relevant to the 2nd step for all of PL, FPL, MPCL, and PPCL,
because �F in these logics are Boolean relations by Example 6.1, and the Boolean
law has naturally been extended to their characteristic laws.

7.5. Finding characteristic laws by means of Dedekind cuts

Here we extract essence for the 1st step of Remark 7.3 from Henkin’s proof [7] of
Gödel’s completeness theorem [3].

Let (A,F) be a T-valued functional logical space and (X,Y) ∈ PA×PA. Then
an element f ∈ F is called an F-model of (X,Y) if X ⊆ f−11 �= A and Y ⊆ f−10.

Let � be a relation on A∗. Then an element (X,Y) ∈ PA×PA is called a cut
or a Dedekind cut of A by � if, for each (α,β) ∈ A∗ ×A∗ with α ⊆ X and β ⊆ Y,
α �� β holds. The cut (X,Y) is said to be finite if (X,Y) ∈ P ′A× P ′A.
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Lemma 7.1. Let (A,F) be a T-valued functional logical space and � be a relation
on A∗ satisfying the weakening law, contraction law, and exchange law. Assume
that every finite cut of A by � has an F-model. Then �F is contained in �.

Proof. Suppose an element (α,β) ∈ A∗×A∗ satisfies α �� β. Then since � satisfies
the weakening law, contraction law, and exchange law, it follows that (α,β) is a
finite cut of A by �, and so there exists an element f ∈ F such that α ⊆ f−11 and
β ⊆ f−10, hence α ��f β. Therefore α ��F β. �

Theorem 7.13. Let (A,F) be a T-valued functional logical space and (�R, �D) be a
generational law on the relations on A∗. Assume the following:

(1) The F-validity relation �F satisfies (�R, �D).
(2) Every finite cut ofA by every (�R, �D)-relation contained in �F has an F-model.

Then the law (�R, �D) together with the weakening law, contraction law, and ex-
change law forms a characteristic law of (A,F).

Proof. As suggested by Example 5.2, the weakening law, contraction law, and ex-
change law are generational laws of the form (�Rw, ∅), (�Rc, ∅), (�Re, ∅), respectively.
Define �S = �R∪�Rw ∪�Rc ∪�Re. The theorem asserts that the generational law (�S, �D)
is a characteristic law of (A,F). A proof of this is as follows. The condition (1) and
Theorem 6.7 show that �F satisfies (�S, �D). Regard [�D]�S as a relation on A∗, and
denote it by �. Then � is the smallest (�S, �D)-relation. Therefore, � is a (�R, �D)-
relation contained in �F, and � satisfies the weakening law, contraction law, and
exchange law. The condition (2) and Lemma 7.1 now show that �F is contained
in �. Thus �F is equal to �, that is, �CF = [�D]�S. �

Remark 7.4. Let (A,F) be a T-valued functional logical space with 1 /∈ F and
(�R, �D) be its characteristic law. Then every finite cut of A by every (�R, �D)-relation
on A∗ has an F-model. Therefore, Theorem 7.13 also gives practically necessary
and sufficient program for finding a characteristic law of (A,F).

Example 7.2. Suppose (A,F) is the functional logical space in FPL, and let (�R, �D)
be the well-known Gentzen style deduction system for FPL. Then the conditions
(1) (2) of Theorem 7.13 are satisfied, provided that there are infinitely many
variables. Therefore by Theorem 7.13, (�R, �D) is a characteristic law of (A,F).
Thus if (R,D) is an F-sound deduction system on A and �R,D satisfies (�R, �D), then
(R,D) is F-complete by Theorem 7.12. Furthermore, every (not necessarily finite)
cut of A by �F has an F-model, irrespective of the cardinality of the variables. If
X is an F-consistent subset of A in the sense of Definition 8.1 below, then (X, ∅) is
a cut of A by �F , and so X has an F-model in the sense of Definition 8.2 below.
Takaoka [13] has proved similar theorems for MPCL.

Remark 7.5. Suppose (A,F) is a binary logical space. Then a subset X of A is
F-consistent iff (X, ∅) is a cut of A by �F. Also, an element f ∈ F is an F-model
of (X, ∅) iff f is an F-model of X in the sense of Definition 8.2 below. Therefore,
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verification of Theorem 7.13 (2) unites with the problem of how to construct F-
models of F-consistent subsets of A.

8. Classes and existence of models

In §7.1, we observed interrelations between the completeness of deduction systems
on logical spaces and the classification in Definition 6.3 of the logical spaces. In
this section, we observe that the completeness and models of consistent sets are
related through the classification. The main results are Theorems 8.8 and 8.9.

Throughout the section, we let (A,B) be a logical space, and Q be the largest
B-logic on A.

Definition 8.1. A subset X of A is said to be B-consistent if [X]Q �= A.

In the rest of the section, we let C be the set of the B-consistent subsets of
A, D be the set of the maximal elements of the ordered set (C,⊆), and E be the
set {X ∈ PA | [X]Q ∈ D}. We call elements of E the B-complete subsets of A.

Theorem 8.1. A finite subset {x1, . . . , xn} of A is B-inconsistent iff every element
y ∈ A satisfies x1 · · · xnQy.

Proof. This is a direct consequence of Theorem 6.3. �

Theorem 8.2. Assume that there exists a B-inconsistent finite subset {x1, . . . , xn}

(n ≥ 1) of A. Then the following conditions on a subset X of A are equivalent.
(1) X is B-inconsistent.
(2) x1, . . . , xn ∈ [X]Q.
(3) There exists an element α ∈ A∗ such that α ⊆ X and αQxi (i = 1, . . . , n).
(4) There exists an element α ∈ A∗ such that α ⊆ X and αQy for all y ∈ A.
(5) There exists a B-inconsistent finite subset of X.

Therefore C is a finitary subset of PA (see Theorem 8.4 (4) for further details).

Proof. The final remark follows from Theorem 2.1 and equivalence of (1) to (5).
If (1) holds, then since [X]Q = A, (2) holds. Assume (2). Then Theorem 6.3 shows
that, for each i = 1, . . . , n, there exists an element αi ∈ A∗ such that αi ⊆ X and
αiQxi. Theorem 6.3 also shows that Q satisfies the partial weakening law and
partial exchange law. Therefore, (3) holds with α = α1 · · ·αn. Assume (3) and let
y ∈ A. Then αQxi (i = 1, . . . , n) and x1 · · · xnQy by Theorem 8.1. By repeated
application of the partial cut law, partial exchange law, and partial contraction
law to the above n + 1 Q-relations, we have αQy. Thus (4) holds. If (4) holds,
then α is B-inconsistent by Theorem 8.1, and so (5) holds. If (5) holds, then since
every subset Y of X satisfies [Y]Q ⊆ [X]Q by Theorem 4.4, (1) holds. �

Theorem 8.3. The following holds on the Q-closures of subsets of A.
(1) [Y]Q =

⋂
Y⊆B∈B B for each Y ∈ P ′A.

(2) (A,B) belongs to Class 1 or 2 iff [X]Q =
⋂

X⊆B∈B B for each X ∈ PA.
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Proof. Let Y = {y1, . . . , yn} and define α = y1 · · · yn ∈ A∗. Then [Y]Q = [α]Q =
{y ∈ A | αQy} =

⋂
α⊆B∈B B =

⋂
Y⊆B∈B B by Theorems 6.3 and 6.2. Alternatively,

[Y]Q =
⋂

Y⊆X∈B∩ X =
⋂

Y⊆X∈B∩ X =
⋂

Y⊆B∈B B by Theorems 6.1, 6.10, 2.6, and
2.5. If (A,B) belongs to Class 1 or 2, then B∩ = B∩, so [X]Q =

⋂
X⊆Y∈B∩ Y =⋂

X⊆Y∈B∩ Y =
⋂

X⊆B∈B B for each X ∈ PA by Theorems 6.1, 6.10, and 2.5. Con-
versely, if [X]Q =

⋂
X⊆B∈B B for each X ∈ PA, then for each X ∈ B∩, we have

X = [X]Q =
⋂

X⊆B∈B B ∈ B∩ by Theorem 6.10, and therefore B∩ = B∩. �

Definition 8.2. A B-model for a subset X of A is a set B ∈ B − {A} containing X.

Therefore, the subset X has a B-model iff X belongs to the downward closure←−−−−−
B − {A} of B − {A} and iff

⋂
X⊆B∈B B �= A.

Theorem 8.4. The following holds on B, C, D, and E.

(1)
←−−−−−
B − {A} ⊆ C =

←−−−−−−
B∩ − {A} ⊆ ←−−−−−

B − {A}, that is, a subset of A is B-consistent, if
it has a B-model, iff it is contained in a non-trivial B-theory in A, and only
if every finite subset of it has a B-model.

(2) P ′A ∩ C = P ′A ∩←−−−−−
B − {A}, that is, a finite subset of A is B-consistent iff it

has a B-model.
(3) If (A,B) belongs to Class 1 or 2, then C =

←−−−−−
B − {A}, that is, a subset of A is

B-consistent iff it has a B-model.
(4) If there exists a B-inconsistent finite subset of A, then C =

←−−−−−
B − {A} =

←−
D ,

that is, a subset X of A is B-consistent iff every finite subset of X has a
B-model, and iff X is contained in a maximal B-consistent subset of A.

(5) D is equal to the set of the maximal elements of the ordered set (B∩−{A},⊆),
that is, a subset of A is a maximal B-consistent subset of A iff it is a maximal
non-trivial B-theory in A.

(6) An element X ∈ PA belongs to C iff [X]Q ∈ C. Also if X ∈ D, then X = [X]Q.
(7) D ⊆ E ⊆ C, that is, a subset of A is B-complete, if it is maximal B-consistent,

and only if A is B-consistent.
(8) If X ∈ E, then X has at most one B-model, which is equal to [X]Q if any.

Proof. If X ∈
←−−−−−−
B∩ − {A}, then there exists a set Y ∈ B∩ − {A} such that X ⊆ Y, and

since [X]Q ⊆ Y �= A by Theorem 6.10, we have X ∈ C. Thus
←−−−−−
B − {A} ⊆

←−−−−−−
B∩ − {A} ⊆

C. Conversely if X ∈ C, then X ⊆ [X]Q ∈ B∩− {A} by Theorems 6.1 and 6.10, hence

X ∈
←−−−−−−
B∩ − {A}. Thus C =

←−−−−−−
B∩ − {A}. Consequently, C is downward. Suppose X ∈ C

and Y ∈ P ′X. Then
⋂

Y⊆B∈B B = [Y]Q �= A by Theorem 8.3, and so Y ∈ ←−−−−−
B − {A}.

Therefore C ⊆ ←−−−−−
B − {A} by Theorem 2.9. Thus (1) holds. (2) is a consequence of

(1) and Theorem 2.6. Suppose (A,B) belongs to Class 1 or 2. Then each element
X ∈ C satisfies A �= [X]Q =

⋂
X⊆B∈B B by Theorem 8.3, and so X ∈ ←−−−−−

B − {A}.

This together with (1) implies C =
←−−−−−
B − {A}. Thus (3) holds. In order to prove (4),

assume that there exists a B-inconsistent finite subset of A. Then C is finitary by



44 K. Gomi

Theorem 8.2. Therefore, C =
←−−−−−
B − {A} by (1) and Theorem 2.9. Also, the ordered

set (C,⊆) is inductive by Theorem 2.2 and a remark about Definition 2.2, and so
C ⊆←−D by Zorn’s lemma. Since C is downward by (1), conversely

←−
D ⊆ C. Thus (4)

holds. (5) is a consequence of (1). (6) holds because X ⊆ [X]Q =
[
[X]Q

]
Q

. If X ∈ D,
then [X]Q = X ∈ D by (6), and so X ∈ E. If X ∈ E, then X ⊆ [X]Q ∈ D ⊆ C, and
so X ∈ C because C is downward. Thus (7) holds. If X ∈ E and X ⊆ B ∈ B − {A},
then D � [X]Q ⊆ B ∈ C, hence B = [X]Q. Thus (8) holds. �

Definition 8.3. A B-negation is a unary operation x♦ on A which satisfies

x♦ ∈ B ⇐⇒ x /∈ B (B-negation law)

for all B ∈ B − {A}. A B-complement is a unary operation x♦ on A which satisfies

xx♦Qy, (contradiction law)

xαQy, x♦αQy =⇒ αQy. (excluded middle law)

Example 8.1. Boolean logical spaces (A,F) have an F-complement by Theorem
3.13, because Q is equal to �F by Theorem 6.5, and �F is Boolean by Theorem
6.8. The F-complement becomes an F-negation iff fA ⊆ {0, 1} for all f ∈ F.

Theorem 8.5. Let x♦ be a unary operation on A. Then the following holds.
(1) The ♦ satisfies the contradiction law iff {x, x♦} /∈ C for each element x ∈ A.
(2) The ♦ satisfies the excluded middle law iff it satisfies the law

[
{x} ∪ X]

Q
∩ [

{x♦} ∪ X]
Q

⊆ [X]Q, (8.1)

and iff it satisfies this law for X ∈ P ′A.

Proof. (1) is a consequence of Theorem 8.1. Suppose y ∈ [
{x}∪X]

Q
∩ [

{x♦}∪X]
Q

.
Then Theorem 6.3 shows that there exists an element α ∈ A∗ such that α ⊆ X,
xαQy and x♦αQy, and so the excluded middle law yields αQy, hence y ∈ [X]Q.
Suppose xαQy and x♦αQy. Then y ∈ [

{x}∪α]
Q
∩ [

{x♦} ∪α]
Q

, and so (8.1) for
X ∈ P ′A yields y ∈ [α

]
Q

, hence αQy by Theorem 6.3. �

Corollary 8.5.1. Let X ⊆ A and y ∈ A. Suppose a B-complement ♦ on A exists.
Then in order that X /∈ C holds, either of the following conditions is necessary and
sufficient.
(1) y, y♦ ∈ [X]Q.
(2) There exists an element α ∈ A∗ such that α ⊆ X, αQy and αQy♦.

Proof. This is a consequence of Theorems 8.5 and 8.2. �

Theorem 8.6. Let X ⊆ A. Suppose a B-complement ♦ on A exists. Then in order
that X ∈ D holds, either of the following conditions is necessary and sufficient.
(1) [X]Q = X and ♦ satisfies the X-negation law “x♦ ∈ X ⇐⇒ x /∈ X.”
(2) X belongs to C and satisfies x ∈ X or x♦ ∈ X for each element x ∈ A.
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Proof. Assume X ∈ D. Then [X]Q = X by Theorem 8.4. Let x ∈ A. Then {x, x♦} /∈ C

by Theorem 8.5, and so {x, x♦} � X, hence if x♦ ∈ X then x /∈ X. In order to prove
the converse, assume x /∈ X. Then {x} ∪ X /∈ C, that is, [{x} ∪ X]Q = A, and so
x♦ ∈ [X]Q = X by (8.1). Thus (1) holds. Assume (1). Then since A �= ∅, the
X-negation law yields X �= A, and so (2) holds. Assume (2). Then if X ⊂ Y ⊆ A,
any element y ∈ Y − X satisfies y♦ ∈ X ⊆ Y, and so {y, y♦} ⊆ Y, hence Y /∈ C by
Theorem 8.5. Thus X ∈ D holds. �

Corollary 8.6.1. Let X ⊆ A. Suppose a B-complement ♦ on A exists. Then in order
that X ∈ E holds, either of the following conditions is necessary and sufficient.

(1) ♦ satisfies the [X]Q-negation law “x♦ ∈ [X]Q ⇐⇒ x /∈ [X]Q.”
(2) X belongs to C and satisfies x ∈ [X]Q or x♦ ∈ [X]Q for each element x ∈ A.

Proof due to Takahashi. This follows from Theorem 8.6, because
[
[X]Q

]
Q

= [X]Q

holds, and X ∈ C iff [X]Q ∈ C by Theorem 8.4. �

Theorem 8.7. B-negations and B-complements are related as follows.

(1) Every B-negation ♦ on A is a B-complement on A.
(2) If a B-negation ♦ on A exists, then B− {A} ⊆ D. Conversely if B− {A} ⊆ D,

then every B-complement on A is a B-negation on A.

Proof. For each element x ∈ A, we have {x, x♦} /∈ ←−−−−−
B − {A}, hence {x, x♦} /∈ C by

Theorem 8.4. Therefore by Theorem 8.5, ♦ satisfies the contradiction law. Let
x ∈ A and X ∈ P ′A. Then{

B ∈ B − {A}
∣
∣ {x} ∪ X ⊆ B} ∪ {B ∈ B − {A}

∣
∣ {x♦} ∪ X ⊆ B}

=
{
B ∈ B − {A}

∣
∣ X ⊆ B},

and so (8.1) holds by Theorem 8.3. Therefore ♦ satisfies the excluded middle law.
Thus (1) holds. (2) is a consequence of (1) and Theorem 8.6. �

Alternative proof of (1). For each B ∈ B− {A}, define the relation �B on A∗ as in
Theorem 3.27. Then the characteristic mapping 1B of B is a latticed representation
of A on T, and �B is equal to the 1B-validity relation �1B

. Since T is Boolean,
�B is a strongly latticed relation by Theorems 3.1 and 3.2. Furthermore, the
B-negation law means 1B(x♦) = (1Bx)

♦, where ♦ on the right-hand side is the
complement in T. Therefore by Theorem 3.7, �B satisfies the negation laws. Let
� =

⋂
B∈B−{A} �B. Then by Theorem 3.32, � is also a strongly latticed relation

satisfying the negation laws. Therefore by Theorem 3.13, � satisfies the laws xx♦ �
y and (♦6). Since Q is the restriction of � to A∗×A by Theorem 6.2, we conclude
that ♦ is a B-complement on A. �

Remark 8.1. If a B-negation on A exists, then it follow from Theorem 8.7 that
(A,B) belongs to Class 1 iff B = {A,B} with B �= ∅.
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Theorem 8.8. Let X ⊆ A and assume that either X is finite or (A,B) belongs to
Class 1 or 2. Suppose a B-negation exists. Then in order that X ∈ E holds, any
one of the following conditions is necessary and sufficient (cf. Corollary 8.6.1).
(1) [X]Q is the unique B-model of X.
(2) X has a unique B-model.
(3) [X]Q ∈ B − {A}.

Proof. Assume X ∈ E. Then Theorem 8.4 shows first that X ∈ C, next that X
has a B-model, and finally that (1) holds. Obviously (1) implies (2). We have
[X]Q =

⋂
X⊆B∈B−{A} B by Theorem 8.3. Therefore, if B is the unique B-model of

X, then [X]Q = B ∈ B − {A} holds. Thus (2) implies (3). If (3) holds, then X ∈ E

by Theorem 8.7. �

Theorem 8.9. If there exists a B-complement ♦ onA, then the following conditions
are equivalent.
(1) (A,B) belongs to Class 1 or 2.
(2) D ⊆ B − {A}.
(3) C ⊆←−−−−−

B − {A}, that is, every B-consistent subset of A has a B-model.

Proof due to Takaoka. Assume (1). Then B∩ = B∩, an so by Theorem 8.4, D is
equal to the set of the maximal elements of B∩ − {A}. Since maximal elements of
B∩ − {A} belong to B − {A}, we conclude that (2) holds. Assume (2). Then

←−
D ⊆←−−−−−

B − {A}. Also, since {x, x♦} /∈ C for each x ∈ A by Theorem 8.5, we have C =
←−
D by

Theorem 8.4. Therefore (3) holds. Finally, we assume (3) and show that (1) holds.
By virtue of Theorem 8.3, we only need to show that every element X ∈ PA satisfies
[X]Q =

⋂
X⊆B∈B B. Obviously [X]Q ⊆ ⋂

X⊆B∈B B =
⋂

X⊆B∈B−{A} B, so we will
show that every element y ∈ ⋂

X⊆B∈B−{A} B belongs to [X]Q. If X ⊆ B ∈ B − {A},
then y ∈ B, and so y♦ /∈ B by Theorem 8.5. Therefore, there does not exist a set
B such that {y♦} ∪ X ⊆ B ∈ B − {A}, and so (3) yields [{y♦} ∪ X]Q = A, hence
y ∈ [X]Q by (8.1) as desired. �

Remark 8.2. Under the assumption of Theorem 8.9, we have
←−−−−−
B − {A} ⊆ C =←−−−−−

B − {A} by Theorem 8.4. Therefore, the three equivalent conditions in Theorem
8.9 are furthermore equivalent to the following two conditions.

(4) C =
←−−−−−
B − {A}, that is, a subset of A is B-consistent iff it has a B-model.

(5)
←−−−−−
B − {A} =

←−−−−−
B − {A}, that is, a subset of A has a B-model iff every finite subset

of it has a B-model.
If there exists a B-negation on A, then since B − {A} ⊆ D by Theorem 8.7, the
above conditions are furthermore equivalent to the condition D = B − {A}.

Example 8.2. Suppose (A,F) is the functional logical space in PL. Then F is the
set of the binary representations of A. Also, F-negation exists as mentioned in
Example 8.1. Therefore by Remark 8.1, (A,F) does not belong to Class 1. Also, if
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X ∈ D, then the characteristic mapping 1X of X is a binary representation of A,
hence 1X ∈ F. Thus D ⊆ BF − {A}, and so (A,F) belongs to Class 2.

As for the functional logical space (A,F) in FPL, C ⊆ ←−−−−−−
BF − {A} holds as

mentioned in Example 7.2, that is, every F-consistent subset of A has an F-model.
Therefore, FPL belongs to Class 2.

The class of MPCL depends on the parameter P, which is called the quantity
system and is defined to be a totally ordered commutative semigroup with identity
element, with Z≥0 and R≥0 being typical ones. Takaoka [13] has shown that MPCL
belongs to Class 2 or 3 and that it belongs to Class 2 iff P is well-ordered and has
the largest element.

9. Relations versus operators

Let A be a set. Then an operator on A is a transformation ϕ on PA. If X ∈ PA

satisfy ϕX ⊆ X, then we call X a ϕ-theory or say that X is closed under ϕ.
For each increasing operator ϕ on A, the finitary core ϕ ′ is the operator on

A defined by ϕ ′X =
⋃

Y∈P ′XϕY for each X ∈ PA. Then ϕ ′ is the largest among
finitary operators ψ which satisfy ψ ⊆ ϕ. Also if ϕ is a closure operator, then so
is ϕ ′ and its fixture domain is equal to the quasi-finitary closure B of the fixture
domain B of ϕ. Therefore, ϕ = ϕ ′ iff B = B.

For each operator ϕ on A, we define the logic Rϕ on A so that αRϕ y iff
ϕα � y, for each (α, y) ∈ A∗×A (cf. Theorem 3.30). Conversely for each logic R on
A, we define the operator ϕR on A so that ϕRX is equal to the 1st R-descendant
X1 of X, for each X ∈ PA (cf. Theorem 4.5). Then ϕR is finitary, and the set
of the ϕR-theories is equal to that of the R-theories. The mappings ϕ �→ Rϕ

and R �→ ϕR induce mutually inverting order isomorphisms between the set of
the finitary operators on A and that of the logics on A which satisfy the partial
weakening law, partial contraction law, and partial exchange law (Sasaki [12]).

Let (A,B) be a logical space. An operator ϕ on A is said to be B-sound, if
every element of B is closed under ϕ. There exist the largest increasing B-sound
operator and the largest finitary B-sound operator on A. Let us denote them by μ
and ν. Then μX =

⋂
X⊆B∈B B for each X ∈ PA. Therefore, μ is a closure operator

and its fixture domain is equal to the ∩-closure B∩ of B. Also ν is equal to the
finitary core μ ′ of μ. Therefore, ν is a closure operator and its fixture domain is
equal to the quasi-finitary ∩-closure B∩ of B. Thus μ = ν iff B∩ = B∩, that is, iff
(A,B) belongs to Class 1 or 2 (cf. Theorem 8.3).

Let Q be the largest B-logic on A. Then we can prove Q = Rν and ϕQ = ν.
The former equation gives an alternative proof of Theorem 6.2. The latter shows
that the set of the Q-theories is equal to the set B∩ of the ν-theories. This together
with Theorem 6.1 gives an alternative proof of Theorem 6.10, which is in better
perspective than the original proof based on Matsuda’s mysterious genius.

Operators also give better proofs of certain other theorems in this paper. The
notion of completeness and Theorem 7.1 can be restated in terms of operators.
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However, the author has not been able to even formulate Theorem 7.12 in terms
of operators. This is the reason why operators can not play a principal role in the
theory of logical spaces.
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