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Chapter 1

From Noology to Case
Logic via General Logic

Know thyself!-!

Noology is the knowledge of intellection, whose origin is probably philosophy
by the ancients. This monograph, however, is neither philosophic nor exegetic.
Assuming that you are interested in your own intellection and appreciate cre-
ativity and intellectual independence, I aim this monograph at acquainting you
with mathematical noology (MN) I originated and developed in collaboration
with my pupils, notably Yasuaki Mizumura and Yoésuke Takaoka'-2.

This monograph will also serve as an abridged and partly improved version of
my other ever-growing WWW publication of wider scope!-? by which I launched
new mathematical psychology (MP) in 1997 and educated some students at the
Graduate School of Mathematical Sciences and the Department of Mathematics,
University of Tokyo (s. §0.1)*#. Since it is written in Japanese and has grown
too long by providing every inspiration for the students, this monograph will
help everyone get its gist, particularly about intellection.

The main purpose of this introductory chapter is to explain how noology
leads to mathematics, especially algebra and logic. This chapter as such is
transdisciplinary and not quite self-contained. The transcended disciplines and
the expected range of knowledge will be implicit in the text and notes.

1-1The ancient aphorism I read as Remark 1.2.8 (s. [1.10][1.49]). See also Remarks 1.2.9 and
1.2.10 for its pre-Christian amplification Know thyself, and thou shalt know the universe and
God and my own conclusion Know God, and thou shalt know what must be done.

1-2Takaoka romanizes his given name into Yohsuke (s. [1.72]).

1-3Stri Sinrigaku (Mathematical Psychology), http://gomiken.in.coocan.jp/ (s. [1.72]). Its
scope includes emotion, volition, etc. as well as intellection.

1-4The abbreviation s. stands for the word see.



The other chapters 2—6 are intended for the mathematical steps of the basic
flow chart (Fig. 1.1) below and so written in a style of mathematics for the
most part (s. §1.4). The mathematical part is almost self-contained except that
it requires a rudimentary knowledge of sets and orders including a knowledge
of lattices (esp. Boolean ones and complete ones) and ordinal numbers.

Chapter 2 on logic spaces and deduction systems presents an abstract theory
of semantics and deduction, amplifying a published paper!'-® of mine. Chapter 3
on logic systems presents a general theory of syntax and semantics and links it to
logic spaces by means of basic facts on (general) algebras!-®. Syntax, semantics
and deduction are the pillars of logic. Thus Chapters 2 and 3 together present
a theory of general logic (GL). You can read them regardless of MN; if you like,
and reading them up, you will have an understanding of what logic is and find
that GL should be dealt with by a branch of algebra.

Chapters 4-6 constitute the body of this monograph and present a practical
and specific theory of case logic (CL) designed for MN and organized in line
with the theory of GL. Of course, it is specific as contrasted with the theory
of GL. The logic system CL in itself is rather general in that it will explain a
variety of intellectual phenomena and others. In particular, it has a concept of
partibility of entities, and Chapters 4 and 5 focus on impartible CL (ICL) and
bipartible CL respectively. They are the simplest CL and the next simplest CL
and so will help you understand the general CL in Chapter 6.

Notes including bibliographic ones are usually given at the foot of the pri-
mary page concerned, and the bracketed numbers refer you to them; for example,
[1.3] refers you to Footnote 1.3. Bibliographic ones are few in number, because
I enjoy a stand-alone theory on the basis of public knowledge (s. §0.2) and have
put exegesis aside. Thus most notes are warnings against hasty reading.

No index is given, because you can locate every word on your monitor.

1.1 Noology as mathematical science

When our department of mathematics merged into the newborn graduate school
of mathematical sciences in 1992, I understood that I had to engage in a kind
of mathematical science distinguishing it from mathematics, which was one of
my motives for converting from finite group theory to new MP (s. §0.1).

Mathematics in the modern sense is the totality of the study by deductive
thinking based on the concept of sets and starting with definitions (s. §1.4),%7 al-
though some mathematicians also resort to empirical thinking without sufficient
set-theoretic bases or explicit definitions in the prior process of mathematizing
the scientific problems they face, and so shall I in this chapter.

Mathematical science is still broader. It is the totality of the actions which
follow the following four-step flow chart involving both mathematics and em-

1.5 “Theory of completeness for logical spaces,” Logica Universalis 3 (2009), 243-291.

1.6( Algebra) The noun algebra means both a branch of study and its object and is countable
in the latter sense. The same remark applies to the noun logic (s. [2.3]) and others.

L-7The study of groups is one of the best examples of mathematics in this modern sense.



piricism and may also be called the science by means of mathematical models.

Figure 1.1: The flow chart for mathematical science

Observation of a phenomenon

1
’ Construction of a mathematical model based on the observation ‘

1

’ Mathematical analysis of the constructed model‘

1
’ Understanding of the phenomenon by the results of the analysis ‘

The understanding of the phenomenon will furthermore lead to predictions
about the phenomenon by it or its practical applications or both.!*® Although
we should not be endlessly addicted to the mathematical steps, we should make
them as large as possible, because mathematics provides one of the most effec-
tive tools and the most expressive and rigorous languages of science.

As of today, I am more than halfway through the flow chart specialized for
MN thanks to my pupils. The logic system CL together with a certain deduction
system on it is intended to provide a principal mathematical model for MN, and
our mathematical analysis of the model is well under way (s. §1.3.11). I will
clarify in §1.2.6 what it models and what we observed in order to construct
it. A possible utilitarian end of the analysis is to have an understanding of
human intelligence in order to apply it to artificial intelligence. A spin-off of
the model is a concept of God which leads us to the perspective that science,
logic, ethics and religion can harmonize into what I call eusophy, i.e. pursuit of
human omniscience for survival (s. [1.38]) of the human species.!-?

Remark 1.1.1 (The convention and principle of mathematical science)
Regarding an intellectual object O as a mathematical concept M means abstract-
ing M from O and sometimes means adopting M as a mathematical model of O.
Adopting M as a good model of O means abstracting M from a characteristic
of O, and this is why M and its mathematical analysis help understand O.

1-8The study of heredity by Gregor Mendel I will mention below is one of the best examples
of mathematical sciences in this sense, although mathematics he used was elementary.

1.9 Foundations of Eusophy: A proscience general concept of God with a mathematical model,
http://gomiken.in.coocan.jp/, ever-growing WWW publication, since 2014. See also Remarks
1.2.9 and 1.2.10.



1.2 Aims and methods of mathematical noology

Here I lift the curtain on MN, which is woven from the four nominals in the
subtitle: algebra'-1? is the weft and the others are the warp (s. Remark 1.2.4).

1.2.1 An intermediate aim and Mendel’s method

MN is the science of intellection that is the process of perceiving and ratioci-
nating about intellectual objects, and the subtitle is led by the nominal phrase
intellectual machines. Thus I aim to study human perception and ratiocination,
comparing them to computers’ under the following three assumptions.

1. There exists an intellectual unit (IU) in the human brain.
2. The IU consists of a perceiving unit (PU) and a ratiocinating unit (RU).
3. The three units IU, PU and RU are machines.

My intermediate aim under certain additional assumptions (s. the text near
[1.16]) is to find out some universal truth about the possible!-!! ability of the
IU. You will, however, find in §1.2.6 that it can even be our ultimate aim.

I will soon clarify the meanings of the words and phrases around Assumptions
1-3. The three machines in Assumption 3 are different from ordinary ones
especially in that they are believed to have been created by organic evolution.
The Darwinian belief and the fact that we each have our native tongues will
propel MN (s. §1.2.5) and separate it from the computer theory and others.

While direct observation of the IU still seems neither possible nor prudent,
the indirect method urged below seems practicable and productive. It may be
compared to Mendel’s method (s. [1.8]). As his factors (or genes) were unknowns
in organisms, so my IU is an unknown in the human brain. Still, as he was able
to grasp the nature of the factors by observing phenotypes of pea plants which
were supposed to be modified expressions of their genotypes, so I shall be able
to grasp the nature of the IU by observing something which is supposed to be
a modified expression of the structure of the IU. Metaphorically speaking, MN
seeks a theory of the genotypes on observation of the phenotypes; in fact, we
also observe the environment which modifies the phenotypes. I will clarify in
§1.2.6 what the environment and phenotypes for MN should be.

1.2.2 Machines as algebras and their possible ability

I mean by the word machine above any device that transforms various tuples
of materials into various products according to various processes, disregarding
other components of the device such as its storage, searcher, transporter and

1.10Quotations and titles of publications will be printed in slant letters abc...zABC...Z
without quotation marks. Distinguish them from italics abc...2zA BC'... Z for emphasis.
L-11(Possible, existing and potential) The adjective possible means capable of existing,
where existing is a gerund, and so the adjective existing implies possible, while the adjective
potential means possible and not existing.



motivity.''12 To give an example, any kitchen together with a cook is a machine
in this sense, because it transforms various tuples of ingredients into various
dishes according to various cooking processes, or recipes, ranging from simple
ones (e.g. cut, mix, sauté, etc.) to complex ones. To give another example, any
calculator is naturally a machine in this sense. Ideal ones transform each couple
(a,b) of numbers into the four numbers a+b,a—b, axb and a+b according to
the four basic calculation processes, or arithmetic operations (b # 0 for division),
while actual ones deal with some limited numbers and approximations.

Each machine may be regarded as an algebra as defined in §3.1.2, i.e. a set S
equipped with an algebraic structure O that is a family of (partial) operations
on S. Here S is a suitable set containing all possible materials and products of
the machine (s. [1.11]), and O is the family of all its possible processes regarded
as operations on S, that is, if a process « in O transforms a tuple (as,...,ax)
of materials into a product a, then a is the value «x(aj,...,ay) of & regarded
as an operation.!13 As for kitchens, S should be the set of (the names for)
all possible ingredients and dishes (s. [1.13]), O is the family of all possible
recipes,’'* and if a dish a is made from a tuple (aq,..., ax) of ingredients by a
recipe «, then «(as,...,ax) = a. As for ideal calculators, S should be the set of
all real numbers, O is the family (4, —, x, +) of the basic arithmetic operations
and *(a,b) = axb for each * € {4+, —, x, +} and each (a,b) € S? (b # 0 for +).

We may abstract an algebra (S, Q) from each machine in this way (s. Remark
1.1.1) and refer to S and O as its domain and processual algebraic structure. By
virtue of the abstraction, understanding the structure of the machine is reduced
to understanding its domain and processual algebraic structure.

Moreover, the possible ability of the machine may be defined as the mapping
which associates each subset X of S with its closure [X]o in S (here and elsewhere,
I assume you acquainted with the basic concepts on algebras and quasialgebras
to be given in Chapters 3 and 2). Thus the possible ability is determined by the
algebra (S, 0) and may be analyzed by means of the descriptions of [X]g given
by Theorems 3.1.2-3.1.4 as well as its definition in §3.1.3 (s. [3.6]), while the
existing ability depends on the above disregarded components and is difficult to
mathematically analyze (s. [1.11][1.12] and Example 1.2.2).

By virtue of Assumptions 1-3 in §1.2.1 and the abstraction of algebras from
machines, we may regard the IU, PU and RU as algebras (s. Remark 1.1.1) so
that the IU is the algebraic union of the PU and RU, that is, the domain of
the IU is the union of those of the PU and RU and the processual algebraic
structure of the IU is the union of those of the PU and RU.!-1?

1-12(Memories) Such components for some machines, particularly the IU, PU and RU, may
be collectively referred to as memories.

1-13(Symbolization) In fact, in order for S to be a constant set, it is sometimes necessary to
replace the materials and products with their symbols, e.g. names (s. [1.26]). It is necessary for
kitchens and unnecessary for calculators because numbers are already symbols for quantities
(s. §3.6.2). Similar remarks apply to O and others because of mathematical symbolism.
L.141p fact, recipes such as mix and sauté are applied to k-tuples of ingredients for various
integers k > 1 and so each of them must be regarded as a family (o1, x2,...) of k-ary recipes
ax (k=1,2,...), and likewise for other machines. See Theorem 3.1.1 for a generalization.
1-15Consequently, the PU and RU are subreducts of the TU (s. Remark 3.1.2).



What is possible to one person may also be possible to others after sufficient
development or cure. Therefore, while we focus on the intellectual possibilities
as was suggested right after Assumptions 1-3, we should furthermore assume
that the algebraized IU, PU and RU do not essentially!-'6 depend on persons.
I refer to the additional assumption as their algebraic homogeneity.

To tell the truth, we may abstract various algebras even from a machine,
because we may choose which of its processes to treat as operations. More
importantly, we may abstract various algebras other than from machines, par-
ticularly from tongues as in Remark 1.2.2 and from the noocosmos'-17, i.e. the
totality of the intellectual objects for all kinds of persons, as in §1.2.4.

Remark 1.2.1 (Deduction, induction and ratiocination) Regard the RU
as an algebra (S,0) as above. Then deduction is the process of finding an
element y € [X]o for a given subset X of S, while induction is that of finding
a subset X of S which satisfies y € [X]o for all given elements y € S, possibly
excluding the trivial case y € X in both deduction and induction. Ratiocination
is a finite sequence of deduction and induction in arbitrary combination and
order, and so ratiocination of length 1 is deduction or induction.!-'®

Both deduction and induction imply verifying y € [X]o for each found pair
(X,y) of a subset X and an element y of S. Verifying y € [X]¢ implies finding
an X/0-sequent § for y according to Theorem 3.1.3 (s. [3.7]). Finding (X,y)
and 8 implies searching the storage of the RU for processes and their materials,
transporting the materials and storing their products, all by its motivity. They
are matters of the above disregarded components, which I call the memories of
the RU here (s. [1.12]). Then deduction and induction are differentiated by the
role of the memories in them: those in deduction first associate a given subset
X of S with an element y € S and those in induction first associate all given
elements y € S with a subset X of S (an X/O-sequent for y may happen to be
simultaneously found out). Thus, while we disregard the memories in order to
study the possible ability of the RU, we may regard ratiocination as a sequence
only of deduction (s. Remark 1.1.1) contrary to the truth (s. [1.39]). This is
why deduction is one of the pillars of logic as was noted in the preface.

Remark 1.2.2 (Algebras abstracted from tongues) Let T be a (natural,
artificial or hybrid) tongue,*-1? and let N and R be proposed or defined sets of its
category names and syntactical rules, i.e. the rules under which the composites
in T are composed of their constituents in T. Then R may usually be regarded as
equipping N with an algebraic structure O. Let L be a lexicon of T and v be the
mapping which associates each word in L with its category name in N. Then the
quadruple (N, O, L, v) uniquely yields a certain universal sorted algebra, which
may be regarded as a formal language (s. §3.1.7 and [3.22]). Unless T is an

1.16 (Essentially) Such expressions as do not essentially depend on and essentially the same
mean that the concept concerned is unique up to some parameters.

L17T coined the word noocosmos from Greek words after the word noosphere.

1-18You may extend these three concepts to other machines, if you like.

L-19When you do mathematics, for example, you use a hybrid tongue (s. Remark 1.2.11).



artificial or dead tongue, the quadruple is hardly unique or complete for T, so
that we abstract various formal languages from T and they only largely overlap
with T up to punctuation marks. Their algebraic structures may, however, be
called syntactical algebraic structures abstracted from T, or from R.

1.2.3 Percepts as internal symbols for intellectual objects

We have regarded the IU as an algebra in §1.2.2 (s. Remark 1.1.1). Here I
consider its domain. The consideration is preceded by a consideration of the
noocosmos, or of the intellectual objects. I manage it by everyday words here
and will improve it in a mathematical way in §1.2.4 (s. §1.4).

You will find on both introspection and inspection of tongues that the intel-
lectual objects may be divided into entities and events.

An intellectual object is called an entity if we can ask whether it exists. We
need not be able to answer the question. Therefore, each entity may or may
not exist. Then you will find on inspection of tongues that the nominals are the
names or descriptions of entities, or rather you should define the nominals as
such,!-29 and that they may be immaterial, imaginary, impossible or of whatever
kind. For example, idea is immaterial, Peter Rabbit is imaginary and king of a
republic is impossible; nevertheless, they are names or descriptions of entities,
and so are Peter, rabbit, king and republic.

An intellectual object is called an event if it is not an entity and we can
ask whether it occurs. We need not be able to answer the question. Therefore,
each event may or may not occur. Then you will find on inspection of tongues
that the declaratives are the descriptions of events, or rather you should define
the declaratives as such (s. [1.20]), and that each event is either a relationship
(between entities) or an attribute (of an entity). For example, the declarative
sentence An N exists for each nominal N describes an attribute of the entity
named (or described) N and the attribute is an event which occurs iff'-2! an N
exists.!??2 The declarative sentence A king rules a republic in Korea describes
a relationship between the three entities named king, republic and Korea and
the relationship is an event which occurs iff a king rules a republic in Korea.
Not only the sentences An N exists and A king rules a republic in Korea but
also the four verbal phrases exists, rules a republic in Korea, rules a republic
and rules in them are declaratives, i.e. descriptions of events (s. Remark 1.3.3).
This is the reason why I have parenthesized the prepositional phrases between
entities and of an entity in the above explanation of events.

Events may involve variable entities.!-23 For example, the event described by
the declarative An X exists for a variable nominal X involves a variable entity.
While the event described by the declarative A king rules a republic in Korea

1.20 (Materials depend on aims) You should have your own grammar, as well as your own
logic, algebra and others, which is appropriate to MN (s. §0.2, Remark 1.2.4 and [1.48]).
L-21(Iff) The word iff is a conjunction meaning if and only if.

L-22Existence and occurrence are correlated, as I clarify in Chapters 4-6 on CL (s. §1.3.5).
1.231n contrast, a vicious circle prevents definitions of entities from involving variable entities,
although subsequent descriptions of entities may involve variable entities and others (s. [1.35]).



involves no variable entity, the event described by the declarative A Y rules a
Z in Korea for variable nominals Y and Z involves two variable entities.

Each event which involves k variable entities may be regarded as a mapping
which associates each k-tuple of entities with a truth value, i.e. an element of the
set {truth, falsity}'-?*, while each event which involves no variable entity may be
regarded as a truth value (s. Remark 1.1.1). For example, the event described
by the declarative An X exists may be regarded as a mapping which associates
each entity named N with truth if an N exists (that is, if the event described by
the declarative An N exists occurs) and falsity otherwise. The event described
by the declarative A Y rules a Z in Korea may be regarded as a mapping which
associates each couple of the entities named P and @ with truth if a P rules a
Q in Korea (that is, if the event described by the declarative A P rules a Q in
Korea occurs) and falsity otherwise, while the event described by the declarative
A king rules a republic in Korea may be regarded as truth if the event occurs
(that is, if a king rules a republic in Korea) and falsity otherwise.-2%

Now then, what the domain of the IU should be? It is the union of those of
the PU and RU because the IU is the algebraic union of the PU and RU.

As for the PU (perceiving unit), I suppose that an intellectual object is
perceived when an internal symbol*-26 for it comes into existence. The words
internal here and external below refer to the inside and outside of the nervous
system of a person,'?” and so their range depends on the person; in particu-
lar, the external world depends on the person unlike the noocosmos. Although
yet unknown and not required to be known for the present, the internal sym-
bols must be some substantial existences in the nervous system, which I call
percepts.!*28 Then each percept is an internal symbol for the only intellectual
object at a time. I call it the object of the percept (at the time).

Table 1.1: Dichotomies of percepts, their objects and their descriptions

percepts ‘ objects of the percepts ‘ descriptions of the objects
NOMINALS entities nominals
DECLARATIVES events declaratives

Percepts for entities are also called NOMINALs!'-2? because entities are de-
scribed by nominals. Percepts for events are also called DECLARATIVES (s.
[1.29]) because events are described by declaratives. I suppose that a NOMI-
NAL at some time is not a DECLARATIVE at other times and vice versa. Then

L.24(Truth) You may extend the set by intermediate truth values, if you like (s. [1.33]).
1-25(Occurrence and truth) The three related words occur, occurrence and inevitable for
events here and below are respectively correlated with the three related words hold true, truth
and indubitable for declaratives. I will clarify the correlation in Chapters 4-6 on CL.

1.26 A symbol in its broadest sense is something that stands for something else (s. [1.13]).
1.27Thus the viscera of a person and their functions are external objects even for the person.
1.28They will be electrochemical existences due to the structure of the nervous system.
1.298mall capitals will be used for common words given uncommon meanings.



since the intellectual objects are divided into the entities and events, the per-
cepts are divided into the NOMINALs and DECLARATIVEs. Thus we have Table
1.1 showing dichotomies of percepts, their objects and their descriptions.

In another dichotomy, I suppose that some percepts called the composite
ones are produced from percepts by the processes of the PU and the other
percepts called the prime ones are inputted from the external world (s. [1.27]):
the prime ones include the percepts inputted as instinct before birth and those
inputted by stimuli experienced through sense organs at any time.'3° Thus
we may assume that the domain of the PU consists of all possible percepts
(s. [1.11]). Then the possible materials of the machine PU are some possible
percepts and its possible products are all of the possible composite percepts.

As for the domain of the RU (ratiocinating unit), distinguish ratiocination
from perception and notice that not all utterances!! precisely describe internal
processes. Then you will find on both introspection and inspection of tongues
that you ratiocinate only on DECLARATIVES (s. [1.39]). Indeed, even if we utter
the nouns Peter and rabbit, when we must have perceived the entities named
Peter and rabbit respectively and so possess NOMINALs for them, we must be
ratiocinating on DECLARATIVEs for such events involving the entities as are
described by the declaratives Peter is a rabbit and A rabbit runs fast. Thus we
may assume that the domain of the RU consists of all possible DECLARATIVES.
Then the possible materials of the machine RU are some possible DECLARATIVES
and its possible products are some, perhaps other, possible DECLARATIVES.

Thus we may assume that the domain of the IU, as well as that of the PU,
consists of all possible percepts. Moreover, we may consider the mapping of
the domain into the noocosmos which associates each possible percept with its
possible object at a certain time. I refer to the mapping and its restriction to
the prime percepts as a (full) PERCEPTION (s. [1.29]) and a prime PERCEPTION
respectively. Now, intellection is limited to a class of intellectual objects which
varies with persons, development of each person and the passage of time. There-
fore, there is more than one such class, which I call the nooworlds (s. [1.17]),
and the noocosmos is their union. Likewise, there is more than one PERCEPTION
depending on persons, development of each person and the passage of time, and
the image of each PERCEPTION is contained in a nooworld. Also, the nooworlds
may overlap and the PERCEPTIONs may be neither injective nor surjective.

Leaving aside further consideration of the domain of the IU for Chapters 4-6
on CL, our next concern here in §1.2 is its processual algebraic structure, which
will turn out in §1.2.5 to be closely related to syntactical algebraic structures
abstracted from tongues as in Remark 1.2.2 and to the algebraic structures on
the noocosmos, or on the nooworlds, to be found in §1.2.4.

1.30 Thus prime and composite do not mean prior and posterior, although at least one prime
percept priorly exists and the first composite one is posteriorly produced from prime ones.
1.31 An utterance is something that a person grammatically says.
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1.2.4 Nooworlds as algebras and causality in them

Here we consider algebraic structures on the nooworlds. We begin by improving
§1.2.3 in a mathematical way: we start with definitions of basic sets (s. §1.1).

In §1.2.3, we defined entities and events using undefined concepts of existence
and occurrence and then defined each nooworld as a class of entities and events.
The quasi-definition still shows that we may regard each nooworld as the disjoint
union W = EUF of a nonempty set E and a set F of multiary relations on E (s.
Remark 1.1.1) and refer to the elements of E and F as the entities and events
of W respectively. The set F may or may not be empty (s. the definition of the
SWs in §1.2.5 and the text near [1.34]). The word multiary means the phrase
k-ary for an integer k > 0. A k-ary relation on E is a mapping f of E¥ into the
set T of the truth values; if k = 0, f may be identified with a truth value.!-32

By abstracting the set W from the nooworld and defining its entities and
events as above, we can define occurrence for the events. Assume T = {0, 1},
replacing truth and falsity with 1 and 0 respectively.!-33 Then if a k-ary event
f and a k-tuple d of entities satisfy fd = 1, we say that f occurs for d; if k =0
and f =1 under the above identification, we say that f occurs (s. [1.25]). Thus
each event may or may not occur according to the entities concerned. We can
also define existence for the entities after refining the definition of E in Chapters
4-6 on CL, and each entity may or may not exist (s. §1.3.5).

Furthermore, we may abstract various operations and so various algebraic
structures on W from its compositionality, i.e. the totality of the rules under
which elements of W compose elements of W. For example, if T is contained
in W, then so is EU T, and so each k-ary relation f on E with k > 1 is such a
rule showing how elements of E compose elements of T and f itself is a k-ary
operation on W irrespective of whether f € F or f ¢ F. Moreover, modifying
the definition of F in Chapters 4-6 on CL (s. Remark 1.2.3), we can abstract k
binary operations «q,..., 0, on W from f and we have oq,...,00,f & F.

Therefore, I will assume until a turning point of MN in §1.2.5 that every
nooworld W contains T, or rather assume that F contains T by identifying T
with the set of the O-ary relations on E (s. [1.32]),}3% and consequently F is
nonempty. Then W is also called a nooworld with the truth values, and it
seems reasonable to regard W as an algebra (s. Remark 1.1.1) by equipping it
with one of the various algebraic structures abstracted from its compositionality,
which I call the compositional one. Then the variety raises the question What
is the compositional algebraic structure of W7 It is a mathematical rendition of
the question What is the essence of compositionality on the intellectual objects?
I will show in §1.2.5 that it gets to the heart of MN.

By regarding W as an algebra in this way, we may also regard E and F as its
subreducts and so as algebras. We should, however, regard F as another algebra

1.32Get-theoretic definitions imply that SC = {@} for each set S (s. [3.23]), and each mapping
f of {B} into a set T may be identified with its value f) € T at @ (s. [3.24]).

L.331f you like, you may replace the set {0, 1} with some sets such as the interval [0, 1] of real
numbers by allowing intermediate truth values (s. [1.24]).

1.34Tn CL, F contains T by definition (s. [1.82]).
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in the following way. We first regard it as a quasialgebra as defined in §3.1.2,
i.e. a set S equipped with a quasialgebraic structure R that is an association on
S, i.e. a relation between S* and S. Here S* is the free monoid over S, or the
set of all formal products xg - - - x, of elements x1,...,x, of S of finite length
n > 0 (s. Remark 3.1.14). Its identity element is the formal product of length 0
and denoted €. The set {x € S: ¢ Rx} is called the R-core of S and denoted Sg.

We equip F with the following association F. Let fq,...,f,, and g be arbitrary
elements of F, k1,...,ky and 1 be their respective arities (n > 0) and k be the
largest of the arities. Then by definition, the element (fy---f,,g) of F* x F
satisfies f1 - - - f, F g iff the following holds for all (aj,...,ax) € EX:

inf{f1(ar,...,ax, )y ooy frlar, ...y, )} < glar,...,ap).

Since T = {0, 1}, this inequality means that if fi(aj,...,ax,) = 1 for all i €

{1,...,n} then g(ay,...,a;) = 1, that is, if the event f; occurs for the tuple
(ar,...,ax,) of entities for each i € {1,...,n}, then the event g occurs for the
tuple (aj,...,ar) of entities. Consequently, the F-core F= of F consists of the

events which occur for all entities concerned (s. [1.97]) and so may be called the
inevitables (s. [1.25]).13% Thus we call F cause-effect association or causality.
As such, F is a partially latticed association as defined in Theorem 2.2.10.

Fach algebraic structure O on F yields an association Rg on F as defined by
(3.1.1) (s. [3.4]). Each pair (R,D) of an association R on F and a subset D of
F yields an association RP on F as in §2.5.1. Therefore, each pair (9, D) of an
algebraic structure O on F and a subset D of F yields an association RoP on
F. Moreover, being partially latticed, £ is equal to Ro" for various algebraic
structures O on F and subsets D of Fe (s. Remark 2.5.4). The equality means
that elements fy,...,f, and g of F satisfy f; ---f,, F g iff g has a ({f1,...,fn}U
D)/0O-sequent (s. §3.1.3), or in short F is ruled by O and D.*36 Thus it seems
reasonable to regard F as an algebra (s. Remark 1.1.1) by equipping it with one
of such algebraic structures O, which I call the causal one. Then the variety
of O raises the question What is the causal algebraic structure of F? It is a
mathematical rendition of the question What is the essence of causality among
the events? I will show in §1.2.5 that it also gets to the heart of MN.

Remark 1.2.3 (Appropriate definitions of events and others) To tell
the truth, the above definition that the events in F are multiary relations on
the set E of entities does not seem quite appropriate in light of MN and was
made for convenience of explanation. Therefore, I will modify it and the related
definitions of occurrence and causality in Chapters 4-6 on CL (s. §1.3.6).

1-35 (Definition vs. description) The inevitables defined in this way are obviously the
events whose values are all equal to 1. In general, however, it is not obvious whether an event
described in another way is an inevitable or not (s. [1.23]). Indeed, every scientific law (e.g. the
evolutionary law of organisms) may be regarded, or rather should be defined as a description
of an event which is supposed to be an inevitable.

1.36(Indeterminism over determinism) See Remark 1.2.9 for details of the rule, which
shows that, although elements of O UD each are deterministic in a sense, F is in no sense so.
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Remark 1.2.4 (Algebra! She rules them all) Whatever answers we give
to the above two questions, algebra rules the noocosmos as well as machines,
logic and tongues. Machines are so ruled by virtue of their processes (s. §1.2.2),
logic is so ruled by virtue of the GL in Chapters 2 and 3 and tongues are so
ruled by virtue of their syntactical rules (s. Remark 1.2.2), while the noocosmos
is so ruled by virtue of its compositionality and causality. Thus algebra rules
the main materials for MN all, and the rule is well illustrated by Fig. 1.2. This
is why I began §1.2 by saying that the noun algebra is the weft and the other
nominals in the subtitle are the warp.

Figure 1.2: A weave of MN

234 0 algebra
0 ‘ 1 the intellectual machines
2 logic
3 tongues
‘ 4 the noocosmos

1.2.5 Intellect, the noocosmos and utterances

As for wisdom, what she is, and how she came up,

I will tell you, and will not hide mysteries from you:
but will seek her out from the beginning of her nativity,
and bring the knowledge of her into light,

and will not pass over the truth.'37

We now proceed to consider the processual algebraic structure of the ITU. We
assume that it does not essentially depend on persons because of the algebraic
homogeneity of the IU (s. [1.16] and the nearby text). It is the union of those
of the PU and RU because the IU is the algebraic union of the PU and RU.

In light of organic evolutionism, it seems undoubted that the processual al-
gebraic structure of the PU has produced composite percepts for intellectual
objects in the nooworlds and that of the RU has processed DECLARATIVEs for
events in them (s. Table 1.1) in order for the human species to survive!-3®
by perceiving and ratiocinating about causal problems of how to behave in

1-37King James version of Wisdom, or the Book of the Wisdom of Solomon, v. 6:22 (s. [1.47]).
1'?’S(Survival) While useful, the words survival and survive are misleading. The fact is, or
a Darwinian belief is, environment allows those who possess some inheritable trait to leave
more offspring than those who do not, and thus the trait spreads through the population in
a long period provided that the environment is limited. The word survival means the spread,
and sentences like The human species has behaved A in order to survive for adverbial phrases
A mean The human species has behaved A and therefore has spread.
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them for instinctual purposes.’3? The compositional algebraic structures of the
nooworlds produce intellectual objects in them and the causal algebraic struc-
tures of their event sets together with inevitables rule causality among the events
in them. Thus it seems reasonable to believe that the algebraic structure of the
PU resembles! Y those of the nooworlds because it has adapted to them in its
evolution so that human beings can more efficiently perceive intellectual objects
in them. It also seems reasonable to believe that the algebraic structure of the
RU similarly resembles those of the event sets of the nooworlds (s. [1.40]). Not
only does algebra rule the intellectual machines and the noocosmos as was noted
in Remark 1.2.4, but also intellect must have evolved as the algebraic structures
of the machines adapted to those on the noocosmos. Thus the two questions
raised in §1.2.4 get to the heart of MN as was noted there. They are now read as
What is the human perception of compositionality on the intellectual objects?
and What is the human conception of causality among the events?

This paragraph, however, also applies to the ape and other animals in varying
degrees in contrast to the following ones involving tongues. As for intellect,
tongues have differentiated the human species from other ones as is explained
in the following paragraphs and in §1.2.6 around (1.2.1).

In light of organic evolutionism, it also seems undoubted that human beings
have uttered their percepts, deduction and others and have longed to understand
utterances (s. [1.31]) in order to survive (s. [1.38]) by communicating with their
verbal communities and by self-communicating, or introspecting. Here a verbal
community is an evolutional group of people with close verbal cultures, and a
verbal culture is a verbal behavior pattern (s. §1.2.8). Obvious verbal commu-
nities are our native communities. See Remark 1.2.11 for less obvious ones.

For each verbal community, I refer to the possible utterances of percepts (s.
[1.11]) as the descriptive utterances (DU) and refer to the totality of the DUs
as the descriptive tongue (DT). Then since the percepts are the NOMINALs and
DECLARATIVES, i.e. the internal symbols for entities and events, we may assume
that the DUs are the descriptions of entities and events, i.e. the nominals and
declaratives (s. Table 1.1), as is illustrated by the following basic UPO-diagram.

u— P — O (UPO)

Here U is a DU, P is a percept of which U is an utterance and O is the only
object of P at the time, and so the right-hand arrow denotes a PERCEPTION, 4!
O is an entity or an event and P is accordingly a NOMINAL or a DECLARATIVE.

L.39Ratiocination about the problem of how you behave in the nooworlds for your instinctual
purpose implies finding the truth values of the truly causal declaratives If I behave A, then
my instinctual purpose is attained for adverbial phrases A (this is probably the reason why
human beings ratiocinate only on DECLARATIVEs as was noted in §1.2.3). It moreover implies
inducing the declaratives I behave A from the declarative My instinctual purpose is attained.
Thus human ratiocination is primarily a sequence of induction (s. Remark 1.2.1).
1.40(Resemblance) There are several kinds of algebraic resemblances and analogies (s. §3.1).
L41Each DU is an utterance of a percept and each percept has its only object at a time,
while not every percept is uttered and not every intellectual object is perceived, hence also
the direction of the arrows here (s. [1.42][1.44]). The left-hand arrow never denotes a mapping,
because a DU may be an utterance of more than one percept at any time.
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The above assumption in fact means that U is a description of O and therefore
is a nominal or a declarative. Then you will find on inspection of nominals and
declaratives that the composite DUs are composed of their constituent DUs un-
der some rules, from which we may abstract some syntactical algebraic structure
(s. Remark 1.2.2), while the composite percepts are produced from percepts by
the processual algebraic structure of the PU. Thus it seems reasonable to believe
that, in each verbal community, the algebraic structure abstracted from the DT
resembles that of the PU (s. [1.40]) and so also resembles the compositional al-
gebraic structures of the nooworlds by the first belief about the PU because the
DT has adapted to the PU in its evolution so that the DUs can more efficiently
convey utterers’ percepts. It also seems reasonable to believe that, in each ver-
bal community, some algebraic structure abstracted from syntactical rules for
the deductive utterances similarly resembles that of the RU (s. [1.40]) and so
also resembles the causal algebraic structures of the event sets of the nooworlds.

The whole above belief about the PU may be illustrated by the following
e?-diagram, where each arrow means the evolutional relationship, i.e. the resem-
blance between the algebraic structures caused by the adaptation in evolution,
and henceforth, the symbol NW stands for the word nooworld.

evolutional evolutional m (62)

You can draw an analogous diagram about the RU.!42 In contrast to the RU,
however, the processual algebraic structure of the PU must also have adapted to
nooworlds of another kind, i.e. SWs introduced soon. A similar remark applies
to the DT. The DUs are tools of communication and introspection created
by the verbal community rather than organismal phenomena out of the PU.
Therefore, the syntactical algebraic structure abstracted from the DT must also
have adapted to preference of the verbal community.43

The following p?-diagram illustrates in advance the phraseological relation-
ship and the perceptual relationship which are introduced shortly and supple-
ment the above explanation of the evolutional relationship.!-44

phraseological perceptual m (pZ)

The perceptual relationship is as follows. Each operation « in the processual
algebraic structure of the PU associates each tuple (Pq,...,Py) of percepts in
its domain with a composite percept P, and Pq,..., Py, P respectively have their
objects Oq,..., Oy, O under PERCEPTIONS. Therefore, questions arise as to how
« relates (O1q,...,O0x) to O and what PERCEPTIONS are involved in the relation,

1-42The direction of the arrows in them two shows that of the adaptation (s. [1.41][1.44]).
1'43(Se1ection) As artificial selection causes adaptation to human preference, so communal
selection causes adaptation to communal preference, while Darwinians metaphorically assert
that natural selection causes adaptation to natural preference, or to environment (s. [1.38]).
1-44The direction of the arrows here derives from that in the UPO-diagram (s. [1.41][1.42]).
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as is illustrated by the right half of the following composite of UPO-diagrams.

(ul)-'-)uk) m) (Ph-'ka) m (01)-"»Ok)
N ol e (cUPO)
u P (0]

In view of the concepts of the nooworlds and PERCEPTIONs as introduced in
§1.2.3, we may assume that Oq,..., Oy, O belong to the same nooworld and the
images of the PERCEPTIONS involved are contained in it. Thus there is some
perceptual relationship between the processual algebraic structure of the PU
and each of the nooworlds. Being an organismal phenomenon and so a result
of evolution, however, the relationship may be explained by the evolutional
relationship between the PU and the nooworlds illustrated by the e?-diagram
and also by the adaptation of the algebraic structure of the PU to the SWs
(s. §1.2.6 around (1.2.2) and (1.2.3)). Conversely, it supplements the above
explanation of the evolutional relationship.

The phraseological relationship is similarly introduced and illustrated by the
left half of the cUPO-diagram. Although not all percepts are uttered (s. [1.41]),
if the percepts Pi,...,Pk,P are uttered and phrased by DUs Uy,..., U, U
respectively, a question arises as to how « relates (Uy,...,Uy) to U. Thus there
is some phraseological relationship between the processual algebraic structure of
the PU and the DT. It must be explained not only by the evolutional relationship
between the DT and PU illustrated by the e?-diagram but also by the adaptation
of the syntactical algebraic structure abstracted from the DT to the preference of
the verbal community (s. [1.43]). Although difficult to explain so, it supplements
the above explanation of the evolutional relationship (s. §4.3).

Now, we have reached the turning point of MN noted in §1.2.4. Here I al-
ter my assumption that every nooworld contains the truth values (s. the text
near [1.34]). We have seen that human beings have longed to understand utter-
ances, especially DUs, in order to survive (s. [1.38]) in their verbal communities.
Therefore, I should assume that each verbal community has nooworlds of an-
other kind to which the PU has adapted in organic evolution. Each of them
is associated with a person in the community and called a semasiological world
(SW) or a nooworld without the truth values for convenience of explanation al-
though it even lacks events. Each its entity is a perceivable symbol S (s. [1.26])
for a MEANING P (s. [1.29]) of a DU U for the person, that is, P is a percept
in the PU of the person which the person utters by U, as is illustrated by the
following SUPO-diagram.

S
1 (SUPO)
u —- P — O

This extends the UPO-diagram, although the person was implicit there, P was
not called a MEANING of U there and the object O of P is subsidiary here. We
may also call P an internal meaning of U for the person, while we may call O
an (external) meaning of U for the person, as I have implicitly done so. Being
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an evolutional group, the verbal community consists of more than one person.
Therefore, it has more than one SW depending on the persons. Since the persons
have close verbal cultures, however, the personal SWs must be essentially the
same (s. [1.16]). Thus I assume that each verbal community has its SW (or
nooworld without the truth values)!#® to which the PU has adapted.

This turning brings the following paragraphs and remarks into view.

In each verbal community, DUs are usually unfaithful to their MEANINGs
in the sense clarified in §1.2.7. Therefore, the DT itself cannot serve as the
communal SW. However, it will turn out also in §1.2.7 that, for each DU U and
each its MEANING P, we can rephrase U by a real or imaginary DU S which is
faithful to P provided we belong to the verbal community,'%¢ as is illustrated
by the following modification of the SUPO-diagram.

u-—- S - P — O (USPO)

Thus we may identify the SW with the collection of all such real or imaginary
DUs, which I call the rephrased DUs (RDU). Then the SW is a hybrid tongue
obtained by modifying the DT. They overlap up to punctuation marks because
some DUs are faithful to their MEANINGs and so need not be rephrased. We
may abstract some syntactical algebraic structure from the rules under which
the composite RDUs are composed of their constituent RDUs (s. Remark 1.2.2).

Remark 1.2.5 (The DT and SW resemble each other only as a whole)
Since the SW is a modification of the DT as above, their syntactical rules
resemble each other. However, each DU U and the RDU S for each its MEANING
P as shown in the USPO-diagram are not necessarily composed under similar
syntactical rules, because U is usually unfaithful to P as was noted above.

Remark 1.2.6 (DUs are irregularly unfaithful to their MEANINGs) The
syntactical rules for the SW are also semasiological ones for the DT in that the
RDUs are symbols for the MEANINGs of the DUs and composed under the rules.
The remaining semasiological rules for the DT, if any, associate each DU U with
the RDUs S for its MEANINGs P. There are no such rules, however, because the
association depends on CONTEXT (s. [1.29] and Remark 1.2.7) which is irregular.

Remark 1.2.7 (A CONTEXT as part of a MEANING) Let U be a DU and P
be one of its MEANINGs. Then U is usually unfaithful to P, but there may exist
another MEANING of U to which U is faithful. Let P’ denote such a MEANING
if it exists and let P’ be void otherwise. Then P may or may not be contained
in P’ (and vice versa) and I refer to the part of P outside P’ as a CONTEXT of
U. The four words void, contain, part and outside here make sense because we
may identify P and P’ with the RDUs for them (s. Example 1.2.1).

1.45 A nooworld without the truth values can be contained in one with the truth values.
146 (Dictionary) Some monolingual dictionaries attempt to explain internal or external
meanings of some DUs by rephrasing them only by real DUs.
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Example 1.2.1 (Irony) In Remark 1.2.7, suppose U is the utterance Peter is
good. Then the utterer may have meant Peter is not good, but I say the opposite
in fun. Then we may identify P’ and P with the RDUs Peter is good and It is
not that Peter is good, but I say the opposite in fun respectively (since they are
also DUs, the SW and DT overlap). Thus P’ = U and P is not contained in P,
but P’ is contained in P so that the CONTEXT of U is It is not that, but I say
the opposite in fun. In view of other possible CONTEXTs of U, you will see that
there are no rules for associating each DU with the RDUs for its MEANINGs,
as was noted in Remark 1.2.6. As for Remark 1.2.5, notice that U and P are
composed under dissimilar syntactical rules. See §1.2.7 for more.

As before, I now suppose that the PU has algebraically adapted to the SW,
that is, the said adaptation of the PU to the SW has resulted in resemblance
between the algebraic structures abstracted from them (s. [1.40]). We may
conversely regard the SW as having algebraically adapted to the PU, because
the DT has done so and the SW is a modification of the DT as above. In
view of the remarks on the e?-diagram, however, I rather suppose that the SW
has algebraically adapted to the PU by natural selection and the DT is its
modification by communal selection (s. [1.43]). Refining the e?-diagram, the
following e3-diagram illustrates the evolutional relationship between the DT,
SW, PU and nooworlds with or without the truth values.

lutional evolutional evolutional 3
(DT ] ewhwona, [y evhatona, [y | evhwonat, | T (g

communal natural natural

Here, and only here, largeness of their boxes shows richness of the algebraic
structures abstracted from them. Examples in §1.2.7 suggest that the box for
the DT in general is larger than that for the SW. The boxes for the SW and
PU are of the same size for the reason clarified shortly. The box for the PU is
larger than or of the same size as those for the nooworlds with or without the
truth values because the PU has algebraically adapted to all the nooworlds.
We have seen that the PU has algebraically adapted to the SW and vice
versa. The mutual adaptation is illustrated by the e3-diagram because the SW
is a nooworld without the truth values. Still, since organic evolution is a change
over successive generations, it is better illustrated by the following e*°-diagram,
where the symbols sSwW and PU stand for the SW and PU of the parent generation.

N evolutional evolutional evolutional . (eoo)

natural natural natural

In view of the long period of evolution, I conjecture that the algebraic structures
abstracted from the SW and PU have been essentially the same (s. [1.16]) for a
long time now, to which I refer as the algebraic analogy between the SW and PU
(s. [1.40]). The analogy is the evolutional relationship between the SW and PU
illustrated by the e3-diagram, and so their boxes are of the same size therein.

God hath granted me to speak as I would,
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and to conceive as is meet for the things that are given me:
because it is he that leadeth unto wisdom, and directeth the wise.l*4”

1.2.6 Logic for a model of the nootrinity

Enough has been said about the relationship between intellect, the noocosmos
and utterances. In short, the nooworlds with the truth values, their event sets
and the descriptive or deductive utterances (DDU) in each verbal community
constitute a modified expression of the structure of the IU under the assumption
of algebraic homogeneity (s. the text near [1.16]). Metaphorically speaking as
in §1.2.1, the IU is the genotype and the DDUs are the phenotypes, while the
nooworlds with the truth values, their event sets and communal preference (s.
[1.43]) constitute the environment which modifies the phenotypes.

Metaphor, however, has merits and demerits. In non-metaphoric terms of the
flow chart (Fig. 1.1) for mathematical science, we should observe the nooworlds
with the truth values, their event sets and the DDUs in some verbal commu-
nities and then carry out the following three empirical ologies!*® based on the
observation in order to construct a principal mathematical model for MN.

Ontology: gaining an insight into the compositional algebraic structures of
the nooworlds with the truth values and the causal algebraic structures of the
event sets of the nooworlds, i.e. a mathematical insight into the questions What
is the essence of compositionality on the intellectual objects? and What is the
essence of causality among the events?

Semasiology: gaining an insight into the syntactical algebraic structures
abstracted from the communal SW and the totality of the deductive utterances,
i.e. a mathematical insight into the semasiological rules for the DT (s. Remark
1.2.6) and into the deduction rules reflected in the deductive utterances.

Phraseology: gaining an insight into the phraseological relationship be-
tween the processual algebraic structure of the PU and the DT illustrated by
the p?-diagram and the cUPO-diagram in §1.2.5, i.e. a mathematical insight
into the way human beings phrase their percepts by DUs.

Here, by virtue of the algebraic analogy between the SW and PU, semasiology
makes phraseology possible, and the resemblance between the syntactical alge-
braic structures abstracted from the DT and SW sheds light on the evolutional
relationship between the DT and PU illustrated by the e’-diagram in §1.2.5,
while the difference between them sheds light on the evolutional and communal
relationship between the DT and SW illustrated by the e3-diagram therein.

147 Wisdom v. 7:15 (s. [1.37]). Feeling obliged not to be incarnational here in a scientific
monograph, I define God as a collection of laws which together rule causality in the universe
(s. [1.9] and Remark 1.2.9). Then the evolutionary law of organisms will be one of the laws,
and so the word God in this pre-Christian verse may now be read as Evolution. Thus the
verse is perfect(!) for the epilogue of §1.2.5 as with v. 6:22 for its prologue.

1.48] horrow their names and neither their aims nor their methods from philosophy, linguistics
and other disciplines (s. [1.20]). I distinguish between the terms semasiology and semantics,
and save the latter and the term syntax for formal languages or logic systems (s. Chapter 3).
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The principal mathematical model for MN, however, should not be a model
of the IU alone but be a model of what I call nootrinity (s. [1.17]), i.e. the triple
(IU, W, R) for the collection W of the nooworlds with the truth values and the
union R of the evolutional relationship €& and the perceptual relationship P
between the IU and W illustrated by the e?-diagram, its analogue for the RU,
the p?-diagram and the cUPO-diagram. Therefore, the model of the IU means
models of the PU and RU equipped with the processual algebraic structures,
and the model of W means models of the nooworlds in W and their event sets
equipped with the compositional algebraic structures and the causal algebraic
structures respectively. Thus the mathematical model of the nootrinity and the
above empirical ologies for constructing it together shed light on every detail of
the diagrams in §1.2.5. In other words, MN aims at understanding not only the
TU but also the nooworlds with or without the truth values and the relationship
between the IU and each of the nooworlds, because intellect has evolved and
exists by virtue of its relationship with the noocosmos.

Recall from §1.2.1-1.2.5 that I abstracted the nootrinity (IU, W, R) from the
triple (J,20, R) of intellect J, the noocosmos 2T and the relationship R between
J and 2. Therefore, (IU, W, R) is already a mathematical model of (7,20, R)
(s. Remark 1.1.1). However, (IU, W, R) is a rough and expedient model. Indeed,
in §1.2.2, T only equipped the IU with the processual algebraic structure, which
is unspecified yet. In §1.2.4, I regarded each nooworld with the truth values
as the disjoint union W = E U F of a nonempty set E and a nonempty set F of
multiary relations on E for convenience of explanation (s. Remark 1.2.3), and
I only equipped W and F with the compositional algebraic structure and the
causal algebraic structure, which are unspecified yet. In §1.2.5, I only pointed
out that there exists the relationship R, which is unspecified yet. Thus the
above model of (IU, W, R) is in fact a model of (J,20,9R) obtained by refining
and modifying the rough and expedient model (IU, W, R) of (J,20,R). I call it
a model of (IU, W, R) because I treat (IU, W, R) as a characteristic of (7,20, )
rather than a model thereof (s. Remark 1.1.1).

Although I can carry out the above ologies only for a few verbal communities,
I deem them enough for MN to have wide scope, because I conjecture that the
nootrinity (IU, W, R) does not essentially depend on verbal communities, that is,
it is unique up to some parameters varying with them (s. [1.16]). The conjecture
agrees with the algebraic homogeneity of the IU and seems reasonable because
human beings constitute a single species, or rather MN should characterize the
species by the unique nature of the nootrinity and the results of the above ologies
for understanding it, regardless of characterizations based on other principles.

The following three remarks together show that my intermediate aim noted
in §1.2.1 can even be our ultimate aim (s. [1.1]).

Remark 1.2.8 (Know thyself) The very nootrinity is what we all should try
to understand sometime in our lifetime, because it is the essence of us Homo
sapiens (wise man) associated with what we as such think about!-49.

149The following is my prose translation of a passage from Mésé (Ogai Mori, 1911) I read
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Remark 1.2.9 (Know thyself, and thou shalt know the universe and
God) Here I outline how the model of the nootrinity (IU, W, R) spins off models
of the universe and God (s. [1.9]). They suggest defining God as a collection of
laws which together rule causality in the universe (s. [1.47]).

Being free of the dogmas in physical cosmology and others, we regard the
universe as a nooworld W in W, that is, W is a model of the universe (s. Remark
1.1.1). Let F and F be its event set and causality respectively (s. §1.2.4 including
Remark 1.2.3). Then the F-core Fe of F consists of the inevitables of F and, being
partially latticed, E is equal to Rg ° for an algebraic structure © on F, which need
not be the causal one, and a subset D of F=. The equality means that elements
fiy...,fn and g of F satisfy f; ---f, F g iff g has a ({f1,...,fh,}UD)/0O-sequent,
that is, O and D together have the following property (O).

(O) Let fy,...,fn and g be events. Then they satisfy fq---f,, E g iff there
exists a sequence hj,...,hy, (m > 1) of events which satisfies h,, = g
and one of the following two conditions for each i € {1,...,m}:

(i) There exist numbers ji,...,jx €{1,...,i—1} and an operation & € O
such that hy = oc(hy,,...,hj, ).

(i) hi € {f1,...,fn} UD.

Each operation in O associates each tuple of events in its domain with an event
and so may be regarded as a law about events. Each k-ary inevitable in D
occurs for every k-tuple of entities and so may be regarded as a law which holds
for every k-tuple of entities (k > 0). The condition (i) means that i > 2 and the
event hy is derived from some of the events hy,...,hi_7 by one of the laws in
0. The condition (ii) means that h; is one of the events fq, ..., f, or one of the
laws in D. The property (O) means that the laws in O UD together rule and
explain F in this way (s. [1.36]). Therefore, I call O UD a Gob of W (s. [1.29])
and call (O) omnipotence or omniscience of the GOD. There may exist more
than one GoOD and they are models of God in various monotheistic religions.

Remark 1.2.10 (Know God, and thou shalt know what must be done)
The concept of God suggested by Remark 1.2.9 leads us to eusophy, i.e. pursuit
of human omniscience for survival (s. [1.38]) of the human species (s. [1.9]).

Henceforth, I assume that you have read up the GL in Chapters 2 and 3
to have an understanding of what logic is and to be acquainted with its basic
concepts, particularly newly defined concepts of formal languages, syntax and
semantics. Then you probably agree with me that the right mathematical model
of the nootrinity should be provided by some logic system £ and some deduction
system on it both involving some parameters. Proceeding to Chapters 4-6 on
CL (s. §1.3), you probably agree with me that £ should be CL.

also as Remark 1.2.8: It is a pity and a matter for regret that we lose the so-called self without
gaining a knowledge or making a study of its nature while it is alive. Its romanized original
is as follows: sono ziga to iu mono ga aru aida ni, sore o donna mono da to hakkiri kangae te
mo mizu ni, sirazu ni, sore o nakusi te simau no ga kuyasii. zannen de aru.
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To be precise, the formal language A of £ is a model of the PU and a
deduction system on it provides a model of the RU (and another),’-5 and so
they together provide a model of the algebraic union IU of the PU and RU,
while the semantics of £ provides a model of W and, together with the model
of the TU, furthermore provides a model of R. Thus £ and a deduction system
on it together provide a model of the nootrinity (IU, W, R).

Incidentally, I scorn the dogma that formal languages should model the DT
and their semantics should explain the (external) meanings of the DUs. I suspect
its propounders to ignore Remark 1.2.6 or be trapped in a vicious circle, that is,
they have subjectively analyzed the meanings of the DUs in order to construct
their logic systems for objectively analyzing the meanings of the DUs.!-51

From my perspective free of the dogma, the MEANINGs of the DUs may be
faithfully phrased by the RDUs in the SW, whose syntactical rules will emerge
from semasiology, which is reasonably subjective as is explained in §1.2.7, and
will suggest the nature of our logic system £ and deduction system on it for a
model of the nootrinity by virtue of the relationship illustrated by the diagrams
in §1.2.5; in particular, the syntax of the formal language A should be analogous
to that of a formal language abstracted from the SW (s. Remark 1.2.2) because
of the algebraic analogy between the SW and PU of which A is a model.

To be more precise as to the PU, the elements of A are models of the possible
percepts (s. [1.11]), and the algebraic structure of A is a model of the processual
algebraic structure of the PU. Being a formal language, A has the subset P of its
primes (s. Remark 3.1.16) and A — P consists of its composites. The elements
of P and A — P are models of the possible prime percepts and the possible
composite ones respectively. Since P is a basis of A and so the operations of
A inductively!-®? produce the elements of A — P from the elements of P (s.
Theorems 3.1.6 and 3.1.7), these models imply that the processes of the PU
inductively produce the composite percepts from the prime ones (this does not
contradict [1.30]). The basis P is almost arbitrary except that it is the direct
union of the sets C and X of the constants and variables respectively. The
totality of the possible prime percepts varies with persons, development of each
person and the passage of time, and the arbitrariness of P provides a model of
the variety. A possible prime percept is said to be variable if its object may
momently vary,’-53 and the elements of C and X are models of the possible
invariable prime percepts and the possible variable ones respectively.

1-50Distinguish between to be a model of and to provide a model of.
151 (Theory laundering) The vicious circle may be compared to the following one in teach-

LICORN c)

ing calculus. We have ili)’% w = X% 9 (x under the condition ig% f(x) = i% g(x) =0
among others. However, if you use it and (sinx)’ = cosx to prove i% 517 =1, you prob-
ably (}ommit circular reasoning because you have derived (sinx)’ = cosx from the intuition
lim 22X g as is often the case.

x—0 X
1.52The induction here means mathematical induction rather than that in Remark 1.2.1.

1.53Possible prime percepts are divided into variable ones and invariable ones independently
of the division into existing ones and potential ones (s. [1.11]).

22



To be more precise as to the RU, being models of the possible percepts,
the elements of A must be divided into ‘nominals’ and ‘declaratives’ which are
models of the possible NOMINALs and the possible DECLARATIVES respectively
(s. Table 1.1). Let H the set of the ‘declaratives’ of A. Then a deduction
system on H is a pair (R, D) of an association R on H and a subset D of H, and
Theorem 3.1.1 shows that R may be derived from an algebraic structure O on
H if (and only if) the R-core Hg of H is empty. Some such deduction system
provides models (H, O) and D of the RU equipped with the processual algebraic
structure and a collection of stored DECLARATIVES.

To be more precise as to W, the M-reduct Ay, of A for the set M of the
invariable indices of A is a sorted algebra (s. Remark 3.1.6), and the denotable
worlds (DW) for A given by the semantics of £ are certain sorted algebras of the
same type as Apt. The algebras are models of the nooworlds in W equipped with
the compositional algebraic structures. Therefore, the elements of the given®-54
DWs are models of the intellectual objects in the nooworlds and must be divided
into ‘entities’ and ‘events’ so that the latter provide models of the event sets
of the nooworlds equipped with the causal algebraic structures. The following
diagram illustrates the four paragraphs from here on.

evolutional evolutional .
S

J,model modell (1.2.1)

reductive homotypic X
given DWs

To be more precise as to R, being sorted algebras of the same type as A,
the given DWs are similar to Apm (s. [3.13]). The algebraic relationship between
A and the DWs via Ay is a model of half of the evolutional relationship &, i.e.
the evolutional relationship between the PU and the nooworlds in W illustrated
by the e?-diagram. A model of another half of & will be provided by the above
model O of the processual algebraic structure of the RU and the above models
of the causal algebraic structures of the event sets of the nooworlds in W.

The above models of the PU, W and the former half of € together have the
added bonus of providing the following extra models, which have an important
interpretation. The PU has algebraically adapted to the SW as well as to the
nooworlds in W, and the operations of Anq are models of the processes of the
PU evolved by its adaptation to the nooworlds in W. Therefore, the algebraic
structure of A may well be richer than that of Ap, that is, A may well have
variable operations, and they are models of the processes of the PU evolved by
its adaptation to the SW and not to the nooworlds in W. Indeed, in CL, the
variable operations of A are the nominalizers Vx, which have no counterparts in
any DWs and are models of the processes of the PU adapted to the nominalizers
in the SW to be mentioned in §1.2.7. Thus the models provided by CL imply
that the SW and none of the nooworlds in ‘W evolved the processes of the PU
for abstraction of NOMINALS from DECLARATIVES.

1.54The word given here and below means given by the semantics of L.
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The semantics of £ also provides a model of the perceptual relationship P in
the following way. Each pair (8,v) of a given denotation & of C into a given DW
W and any valuation v of X into W yields a denotation @3 of A into W defined
by (3.3.15) (s. (3.0.1)), which satisfies @3|c =8, @3|x =v and @3|p = 5 Uv by
(3.3.18) and (3.3.19). It is a model of a PERCEPTION, that is, the pair (a, @3a)
for each element a € A is a model of the pair of a possible percept and its
possible object. In particular, the pair (c,dc) for each constant c¢ is a model of
the pair of a possible invariable prime percept and its possible object, and the
pair (x,vx) for each variable x is a model of the pair of a possible variable prime
percept and its possible object. Although the object of each invariable prime
percept does not momently vary, it may vary in the long term, and the set Aw
of the given denotations of C into W provides a model of the variation. The
objects of the variable prime percepts may momently vary, and the set Yy, of
all valuations of X into W provides a model of the variation. Thus the mapping
dUwv of P into W is a model of a prime PERCEPTION which may vary with
persons, development of each person and the passage of time. Since the pair
(8,v) yields @2, these models imply that the prime PERCEPTION determines the
PERCEPTION (this does not contradict [1.30]). Finally, the equations (3.3.20)
and (3.3.21) on @ together provide a model of the perceptual relationship P.
The equation (3.3.21) shows that @3 is a homomorphism of Ay into W, that is,
the following diagram is commutative for each invariable operation o, (A € M)

of A, the associated operation w, of W and each (aj,...,ax) € Dm a,.
k times (pg 5 5
(G'])"')ak) ((\OvG'])"')(PUak)
ool Lawx (1.2.2)
“A(ah---)ak) —6> (Pg(“)\(ah---»ak))
('pU

Therefore, (3.3.21) gives an answer to the questions I raised about the right
half of the cUPO-diagram with o modeled by a,. The equation (3.3.20) gives
(o (ary...,ax)) for each variable index A and each (ay,...,ax) € Dmay in
terms of the given significance Ay of A on W and thereby gives an answer to the
questions when Ay is specified in CL. Particularly in ICL (s. Example 3.3.1),
o = Vx with k = 1,15 and we may identify @3(Vxa) for each a € Dm vx
with the subset {w € W, : (pf’)(x/w]a = 1} of the set W, of the basic entities in
W, as is illustrated by the following diagram (s. (3.3.22)).

&
‘pU x/w
a AL (pi(x/w)a (we W)
vxl 1 (1.2.3)
vxa  ———— ed(vxa) ={we W,: (pi(x/w)az 1}
(pv

A generalization of this holds in the general CL. Thus a model of the perceptual
relationship P may be derived from a model of the former half of the evolutional
relationship € and models of the processes of the PU evolved by its adaptation to

1.55Tn fact, the operation symbol vx in CL is postpositive.
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the SW, that is, the perceptual relationship may be explained by the evolutional
relationship and the adaptation of the processual algebraic structure of the PU
to the SW, as was noted right after the cUPO-diagram.

Enough has been said in terms of the GL in Chapters 2 and 3 as to how
logic alone can provide a principal mathematical model for MN.!-56

Moreover, certain long-established methods of logic promise to be right for
mathematical analysis of the model. Recall the flow chart (Fig. 1.1) for math-
ematical science and the intermediate or ultimate aim of MN noted in §1.2.1.
They show that we should mathematically analyze the model of the nootrin-
ity (IU, W, R) provided by £ and a deduction system (R,D) on H in order to
obtain some results about the possible ability of the TU. Since the IU is the alge-
braic union of the PU and RU, the possible ability of the IU is also the ‘algebraic
union’ of those of the PU and RU. Any expert logicians (you will be one of them
provided you pursue the GL in Chapters 2 and 3) would agree with me that the
questions about the possible ability of the PU are not challenging because the
model A of the PU has a basis P (s. Remark 3.1.18). Any expert logicians would
also agree with me that completeness theorems and incompleteness theorems in
Godel’s sense for (R, D) and for subsets of H respectively imply certain results
about the possible ability of the RU (s. §2.7, §2.8 and §3.5). The theorems hold
for the logic space which is made out of P and the pairs (§,v) € Aw x Yw for
all given DWs W (s. §3.3.3), and the noocosmos is the union of the nooworlds in
W of which the DWs are models. Therefore, the results about the RU apply to
the ratiocination about the whole noocosmos at every instant by every person
at every developmental stage and in every verbal community.

Thus I even think that modern logic was founded for the very purpose of
MN;, although the founders may have formulated neither the GL in Chapters 2
and 3 nor the above perspective of MN and we need to proceed to the above
three empirical ologies in order to pick valuable specific logic for MN.

You will find a guide to semasiology in §1.2.7. It will turn out that phraseol-
ogy is a converse of semasiology. Thus the guide also serves as one to phraseology
and suggests how I and my pupils carried out the two ologies.

It is difficult to supply a guide to ontology or explain how we carried out it,
because its essence is mathematics for a tool and a language of science (s. §1.1)
and mathematics as such is a matter of intellectual inspiration and aesthetical
appreciation which hardly admit of guides or explanation. Furthermore, it will
turn out that semasiology requires ontology (and vice versa). Thus ontology is
the key to MN and the most challenging of the three ologies.

In order to carry out semasiology and phraseology, one need to be an expert
of the MEANINGs and the usage of the utterances in the verbal communities
concerned. One is most expert at them in one’s native community. For this
reason and another,'®” we carried out the ologies for the present-day Japanese
community rather than foreign ones.!*®® That turned out to be rather fortu-
nate for us, and we could derive from them the logic system CL and a certain

1-56This shows a raison d’étre for GL (s. [1.69]).
1.57See §1.2.8 around [1.65] for another more important reason.
L.58 Fvery ancient community should be regarded as a foreign one for everyone.
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deduction system on it for a model of the nootrinity. I will explain the whys
and wherefores of the fortune and the how of the derivation in due course.

The definition of CL and the deduction system implies the conclusions of
the three ologies we carried out. Therefore, its value will imply value of the
ologies which I do not detail in this monograph. It should be evaluated by how
results of the ongoing mathematical analysis of CL and the deduction system
are helpful in understanding intellectual phenomena in the semi-mathematical
final step of the flow chart (Fig. 1.1) for mathematical science.

You may derive another logic system from the three ologies for your native
community, but a carefully derived one would not essentially depend on the
community (s. [1.16]), for I have conjectured that the nootrinity did not do so.

Remark 1.2.11 (Know the limit of mathematics) What are the things of
which we can construct mathematical models? To what extent can we math-
ematically analyze the models? These questions fall within the scope of MN,
because they concern both the mathematical steps of the flow chart (Fig. 1.1)
for mathematical science and the possible ability of the IUs of mathematicians
who constitute a verbal community with a hybrid DT (s. [1.19]). They are
related to foundations of mathematics and an incompleteness theorem (s. §3.5).

Remark 1.2.12 (Know models from materials and tools) Mathematical
scientists construct and analyze mathematical models by mathematical mate-
rials and tools (s. §1.1). Moreover, even a mathematical concept may provide
various models, materials and tools. Particularly in MN, a logic system and a
deduction system on it may provide not only a model of the nootrinity but also
materials, tools and other models, and likewise for other mathematical concepts.

Example 1.2.2 (PLQs for models) A quasialgebra S is called a PLQ pro-
vided its quasialgebraic structure Q is a partially latticed association as defined
in Theorem 2.2.10. The quasialgebra is a PLQ iff Q is equal to the association
RP derived from a deduction system (R,D) on S and iff Q = RoP for the asso-
ciation Ry derived from an algebraic structure O on S by (3.1.1) and a subset
D of the Q-core Sg ={x € S:eQx} of S (s. §2.5.1). Thus PLQs have provided
models of the causal algebraic structures of the event sets of the nooworlds in
W (s. §1.2.4) and a model of God in [1.9] and Remark 1.2.9.

Furthermore, a PLQ provides a model of the IU with certain of its memories
taken into consideration. We have abstracted an algebra (S, Q) from the IU in
§1.2.2, disregarding its memories (s. [1.12]). The set S consists of all possible
percepts by §1.2.3, and O yields an association Ry on S as above. Let D the
subset of S of all stored percepts and regard the association of percepts as an
association M on S (s. [2.25]), that is, an element (x7 - --xn,Yy) € S* x S satisfies
X1 -xn My iff n > 1 and the tuple (x1,...,%n) of percepts recalls the percept
y. Then Theorem 3.1.1 shows that M = Ry for some algebraic structure M
on S, and so the union Rg U M is equal to Roun (s. §1.5.2) and yields an
association (Rouat)P on S. Thus we have abstracted a PLQ (S, (Rount)P) from
the IU taking certain of its memories into consideration (s. Remark 1.1.1). This
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seems reasonable because (X7 - --Xn,Yy) € S* x S satisfies x7 - - - xn (Rount)P y iff
y has a ({x1,...,xn} UD)/(O UM)-sequent.

1.2.7 Semasiology and phraseology

In semasiology for MN, you should deal with the DDUs in verbal communities
to which you belong, especially your native community.'-** However, I focus on
the DUs in the English community for convenience of explanation, disregarding
the deductive utterances. Then semasiology is reduced to gaining an insight
into the syntactical algebraic structure abstracted from the English SW, or into
the syntactical rules for the MEANINGs of the English DUs. The insight will
suggest the syntax of your logic system for a model of the nootrinity by virtue
of the algebraic analogy between the SW and PU.

In explaining methods of semasiology, it is impossible to overemphasize the
importance of distinguishing DUs from their MEANINGs and paying attention
to their contexts, because DUs are usually unfaithful to their MEANINGS, while
their MEANINGs may be faithfully phrased by real or imaginary DUs according
to their contexts (s. the USPO-diagram). Here a DU is said to be unfaithful
to its MEANINGs provided it is obscure or redundant for decrease of obscurity.
This is best explained by the following examples.

I suppose that the utterer of

He ate many radishes at the garden
means the following or something like that or more according to its context:
Sometime in 1902 Peter ate four or five radishes at Mr. McGregor’s garden.

This is because the utterer must know whom the pronoun he indicates, when he
ate radishes, how many radishes he ate and how the definite article the restricts
the noun garden, even if the knowledge is not precise; indeed, the adverbial
phrase sometime in 1902 does not show a precise time and the quantifier four
or five does not show a precise number.'*%© The utterer must also know and
mean that the year 1902 is past, that Peter and Mr. McGregor are male names
and that creatures like Peter usually eat at most one radish at a time.

The latter utterance is less obscure and so more faithful to its MEANING than
the former. However, the latter is still unfaithful thereto because of redundancy
caused by the decrease of obscurity. Although required by English grammar and
useful, the past tense conjugation of ate and the plural declension of radishes
therein are not necessary for expressing its MEANING, because sometime in 1902
already shows preteritness and four or five already shows plurality. In other
words, as the pronoun he and the definite article the in the former utterance are
obscure substitutes for Peter and Mr. McGregor’s respectively or something like
them or more, so the past tense conjugation and the plural declension together

1.591 suppose that you belong to several verbal communities, because I belong to the Japanese
community, worldwide mathematicians’ community (s. Remark 1.2.11) and others.
1.60However, they may be regarded as indicating definite intervals of R and N respectively.
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with the quantifier many therein are obscure substitutes for sometime in 1902
and four or five respectively or something like them or more and so redundant
in the latter utterance. I refer to this kind of redundancy as redundancy for
decrease of obscurity (and so tautology is not redundant in this sense). Similar
remarks apply to the conjugation of verbs by person and number such as eats,
gets and runs in the utterances below. The conjugations are obscure substitutes
for certain expressions about the persons concerned and so will be redundant in
utterances which are less obscure, containing the expressions.

The quantifier many above is obscure because it is contextual, i.e. dependent
on a context of the utterance such as that creatures like Peter usually eat at most
one radish at a time, while sometime in 1902 and four or five are not obscure in
that they are context-free and intervallic definite, that is, they indicate definite
numerical intervals (s. [1.60]) which do not depend on any context.

As for quantifiers, almost all is also obscure because it is contextual, while
the quantifiers all and some are also not obscure in that they are context-free
and intervallic definite (s. §1.3.7). Thus quantifiers are divided into contextual
ones and context-free ones. The contextual ones are generally obscure, while
the context-free ones are mostly intervallic definite and not obscure as such.

Also for example, I suppose that the utterer of

Peter must not go into Mr. McGregor’s garden
means the following or something like that or more according to its context:
If Peter goes into Mr. McGregor’s garden, then Mr. McGregor gets angry.

The utterer must also mean that Mr. McGregor uses violence to those who make
him angry and that she wants no one to be hurt. In other words, the negation
must not of the auxiliary verb must is an obscure substitute for the expression
If ..., then Mr. McGregor gets angry or something like that or more.

Similar remarks apply to the auxiliary verb can as in the utterance

Peter can go into Mr. McGregor’s garden.
Also for example, I suppose that the utterer of
Peter runs fast
means the following or something like that or more according to its context:
Peter runs in a manner a cat runs in.

The utterer must also mean that humans cannot catch up with cats. In other
words, the adverb fast is an obscure substitute for the adverbial phrase in a
manner a cat runs in or something like that or more. Moreover, I regard the
nominal manner a cat runs in as the composite

(manner x)(a cat runs in x).
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Here x is a silent indefinite noun working as an appositive of the noun manner,
and so manner x is a nominal and a cat runs in x is a sentence. While explained
by the sentence a cat runs in x, the nominal manner x may be regarded as
nominalizing the sentence. Thus the MEANING of Peter runs fast may be more
faithfully phrased by the following imaginary utterance or something like that
or more which involves the nominalizer manner x:

Peter runs in a (manner x)(a cat runs in x).

This also serves for a MEANING of the utterance Peter runs as a cat.

You can similarly obtain the nominalizer degree x.

Suppose also that the utterer of Mr. McGregor lives there means Mr. Mc-
Gregor lives in a place rabbits live in. Then the latter utterance has the same
structure as the above utterance Peter runs in a manner a cat runs in, and so
the MEANING of the former utterance may be more faithfully phrased by the
imaginary utterance Mr. McGregor lives in a (place x)(rabbits live in x) or
something like that or more which involves the nominalizer place x.

You can similarly obtain the nominalizer time x.

Similarly, I deem that the MEANINGs of the two utterances

Mr. McGregor knows the radish that rabbits eat,
Mr. McGregor knows that rabbits eat the radish

may be more faithfully phrased respectively by the following imaginary utter-
ances or something like them or more (s. §1.3.3):

Mr. McGregor knows the radish M (that x)(rabbits eat x),
Mr. McGregor knows (that x)(rabbits eat the radish).

Here M is a silent conjunction for appositive nominals, x is a silent indefinite
noun and that qualifies x as an adjective, and so that x is a nominal and rabbits
eat x is a sentence. A key idea here is to phrase both the relative pronoun that
and the conjunction that in the original utterances by the nominal that x and
regard it as nominalizing the sentences rabbits eat x and rabbits eat the radish.

I have thus extracted several kinds of nominalizers such as manner x, degree
x, place x, time x and that x and a conjunction M from the MEANINGs of the
DUs. This suggests that the syntactical algebraic structure abstracted from the
SW has such operations. Therefore, in view of the algebraic analogy between the
SW and PU, I equip the formal language of CL with nominalizers Vx for certain
variables x and a conjunctive operation M, which together with the semantics of
CL explain verbal phenomena concerning the nominalizers extracted from the
MEANINGs of the DUs.!*%! The nature of V and x should vary with the nominals
concerned, as was suggested by the above examples. In order to deal with the
variety, I also equip CL with a concept of partibility of entities (s. Table 1.1);
ICL has the smallest partibility 1, which is too small for MN (s. §1.3.1).

1.61By the semantics of ICL, the nominalizer Vx signifies the set {s € S : C(s)} of the elements
s of a set S satisfying a condition C(s) (s. (1.2.3)), and the conjunctive operation M signifies
the intersections of subsets of S (s. §1.3.5). The semantics of CL is its generalization.
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Exemplification continues. The word of connecting nominals is mostly an
obscure substitute for expressions which involve the relative pronoun that and
so may be more faithfully phrased by means of the nominalizer that x and the
silent conjunction M, as is illustrated by the following examples.

dictator of Rome — dictator M (that x)(x rules Rome)
people of Rome — people M (that x)(x live in Rome)
man of Rome — man M (that x)(x came from Rome)
name of Rome — name M (that x)(x is Rome)
property of Rome — property M (that x)(x is owned by Rome)
progress of Rome — progress M (that x)(x is made by Rome)
history of Rome — history M (that x)(x is concerned with Rome)
north of Rome — north M (that x)(x is viewed from Rome)
love of Rome — love M (that x)(x is directed to Rome)
city of Rome — city M (that x)(x is called Rome)

Thus the word of here is an ellipsis indicating omission of regular expressions
dependent on the nominals it connects.

Most adjectives have both attributive use and predicative use, and neither of
them may appear obscure. However, the attributive use is judged obscure and
may be more faithfully phrased by means of the predicative use, the nominalizer
that x and the silent conjunction MM, as is illustrated by the following example.

little bunny — (that x)(x is little) M bunny
Similar remarks apply to appositive nouns.
farmer McGregor — (that x)(x is a farmer) M McGregor

Enough has been said about methods of semasiology for MN. To empirically
generalize from the above examples in the English community, DUs in each
verbal community are usually unfaithful to their MEANINGs, but they may be
rephrased according to their contexts by real or imaginary DUs which are faithful
to their MEANINGs (s. the USPO-diagram) in the proper sense of the word
imaginary, that is, existing only in the mind. Although context is irregular, the
examples suggest the following rules for rephrasing the DUs among others.

e Replace obscure words by clear ones, phrases or clauses.
e Supply absent words, phrases, clauses and symbols!-62.
¢ Remove redundancy for decrease of obscurity as to tense, plural, etc.

e Decompose nominals into pairs of a nominalizer and a sentence.

The totality of the rules for rephrasing the DUs, which I call rephraseology, will
lead to removing the grammatical categories which cause obscurity such as the
pronoun, definite article, contextual quantifier, auxiliary verb, adverb, ellipsis

1.62The symbols here include operation symbols, silent words and punctuation marks.
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of and attributive adjective. In semasiology for MN, you must thus pursue
rephraseology, from which the SW will emerge.

You need not worry that rephraseology is subjective. Indeed science in gen-
eral should be objective, but rephraseology should be rather subjective, because
the way you subjectively apply rephraseology to the DUs will reflect the pro-
cessual algebraic structure of your PU, which you seek. To be precise, suppose
that you rephrase a DU U by a real or imaginary DU U’. Then you have an
UNDERSTANDING P’ of U (s. [1.29]) and phrase it by U’, as is illustrated by the
following UPU-diagram. Your UNDERSTANDING P’ of U, as well as a MEANING
P of U for you (s. the SUPO-diagram in §1.2.5), is a percept in your PU.1-63

u « P« W (UPU)

Suppose moreover that you faithfully phrase P/ by U’ and that P’ is produced
from percepts P{,..., P/ by an operation « in the processual algebraic structure
of your PU. Then you will faithfully phrase Pj,...,P; by real or imaginary
DUs Uy,...,U;, and form U’ with Uj,..., U, under a syntactical rule R which
reflects «, as is illustrated by the following diagram.

k times
(P,...,P) <22 (U, ul)
oc\, \/R

P’ — u

In this sense, objectivity in semasiology for MN is equal to subjectivity.

On the other hand, the above examples of nominalizers and [1.61] suggest
that semasiology for MN should not only be subjective but also be supported
by the semantics of the logic system you construct, and semantics requires an
insight into the compositional algebraic structures of the nooworlds with the
truth values. Therefore, semasiology requires both ontology and an insight into
semantics. The e3-diagram in §1.2.5 shows that ontology conversely requires
semasiology. Thus you need to synchronize ontology with semasiology. Further-
more, the ability to think logically is needed in considering the deduction rules
reflected in the deductive utterances. Therefore, you cannot base semasiology
for MN on any statistical survey of people’s opinions about the DDUs.

Now then, what can you attain by rephraseology? Infinitely many DUs
are possible (s. [1.11]) and you can hardly find their complete syntactical rules
and lexicon. Furthermore, context is irregular and rephraseology is subjective.
Therefore, you cannot apply rephraseology to all DUs. However, the empirical
knowledge of the MEANINGs of the DUs obtained by pursuing rephraseology and
the mathematical method of making formal languages noted in Remark 1.2.2
will together enable you to make a tongue out of the DT so that you can expect
that it consists of faithful expressions of the MEANINGs of the DUs. I refer to
the hybrid tongue and its elements as the rephrased DT (RDT) and rephrased
DUs (RDU) respectively; I have used the term RDU also for the communal SW

1-63The duality of MEANING and UNDERSTANDING defined in §1.2.8 shows that P’ is also a
MEANING of U, and U is usually unfaithful to both P and P’.
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in §1.2.5 because of (1) below. Since the persons in the verbal community have
close verbal cultures, the RDT will not essentially depend on the person who
makes it (s. [1.16]) provided the person is careful.

Thus I assume that each verbal community has its RDT. Although hybrid,
the RDT possesses a definite syntactical algebraic structure abstracted from the
rules under which the composite RDUs are composed of their constituent RDUs
(s. Remark 1.2.2). To conclude, the RDT is the heart of semasiology for MN,
as is explained in the following three steps.

(1) The RDT serves as a set of perceivable symbols for the MEANINGs of the DUs
and so may be identified with the communal SW. However, the SW exists
irrespective of whether we make the RDT, and so we can define CONTEXT
as in Remark 1.2.7, and we find that it is what we have called context.

(2) The algebraic analogy between the SW and PU is that between the RDT and
PU because of (1). Consequently, the algebraic structure of the RDT must
not essentially depend on the verbal community because of the algebraic
homogeneity of the PU (s. [1.16] and the nearby text).

(3) The duality of MEANING and UNDERSTANDING defined in §1.2.8 means that
the way you phrase percepts in your PU by DUs is the converse of the way
you have UNDERSTANDINGs of DUs. In rephraseology, you faithfully phrase
the UNDERSTANDINGs by RDUs. Thus phraseology may be regarded as a
converse of rephraseology, or of semasiology, as was noted in §1.2.6.

Thus semasiology by rephraseology will imply phraseology and suggest the
nature of your logic system and deduction system on it for a model of the
nootrinity as was noted in the paragraph of §1.2.6 on my perspective.

1.2.8 Meaning and understanding

Here I supplementally explain a correlation between MEANINGs and UNDER-
STANDINGSs of the DUs. T urge you to review §1.2.5-1.2.7 with this explanation
in mind to find that the correlation has been taken for granted there.

Suppose a lady phrases her percept P by a DU U and I have an UNDERSTAND-
ING P’ of U (s. the UPU-diagram); for example, suppose Ms. Potter utters He
ate many radishes at the garden and I understand it as Sometime in 1902 Peter
ate four or five radishes at Mr. McGregor’s garden (s. §1.2.7). By definition, the
percept P is a MEANING of U for her (s. the SUPO-diagram). Thus we obtain
the following PUP-diagram in view of the above two diagrams.

her PU[  P{—U my PU (PUP)

This is underlain by the inner system 8 of each person which produces DUs
from their MEANINGS for the person and produces UNDERSTANDINGs of DUs by
the person. As such, 8 involves the vocal organ, auditory organ and other organs
related to communication. More importantly, 8§ also involves the processes of
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the IU and its presently disregarded memories. I refer to S as the verbal culture
of the person because it rules verbal behavior of the person.!-64

The duality of MEANING and UNDERSTANDING noted in §1.2.7 may be defined
as the invertibility of 8, that is, I suppose that the following holds for each pair
(u,p) of a DU u and a percept p in the PU of the person:

P is a MEANING of u for the person,
that is, u is an utterance of p by the person
&= p is an UNDERSTANDING of u by the person.

Now let 8 and 8’ be the lady’s verbal culture and mine respectively. Unless
she is I, her PU and my PU lie in different places, and so the percepts P and
P’ in the PUP-diagram are different existences. However, the PUs have essen-
tially the same processual algebraic structure (s. [1.16]) because of the algebraic
homogeneity of the PU. Recall from §1.2.5 that a verbal community is a group
of people with close verbal cultures. Therefore, if she and I belong to the same
verbal community, then 8§ and 8’ are close, and so there is a good chance that P
and P’ have close constructions for each DU U in the PUP-diagram, and thus I
shall be able to study the common algebraic structure of the PUs by analyzing
my UNDERSTANDINGSs of her DUs by the method of semasiology as explained in
§1.2.7. Especially if she is I, then 8§ and 8’ are equal, and so there is a better
chance that P and P’ are equal. Thus I shall be better able to study the al-
gebraic structure of my PU by analyzing my UNDERSTANDINGs of my DUs by
the method of semasiology, and the results of the analysis will apply to other
persons as well. For this very reason':%°, I carried out ontology, semasiology
and phraseology for my native community, especially myself.

1.2.9 A summary for going ahead

Mathematical noology is the science of intellectual phenomena based on the
assumption that there exists an intellectual unit in the human brain and it is a
machine, i.e. a transformational device. An intermediate aim of mathematical
noology is to investigate the possible ability of the machine by means of some
mathematical model of the triple consisting of the machine, the noocosmos and
the relationship between them. It models the essence of us Homo sapiens (wise
man) associated with what we as such think about and spins off a concept of
God which leads us to eusophy for survival of us the human species in evolution.
Therefore, the aim can even be our ultimate aim.

Algebraic abstraction of machines, logic, tongues and the noocosmos and a
belief in evolutionism led me to the belief that the model should be provided
by some logic system and some deduction system on it, which will emerge from

1-647 only described part of verbal phenomena as they are, and I intended no definition.
Therefore, I do not assert that any ordinary machine has its verbal culture for uttering its
percepts and understanding utterances in its verbal community.

1.65This is the reason I referred to as another more important reason in [1.57].
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ontology, semasiology and phraseology for our native communities in an alge-
braic light. Thus I obtained case logic and a deduction system on it by faithfully
dealing with the results of the ologies for the present-day Japanese community.
The model should be evaluated by how results of their ongoing mathematical
analysis help us understand intellectual phenomena.

This summary may be amplified by the schematic chart in Fig. 1.3.

Figure 1.3: A schematic chart for mathematical noology
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1.3 Features of case logic besides nominalizers

The logic system CL (case logic) together with a certain deduction system on it
is intended to provide a mathematical model of the nootrinity and is faithful to
the three ologies urged in §1.2.6. On the other hand, CL can be more general
than is necessary for MN. As such, CL has the following features in addition to
those about the nominalizers Vx mentioned in §1.2.6 and §1.2.7.

1.3.1 It is parameterized by nomina for entities

The logic system CL is parameterized by a nonempty set N whose elements are
called the nomina. The singular form nomen of nomina has meant an ancient
Roman male citizen’s second name indicating the ancestral group of families
to which his family belongs. Each nomen in MN is intended to be a model of
the name for a basic class of entities such as individual, place, time, matter,
manner and degree (s. §1.2.7 and §1.3.5). Therefore, as far as MN is concerned,
N cannot be too small. As far as mathematics is concerned, however, N can be
an arbitrary nonempty set, and CL with #N = 1 has been called ICL (impartible
CL),*-%6 while CL with #N > 1 will be called partible CL (PCL); in particular,

1.66The symbol # denotes the cardinality of sets.

34



CL with #N = 2 will also be called bipartible CL (BCL).1-7 Thus #N may be
called partibility of entities (s. Preface and §1.2.7).

The theory of CL is constructed in Chapters 4-6 in line with the theory of
GL in Chapters 2 and 3. Phraseological illustrations apart, their mathematical
organization is as follows. Chapters 4 and 5 are of introductory nature, focusing
on ICL and BCL respectively. Chapter 4 begins with the definition of ICL
and ends with a proof that first-order predicate logic (FPL) is embedded in it
and so not quite valuable for MN as with ICL. There the set N of nomina is
hidden because #N = 1. Chapter 5 begins with the definition of BCL and
ends with a proof that Kripkean modal logic (KML) is embedded in asymmetric
BCL (ABCL)%8 and so not quite valuable for MN as with BCL. In order for
FPL and KML to be so embedded, they need reformulation in terms of GL (s.
§3.4).169 Focusing on PCL, Chapter 6 begins with the definition of CL and
culminates in a completeness theorem and related theorems on it (s. §1.3.11).

Being faithful to the three ologies urged in §1.2.6, CL is naturally elaborate.
Therefore, I advise you to master ICL and BCL first and proceed to CL. It is
a reason why Chapters 4 and 5 on ICL and BCL precede Chapter 6 on CL,
although they are special cases of CL and not quite valuable for MN.

1.3.2 It may replace some existing logic systems

The above completeness theorem is relevant to MIN because it implies a certain
result about the possible ability of the RU (s. §2.7). In contrast, embedding the-
orems in general concern researchers of the embedded logic systems. The above
two of them are digressions which may possibly be helpful in understanding CL,
and so I will not pursue embedding theorems any longer.

Since CL is faithful to the three ologies urged in §1.2.6, some more existing
logic systems are rightly expected to be embedded in CL. Interested readers can
extend the embedding of KML in ABCL to that of polymodal logic in PCL or
to those of other existing logic systems (e.g. temporal logic and fuzzy logic) in
PCL or some modifications of PCL (s. [1.69]).

The embedding theorems will imply that CL is more expressive than the
embedded logic systems and that quantity, modality, tense, fuzziness, and so
on are understood within CL all together and better than within the embedded
logic systems. Then the embedded logic systems should be replaced by CL.

1.3.3 It supplies semantics for the “that” clauses

I defined an antecedent of CL before 1997 without any mathematical mistakes.
As far as MN is concerned, however, it had certain defects which were the same

L6771 formerly referred to the elements of N, ICL and PCL as phases, monophasic CL (MCL
or MPCL) and polyphasic CL (PCL or PPCL) respectively, translating the original Japanese
name s6 of the elements of N into phase. I am sorry that my pupils Mizumura and Takaoka
have followed my mistranslation (s. [1.91]-[1.93]).

1.68The word asymmetric means that the two nomina are distinguishable by their nature.
1.69More generally in order to compare a specific branch of logic with another, we need to
reformulate both in terms of GL. This shows another raison d’étre for GL (s. [1.56]).
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as those of ICL suggested in §1.3.1, that is, the antecedent of CL could not
provide the right semantics for such a DECLARATIVE as is phrased (in view of
phraseology) by the existential sentence Peter exists in a wood, such a DECLAR-
ATIVE as is phrased by the temporal copular sentence Mrs. Rabbit™ was a
widow in 1902 and such a NOMINAL as is phrased by the that clause in the
sentence Mr. McGregor knows that rabbits eat the radish.

In order to remove the existential defect and the temporal copular defect,
Takaoka defined an antecedent of ABCL.!-7! It turned out to be a breakthrough,
and I made it up into CL in 2009 taking a certain observation of Mizumura into
consideration. I will try to show that CL of large partibility is rid of all the
defects. I have shown a key idea for the that clause defect in §1.2.7 by using
the above sentence. The nominalizers Vx of CL are relevant to the existential
defect as well as to the that clause defect.

1.3.4 It has explicit postpositional case markers

Being faithful to the three ologies urged in §1.2.6 for the present-day Japanese
community, CL furthermore has the following features.

The name of CL (case logic) derives from one of its parameters called the
set of the case markers or cases, which in turn derives from a work of a linguist
Charles Fillmore. I have not read his publications but only heard that he ini-
tiated the so-called case grammar of the English tongue, yet I know that the
case in my native Japanese tongue is explicitly marked by postpositions such
as ga, o, ni and de.!'™> For example, ga is nominative; o is accusative; ni is
dative and also indicative of occasions, locations, directions, and so on; de is
indicative of scenes, means, and so on (s. Remark 1.3.1).:™ My knowledge of
the Japanese case markers and the name of case grammar naturally inspired
me to initiate logic featuring case. Thus both syntax and semantics of CL are
parameterized by an arbitrary nonempty set K whose elements should be called
the case markers in syntax and the cases in semantics.

Remark 1.3.1 (Genuine case markers) To tell the truth, de is a corrupt
form of the combination ni te of the case marker ni and the conjunctive post-
position te. Moreover, ni te is a clipped form of ni ari te, ni oi te, ni yori te,
and so on, where ari, ol and yori are conjugations of the verbs aru, oku and
yoru which mean be situated, situate and depend respectively. Therefore, de is
not a genuine case marker but an abbreviation for expressions containing the
genuine case marker ni (and so should be removed by semasiology as explained

1.70 peter Rabbit is not apposition but the full name of Peter, who is a rabbit.

L7l 756ky6s6 o motu kaku ronrigaku (Case logic with a class of situational entities), Master’s
thesis, Graduate School Math. Sci., Univ. Tokyo, 2006.

1.72(Romanization) The Japanese writing system consists of kanji (Chinese ideograms) and
two kinds of kana (phonograms born of kanji), and we can phoneticize kanji by kana. Thus
we can write the Japanese tongue in Roman letters by romanizing kana. There are several
romanization systems of kana, and this monograph follows the standardized system ISO 3602.
1.73The case markers are replaced or combined with the topic marker wa according to context.
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in §1.2.7). Even ni is often a similar abbreviation. Thus ni and de can be
indicative of occasions, locations, directions, scenes, means, and so on.

The Japanese tongue is characterized by the explicit case markers and post-
positional constructions thereby, and so is the logic system CL. To give an ex-
ample in the former, the upper row (1.3.1) of the following is a typical Japanese
sentence meaning Peter eats radishes in a garden:

péta ga hatake de hatuka daikon o taberu, (1.3.1)
Peter garden in radish eat.

Here the lower row shows English counterparts (or equivalents) of the Japanese
words in (1.3.1), and likewise for the Japanese expressions shown below. The
counterparts of nouns are shown in the singular forms without articles and those
of verbs are shown in the basic forms, because Japanese nouns have neither
plural forms nor articles, Japanese verbs conjugate neither by person nor by
number and tense will be removed by semasiology as explained in §1.2.7.1-74
The blanks as between the words Peter and garden in the lower row show that
the Japanese words right over them have no English counterparts. As for the
three postpositions ga, de and o in (1.3.1), only de has an English counterpart
in, because the nominative case marker and the accusative case marker in the
English tongue are silent and implicit in the word order.'-7?

To put it differently, the English sentence Peter eats radishes in a garden
has a Japanese counterpart of the same word order as

Peter ga garden in radish o eat, (1.3.2)

and (1.3.1) is a real counterpart. Therefore, in comparing Japanese sentences
with English ones, it will be helpful to supply English ones with the nominative
case marker ga and the accusative case marker o. For example, we obtain

ga Peter eats o radishes in a garden (1.3.3)

from the above sentence Peter eats radishes in a garden. Here ga and o should
be prepositions in contrast to (1.3.2) because the English tongue is characterized
by prepositional constructions in contrast to the Japanese tongue.'-76

By virtue of the explicit case markers, the Japanese tongue enjoys loose
phrase order, and so does the logic system CL (s. §1.3.6). To give an example
in the former, we can grammatically permute the three postpositional phrases
Peter ga, garden in and radish o in (1.3.2) without affecting its meaning.!-7"

L.74English plural forms and articles will also be removed by semasiology as explained in
§1.2.7, and likewise for conjugations of English verbs by person and number.

1.7530me Japanese case markers are sometimes also silent and implicit in the word order.
1-76This suggests that the RDT for the English community (s. §1.2.7) should be equipped
with a nominative preposition and an accusative preposition (s. (1.3.5)).

L.771n informal Japanese, even the verb eat can be permuted with the postpositional phrases.
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1.3.5 Its entities have a basis and basic relations

In §1.2.4, I regarded each nooworld with the truth values as the disjoint union
W = EUF of a nonempty set E and a nonempty set F of multiary relations on
E (s. Remark 1.1.1) and referred to the elements of E and F as the entities and
events of W respectively. Furthermore, I equipped W with the compositional
algebraic structure, which is unspecified yet. The algebra W is a rough and
expedient model of the nooworld as was noted in §1.2.6. Therefore in Chapters
4-6 on CL, I will refine the definition of E, modify the definition of F and specify
the compositional algebraic structure of W. The resultant algebra is called a
DW and is the definitive model of the nooworld, provided partibility of CL is
large enough. Here I outline the refinement of the definition of E and part of
the compositional algebraic structure of W related to E.

As for ICL, E is defined as the direct union S ITPBS of a set S and its power
set PS.1™® The set S is called the basis of W and its elements are called the
basic entities of W, while those of 3S are called the derived entities of W.

If the basis S satisfies So II8Sy C S for a set Sp such as the basis of another
nooworld, then the relation x € X between elements x € Spo and X € PBSp
becomes a relation on S, and such recurs, for example, if S = ]_[1010:0 S, with
Sn =S IPS,,1 (n=1,2,...). Thus I equip the basis S with a relation
E from the outset, which I call the basic relation, and extend it to a relation
between S and E = SII'BS by the following for each s € S and each X € BS:

SEX & seX.

Then as we can define the intersection X N'Y, union X UY and complement
X°® for subsets X and Y of a set by the relation €, so we can define the elements
arnb, alb and a® of PBS for elements a and b of E by the extended relation
E (s. [1.61]).1™ We can thus define operations 1, U and O on W, or on E.

Furthermore, we can associate each entity a € E with the unary relation a/AA
on S defined by the following for each s € S:

(aA)s =1 & sE a.

Modifying the definition of the event set F so that aAA € F for all a € E, we can
thus define an operation A on W.

In this connection, an entity a € E is said to exist if there is an element
s € S such that s E a, that is, if the event a/\ occurs for some s € S (s. [1.22]).
The entitic existence is thus not equal yet related to the set membership.

Moreover, for each unary relation f on S, the subset {s € S: f(s) = 1} of S
belongs to E. This fact enables us to define the nominalizers Vx mentioned in
§1.2.7 on the formal language of ICL (s. [1.61]).

Thus E has an almost sufficient structure despite its simple definition. Since
it is not quite sufficient, however, ICL should be extended to CL, where the basis
S is partitioned into subbases S indexed by the set N of nomina (s. §1.3.1) and
each subbasis has a certain family of basic relations.

L.781n fact, PBS is replaced with its equivalent TS, which is denoted S—T (s. §1.5.2).
1.79Gee §1.5.2 for why we use the superscript symbols o, {, O for complements and negations.
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1.3.6 Its events are loosely linearized by case markers

In §1.2.4, I defined the event set F of each nooworld W with the truth values
to consist of multiary relations on the entity set E of W, and I will modify the
definition in Chapters 4-6 on CL. This is because a remarkable relationship
between a sentence like (1.3.1) and a multiary relation on E is suggested by the
following well-known theorem (proof omitted), where the symbol X—Y for sets
X and Y denotes the set of all functions, or mappings of X into Y (s. §1.5.2).1-80

Theorem 1.3.1 Let S and T be sets and n be a nonnegative integer. Define
n

M = S™ 5T and ﬂ =S—(S—(---—=(S5—T)---)). Then for each f € M, there
exists a unique element f € MWthh satisfies f(s1y...,80) = (- ((fs1)s2) - )sn
for each (s1,...,sn) € S™, and the mapping f — f isa bijgtion of M onto 1.
Here if n = 0, then S™ = {0} (s. [3.23]), M = T and (--- ((Fs1)s2) -+ )sn = f
by definition (s. [1.32]).

Remark 1.3.2 (Linearization) More generally, let Sy,...,S;, and T be sets
(n > 0). Define M = (S1x- xSy )—=T and M = S12(S2(c - =(Sp—T) -+ ).

Then for each f € M_,} there exists a unique element f € which satisfies
f(s1ye..y8n) = (---((fs1)s2):+)sn for each (s71,...,8n) € S; X --- x Sy, and
the mapping f »—)_1: is a bijection of M onto M. See Theorem 1.3.1 for the case

n =0. I refer to f there and here as the linearization of f.

This theorem first suggests decomposing each function f € M by each n-
tuple (s1,...,8n) € S™ into the following series of n + 1 functions:

- - — —
fy fs1, (fsi)say .oy (- ((fs1)82) -+ )sn.

Here (- - ((?31 )s2) - )sn may be regarded as belonging to S°—T (s. [1.32]).

Notice that mathematical notation follows the Indo-European word order.
In the Japanese word order, f(s1,...,s,) is denoted (s1,...,sn)f,"8" Theorem
1.3.1 is stated on the relationship between

n
——
M = TS™ and MZ(('--(THS)-”%—SM—S
and f is decomposed into the series
— — — —
fysnf, snoalsnf)y, ooy s1(c(snoalsnf))---).
Notice also that the numerical subscripts 1,...,n — 1,1 are not intrinsic to

the functions in M. For example, each ternary function f is decomposed by each

180T will not italicize but romanize propositions in this monograph (s. §1.5.1).
1-81The Japanese counterpart of the English expression a of b is B no A for the postposition
no and counterparts A and B of a and b respectively (s. §1.3.4).
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triple (p,h,d) in its domain into the series f, d f, h(d f ), p(h(d f)) of four
functions without explicit numerical subscripts. Therefore, it seems appropriate
to accompany p, h and d with the numbers 1, 2 and 3 respectively in order to
indicate their positions in the triple (p,h,d) (it will turn out to be actually
appropriate after (1.3.4)). Then the functions d f, h(d f ) and p(h(d?)) are
denoted also by d3?, hZ(d?){?) and p1 (hZ(d3<?)) respectively. This suggests
regarding the numbers 1, 2 and 3 as binary operation symbols.

Notice also that we need not use the numbers 1, 2 and 3. We may use any
slmbols instead. Moreover, we need not use the Roman letters p, h, d and
f. We may use any symbols instead (s. [1.26]). Therefore, let us replace 1, 2
aFnd 3 with the Japanese case markers ga, de and o, and replace p, h, d and
f with th& Japanese words péta, hatake, hatgka daikon and taberu. Then the
functions f, d3f, h2(d3f) and p1(h2(d3 f)) are denoted also by the four
Japanese declaratives on Table 1.2 (s. Remark 1.3.3), the fourth of which is
equal to the sentence (1.3.1) meaning Peter eats radishes in a garden.

Table 1.2: The relationship between declaratives and functions

declaratives (with English counterparts at the bottom) functions
taberu T
H
hatuka daikon o taberu d3f

hatake de hatuka daikon o taberu hZ(d3?)

péta ga hatake de hatuka daikon o taberu p1(h2(d3?))
Peter garden in radish eat

Th&s th(e_ declaraécives may be regarded as alternative expressions of the func-
tions f, df, h(df) and p(h(d f)) respectively. In particular, the sentence
(1.3.1) may be regarded as a linearized expression of the O-ary function, or
the value (p,h,d)f. This finally suggests that all Japanese declaratives are
linearized expressions of events in the nooworlds and that the case markers in-
dicate the positions of the arguments of the events and should be regarded as
binary operations in the syntactical algebraic structure abstracted from the DT.
The Japanese people must have invented linearization not by a knowledge of
Theorem 1.3.1 but out of necessity because utterances are lines of words.

Still, we need to half abandon the linearization given by Theorem 1.3.1.
This is because the Japanese tongue enjoys loose phrase order by virtue of the
explicit case markers, as was noted in §1.3.4. For example, the sentence (1.3.1)
has the same external meaning as the following sentence among others:

hatake de péta ga hatuka daikon o taberu. (1.3.4)

Therefore,kwe need to be able to decompﬁse f i&to the seges ?, d3?, 1 (dST),
h2(p1(d3 f)) as well as into the series f, d3f, h2(d3f ), p1(h2(d3f)). The
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rigid linearization of Theorem 1.3.1 does not work for such looseness, and The-
orem 1.3.2 below supplies the right loose linearization (Corollary 4.2.6.1 serves
as its proof). It is based on the following simple observation.

Let S and T be sets and Q be a finite set. Suppose Q ={kq,...,kn}. Then
there is a bijection i — ki (i = 1,...,n) of {1,...,n} onto Q. Therefore,
there is a bijection of Q—S onto S™ which associates each 6 € Q—S with the
element (0kq,...,0k,) € S™. Moreover, there is a bijection of S*—T onto
(Q—S)—T which associates each f € S™—T with the element fe (Q—S)—>T
defined by o = f(0k4 ye. oy 0kyn) for each 8 € Q—S. Thus S™—T is abstracted
from (Q—S)—T by introducing a linear order on Q. Therefore, we will obtain
the right loose linearization by canceling the abstraction.

Theorem 1.3.2 Let S, T and K be sets. For each finite subset Q = {k1,...,kn}

of K and each f € S*™—T, define fe (Q—S)—T as above. For each triple (s, k, g)
of s € S, k € Kand g € (R—S)—=T such that k € R € PK, define an element
sokg € ((R—{k})—S)—=T by the following for each 6 € (R — {k})—S:

(s ok g)0 = g((k/s)0),
where (k/s)0 is the element of R—S defined by

(thﬂz{m if 1€ R—{k},

s ifl=k.
Then f(s1,...,5n) = 8p10Kp1 (+-- (Sp(n—1) 0Kp(n—1) (Spn okpnf)) -+-) for each
(s1y..-,8n) € S™ and each permutation p on {1,...,n} (s. [1.80]).

Based on the above observations, I redefine the event set F of each nooworld
W with the truth values in ICL as HQE%K((QHS)—)T) for the set K of the cases
and the basis S of W,'%2 and so W =EIIF = SITBS 11 HQGQSK((Q_)S)_)T)
(s. [1.78] and §4.1.1). Furthermore, I equip W with a family (ok)xek of bi-
nary operations defined as in Theorem 1.3.2. The definition of W in CL is a
generalization of this and is too elaborate to be outlined.

Remark 1.3.3 (Declaratives) As for the Japanese tongue, the declaratives
defined as the descriptions of events (s. §1.2.3) are certain modifications of core
declaratives including those on Table 1.2.

The simplest declaratives are commonly classified into the following four
categories according to their core declaratives: (1) verbal declaratives such as
the declaratives on Table 1.2 whose core declarative is the verb taberu and
the declarative Magurega san ga tomu meaning Mr. McGregor is rich or Mr.
McGregor becomes rich whose core declarative is the (literary but often used)
verb tomu meaning be rich or become rich; (2) adjective declaratives such as

1-821dentified with (0—S)—T (s. [3.2][1.32]), T is contained in F (s. [1.34]).
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Magurega san ga mazusii meaning Mr. McGregor is poor whose core declara-
tive is the adjective mazusii meaning be poor; (3) nominal adjective declara-
tives such as Magurega san ga ytihukuda meaning Mr. McGregor is rich whose
core declarative is the nominal adjective ytthukuda which means be rich and
is compounded of the noun'®3 yiithuku of Chinese origin and the ending da
for making adjectives;!-®* (4) nominal declaratives such as Magurega san ga
kanemoti da meaning Mr. McGregor is a rich person whose core declarative is
the combination kanemoti da of the nominal kanemoti meaning rich person and
a postpositive counterpart da of the English copula be.

In view of the examples in (1)—(4) and others, however, I classify the declara-
tives into two categories by putting (1)—(3) together, or putting verbs, adjectives
and nominal adjectives together, and design CL according to the classification.

1.3.7 Its basic quantifiers are subsets of quantitative sets

Being faithful to the three ologies urged in §1.2.6, CL furthermore has the
following features about quantification.

Semasiology for MN will reduce quantification to context-free quantifica-
tion, especially intervallic definite quantification (s. §1.2.7), which should vary
according to the nature of the quantified entities and human ability to quantify.
For example, some entities are quantified by nonnegative integers, others are
quantified by nonnegative real numbers and infants at a certain developmental
stage cannot distinguish quantities greater than 10.

Thus I introduce the concept of quantitative sets'-35 in §3.6.1. They are
linearly ordered commutative monoids and so there are innumerable examples.
To give a few of them, the set Z>o of nonnegative integers and the set R>¢ of
nonnegative real numbers are quantitative sets and, for each positive integer n,
there exists a quantitative set Z,, of n elements.

I equip CL with a family (Py)yen of quantitative sets indexed by the set
N of nomina and divide the quantifiers of CL into the absolute ones and the
proportional ones and into the positive ones and the negative ones. The absolute
positive ones are the subsets p of the quantitative sets and the absolute negative
ones are their copies —p. For example, for 0 = minP, (v € N), the intervals
(0] ={x € Py : x <0} ={0} and (0—) ={x € Py : 0 < x} of P, provide the
absolute negative quantifier —(«+0] and the absolute positive quantifier (0—),
which are designed to be the universal quantifier V,, and the existential quantifier
3y respectively by virtue of the semantics of CL illustrated by The Tale of the
CL Quantifiers in §1.3.8. Therefore, the quantifiers all and some are intervallic
definite in light of CL as was noted in §1.2.7. The proportional quantifiers are
the subsets v of the interval [0, 1] of R and their copies —t and related to the
nomina v € N such that P, are nontrivial unital quantitative sets.

1-83Every Japanese word of foreign origin works as a noun.
1.84 Japanese adjectives and nominal adjectives do not require copulas even in predicative use.
1-85They were called quantity systems in certain earlier manuscripts (s. Remark 1.4.1).
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1.3.8 Its semantics employs measures for quantification

The semantics for the quantifiers of CL is defined by means of an arbitrary
family of positive definite, increasing and subadditive P.-valued measure |X|
for all subsets X of the subbasis Sy (v € N) (s. §3.6.4) and by means of the fact
that if P, is nontrivial unital then each pair (a,b) of elements of PP, such that
a < b # 0 has its ratio a/b in the interval [0, 1] of R (s. §3.6.3). The definition
for the absolute quantifiers may be best illustrated by the following tale!-8.

THE TALE OF THE CL QUANTIFIERS
BY KENSAKU GOMI

ONCE upon a time, mathematicians had to deal with the values &¢,me € T =
{0, 1} defined for each set S and each mapping f € S—T by the following:

=1 & f(s)=1forall s €S,
N =1 & f(s) =1 for some s € S.

The designer of FPL denoted & and n¢ by Vf and 3f respectively and obtained
the quantifiers V and 3. Meanwhile the designer of CL first tried to redefine
&¢ and n¢ by using an arbitrary quantitative set P and an arbitrary P-valued
positive definite measure |X| for all X € PBS. It was clear that the following held:

(=1 & |{s:seS,f(s) =0} € («0],
ne=1 & [s:s €S, f(s) =1} € (0—).

He next generalized this by replacing the set S and the relation € with an
arbitrary element a € S IT‘BS and the extended relation E defined in §1.3.5:

&fa=1 & [{s:sE a,f(s) =0} € («0],
Nra=1 & {s:sE a,f(s) =1} € (0—).
He next denoted &¢ o and n¢,q by a—(«0lf and a(0—)f respectively. Then
a~(«0lf =1 & |{s:sE a,f(s) =0} € («0],
a(0=)f=1 & |{s:sE a,f(s) =1}| € (0—).
He finally replaced (+0] and (0—) with an arbitrary set p € BP:
apf=1 & |[s:sE a,f(s) =0} €p,
apf=1 & [{s:sE aq,f(s) =1} €p.

Thus he obtained the negative quantifier —p and the positive quantifier p for
each p € PP. Furthermore, for each f € S>—T, he defined the four elements
a—plf, aplf, a—p2f and ap2f of ST by the following for each r € S:

(a=plf)r=1 & |{s:sE a,f(s,7) =0} € p,

1.861¢ is a tale because it may depart from historical evidence for convenience of explanation.
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(apIf)r=1 < [s:sE a,f(s,r) =1} € p,
(ap2f)r=1 & [{s:sE a,f(r,s) =0} € p,
(ap2f)r=1 < [s:sE a,f(r,s) =1} € p.

Continuing this way, he defined binary operations —pk and pk with p € PP and
keNon SIPSIT [ ,(S™—T), and he lived happily ever after. ~THE END

As was noted around Theorem 1.3.2, we should replace S™—T (n =0,1,...)
with (Q—S)—T for all subsets Q of N and so replace the above S II‘BS II
137 o(S™—T) with SITBS II HQGSBN((Q_)S)_)T)’ which is a nooworld with
the truth values, or a DW in ICL with K =N (s. [1.78]).

1.3.9 Its quantifiers are accompanied by case markers

As The Tale of the CL Quantifiers has suggested, the absolute quantifiers p and
—p of CL together with certain case markers (or cases) k form binary quantifying
operations pk and —pk both on the formal language and on the DWs, and
likewise for the proportional quantifiers. This is in contrast to FPL, where the
quantifiers V and 3 are mere tokens always accompanied by variables x, and
only the formal language has quantifying operations Vx and Ix.1-87

What seems important in light of phraseology for MN, the above syntactical
feature of quantification in CL is consistent with the usage of quantifiers in the
Japanese utterances. I have, however, noticed it thanks to the following extract
from The Tale of Peter Rabbit by Beatrix Potter (1902):

First he ate some lettuces
and some French beans;
and then he ate some radishes.

The following is its Japanese translation by Momoko Isii (1971). As in §1.3.4,
English counterparts are placed underneath each of the three lines.

sore kara mazu retasu o nanmail ka tabe,
and then  first lettuce some ate,

sore kara  saya ingen o tabe,
and then French bean ate,

sore kara  hatuka daikon o nanbon ka tabe masi ta.
and then radish some ate.

Isii was one of Japanese outstanding authors of children’s books and was the
2002 nominee for the Hans Christian Andersen Awards from Japan, which shows
among other things that her translations are polished orthodox Japanese.

1.87Tn CL also, a mere token V is always accompanied by certain variables x, and only the
formal language has nominalizing operations Vx. In contrast to quantification, however, they
are called the nominalizers and the token V is given no name.
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Notice that the quantifier some in the English original precedes the nouns
lettuces, French beans and radishes and so seems to modify them, while its
Japanese equivalents nanmai ka and nanbon ka do not adjoin any of the equiva-
lents of lettuces, French beans and radishes but succeeds the case marker o and
so do not seem to modify the equivalents. Moreover, nanmai ka and nanbon
ka may be grammatically put also before o, although orthodox authors never
do so, and they do not grammatically succeed but precede case markers other
than ga and o. Therefore, neither nanmai ka nor nanbon ka seems to modify
the conjugation tabe of the verb taberu.!-3®

Thus the only reasonable conclusion seems to be that the Japanese quan-
tifiers modify the case markers and not the nouns or any others.!89 In other
words, the Japanese quantifiers are accompanied by the case markers. This
conclusion agrees with The Tale of the CL Quantifiers, because the quantifiers
there were accompanied by the numbers 1,2, ... which indicated the positions
of the arguments of a function and the case markers ga, de and o on Table
1.2 indicated the positions of the arguments of functions. I suppose that the
English quantifiers may also be considered to be accompanied by the (silent)
case markers as is suggested by the following sentence (s. (1.3.3) and [1.76]):

(ga) one rabbit ate (o) two radishes in three gardens. (1.3.5)

1.3.10 Its quantification can be precise or approximate

As The Tale of the CL Quantifiers has also suggested, CL can provide various
kinds of quantification such as precise quantification and approximate quan-
tification, because the absolute positive quantifiers p are arbitrary subsets of a
quantitative set P, which is arbitrarily chosen and varies with the nomen v € N,
and likewise for the proportional positive quantifiers.

The various kinds of quantification may be illustrated by the element apf € T
defined in the tale. Suppose #S < oo, P = Z>¢ and |Y| = #Y for each Y € BS.
Pick an interval [pq] ={x € P:p < x < q} of P for p. Then a[pqlf = 1 holds
iff p<+#{s:sE a,f(s) =1} < q. Therefore, alpplf = 1 holds iff there exist
precisely p elements s such that s £ a and f(s) = 1. Thus the absolute positive
quantifier [pp] provides precise quantification. In contrast if p < g, then the
absolute positive quantifier [pq] provides approximate quantification, and q —p
may be called its approximation degree.

1.88The word ikutu ka is another equivalent of some and the expression péta ga hatake ikutu
ka ni hairu means Peter goes into some gardens, while the expression péta ga hatake ni ikutu
ka hairu sounds strange, and the word ikutu ka in the former expression does not seem to
modify the verb hairu, because the case marker ni separates them.

1-89Tn the expressions like nanbon ka no hatuka daikon, the nominal hatuka daikon is con-
sidered to be qualified by the combination nanbon ka no of the quantifier nanbon ka and the
postposition no. Such expressions are grammatical but foreign-sounding and are supposed
to have come from mistranslation of European or Chinese utterances based on the misunder-
standing that some modifies nouns, because orthodox Japanese novelists such as Naoya Siga
seldom use such expressions, while Tatuo Hori who is said to be Europeanized often uses such
expressions in his novel Mugiwara Bési (Straw Hats, 1933).
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1.3.11 Its completeness theorem rests on the box principle

It is Mizumura who first attacked on proving completeness theorems on CL. The
semantics of CL is parameterized by measures with regard to quantification (s.
§1.3.8). Therefore, proof of any completeness theorem on CL requires construc-
tion of measures, which was challenging then because we knew no precedent
about it. He worked it out by introducing an axiom meaning Dirichlet’s box
principle’-?? and obtained a characteristic law, or presented a so-called sequen-
tial completeness theorem for an antecedent of ICL.!-! Later on, he generalized
the theorem by one on an antecedent of CL.'-92

Meanwhile, following my advice, Takaoka took an alternative approach to
Mizumura’s earlier theorem and related new theorems.!*%3 He replaced resolu-
tion trees Mizumura used with what I call (Dedekind) cuts, although he also
relied on Mizumura’s construction of measure. His method is elegant in my
opinion and better than Mizumura’s in that it can link one of his theorems to
an incompleteness theorem (Theorem 3.5.1). The sequential completeness the-
orem in Chapter 6 will be proved by his method, and it will be converted to a
true completeness theorem by a principle given by Theorem 2.7.13.

It is not the sequential completeness but the true completeness that MN
aims at, because sequents do not take part in any mathematical models for MN
but are tools of analyzing the models (s. Remark 1.2.12).

1.4 A postscript for proceeding to mathematics

I have exhausted what I can tell without mathematics. As was noted in §1.1,
mathematics in the modern sense is the totality of the study by deductive think-
ing based on the concept of sets and starting with definitions. The adjective
mathematical means having the character of the study.

You may think that I have already used mathematics above, but it was quasi-
mathematics especially in that some concepts were given no explicit definitions
and so we cannot discuss them, much less obtain reliable results about them.
Moreover, as was noted also in §1.1, mathematics provides one of the most
effective tools and the most expressive and rigorous languages of science, which
implies that some scientific truth can be found out only by mathematics and
its non-mathematical expressions are more difficult and liable to be inaccurate
than mathematical ones (compare §1.2.3 and §1.2.4). Thus I will proceed to
genuine mathematics in the subsequent chapters.

Remark 1.4.1 (The right reunion in the right place) The subsequent
chapters 2—6 reunite and amplify the following ealier manuscripts and others

1907t is also called the drawer principle or pigeonhole principle (s. §3.6.4).

191 Ronrj taikei MCL no kanzensei (The completeness of the logical system MCL), Master’s
thesis, Graduate School Math. Sci., Univ. Tokyo, 2000 (s. [1.67]).

192 A completeness theorem for the logical system PCL, manuscript, 2009 (s. [1.67]).

1.930n existence of models for the logical system MPCL, UTMS Preprint Series 2009,
http://kyokan.ms.u-tokyo.ac.jp/users/preprint/pdf/2009-24.pdf (s. [1.67]).
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which were all extracted from or born of [1.3].

e Theory of completeness for logical spaces.
http://gomiken.in.coocan.jp/noology/TCLS.pdf and [1.5]

e From logical systems to logical spaces.
http://gomiken.in.coocan.jp/noology/FLSLS.pdf

e (Case logic for mathematical psychology I.
http://gomiken.in.coocan.jp/noology /CLMP.pdf

e A completeness theorem for monophasic case logic.
http://gomiken.in.coocan.jp/noology/CTMPCL.pdf

e Embedding first-order predicate logic in monophasic case logic.
http://gomiken.in.coocan.jp/noology/EFPLMPCL.pdf

e Case logic for mathematical psychology II.
http://gomiken.in.coocan.jp/noology /S2CLMP.pdf (sample)

e Completeness, models and classes in case logic. This will be a generaliza-
tion of Takaoka’s paper [1.93] on ICL.

1.5 Mathematical convention

1.5.1 Organization

The subsequent chapters 2—6 are written in a style of mathematics for the most
part. The mathematical part consists of definitions, propositions (i.e. theorems,
corollaries and lemmas), proofs, remarks and examples, which are mostly sec-
tioned off and numbered as such and sometimes nested. Some remarks and
examples should be read as mixtures of propositions and their abridged proofs
or as propositions whose proofs are left to you or given elsewhere. No exercise
is given, but it will be a good exercise to try to figure out every detail.

Even a long mathematical paper may be devoted to a proof of a theorem.
Chapters 2-6, however, are devoted to construction of a theory by means of
numerous theorems and others. In general, the definitions, propositions, proofs,
remarks and examples there are equally important for the theory. This is why I
will not italicize but romanize all of them (mathematical symbols will be printed
in AMS Euler shown in §0.4), particularly the propositions (s. [1.80]).

The mathematical part in Chapters 2—6 is almost self-contained except that
it requires a rudimentary knowledge of sets and orders including a knowledge
of lattices (esp. Boolean ones and complete ones) and ordinal numbers.

1.5.2 Notation and terminology

My notation and terminology about sets will be standard except that I denote
the set of the finite subsets of a set S by B’S and that I denote the set of the
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mappings of a set X into a set Y by X—=Y (I have already used it in §1.3.6)
instead of YX. Therefore, f € X—Y means f: X — Y.1-9

Other notation and terminology may not be standard. Therefore, I will
propose notation and terminology as well as a theory.

If f is an injection of a set X into a set, I sometimes refer to its image
fX = {fx:x € X} as a copy!*® of X by the symbol f.

Let X and Y be sets and Z be a subset of X—Y. Then for each element x € X,
the mapping z — zx of Z into Y is called the projection by x or x-projection
and denoted xp,. Thus x,z = zx for each (x,z) € Xx Z. In particular, identifying
Y™ with {1,...,n}=Y as usual (n > 1), we have that the i-projection i, for each
ie{l,...,n} satisfies i,(y1,...,Yn) =yi for each (y1,...,yn) € Y™

In dealing with several lattices simultaneously, I wish to use different symbols
for meets and joins in different lattices; for example, N and U for a lattice A,
/\ and V for a lattice B, M and U for a lattice C, and so on. Then, how about
complements and cojoins in Boolean lattices? Here cojoin is the term I coined
as a set-theoretic and semantical counterpart of the logical and syntactical term
implication.!*?¢ The best way is to use symbols made of those for meets and
joins. For example, if the above lattices A, B and C are Boolean, then use o and
S for A, O(lozenge) and = for B and O(rectangle) and = for C. Therefore, I use
the symbols o, ¢, O, and so on for complements (and negations). Since they are
superscript while modal operations <(diamond) and O(box) are prepositive and
subsidiary in MN (s. §1.2.7 and §1.3.2), there is no fear of confusion. Fortunately,
we only need = for cojoin (and implication). Thus a=b = a® Vb for each
pair (a,b) of elements of a Boolean lattice of which /\, V and ¢{ are meet, join
and complement respectively, hence the name of cojoin.

An ordered set is best described by the pair (A, <) of a set A and an order
< on A. The ordered set (A, <) is called a complete lattice if every subset X of
A has both its infimum inf X and its supremum sup X in A with respect to <.
Every complete lattice A has both max A = inf () and min A = sup (.1-97

Orders are assumed partial, or not necessarily linear throughout this mono-
graph. Thus I can treat subsets of the power set BS of each set S as ordered sets
with respect to the inclusion C. I denote the strict inclusion by C because the
strict order!-98 for each order < is usually denoted <. The ordered set (S, C)
is a complete lattice and the infimum and supremum in it are also denoted )
and [ J respectively, that is, if X is a subset of BS, then inf X = [ X = [y X
and sup X = [JX = Uxcx X Notice N0 =S and JO =0 (s. [1.97]).

Let S and T be sets. Then the set of the relations between S and T may be

1.94Thys I need not explain the set-theoretic meaning of the colon in the expression f: X — Y.
1.95(Boldface) T use boldface for newly defined mathematical concepts.

1.96The terms meet, join and complement are set-theoretic and semantical counterparts of
the logical and syntactical terms conjunction, disjunction and negation respectively.

1.97Let (A, <) be an ordered set and X be a subset of A. Then by definition, inf X = max Xx
for X« ={a € A:a<xforall x € X}. If X =0, then X, = A. Thus inf ) = maxA.

1.98 A strict order is a transitive and asymmetric (and so irreflexive) relation < and its reflexive
closure < (that is, a < b iff a < b or a = b) is an order. Conversely, the irreflexive core <
of an order < (that is, a < b iff a < b and a # b) is a strict order. Furthermore, < is linear
(that is, every pair (a,b) of distinct elements satisfies a < b or b < a) iff < is similarly linear.
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identified with (S x T). Thus we may consider the order R C Q for relations
R and Q between S and T, and if R C Q, we may say that R is contained in
Q. Moreover, if X is a set of relations between S and T, we may consider its
infimum (X and supremum [JX. We may also consider whether there exists
the largest or the smallest of the relations in X. In particular, there exists the
largest of the relations between S and T, which may be identified with S x T and
is called the trivial relation. This paragraph mainly concerns Chapter 2.%-99

1.99See Theorems 2.2.11-2.2.13, 2.5.5, 2.5.8, 2.5.10, 2.6.1, 2.6.6-2.6.8, 2.7.9, 2.7.12-2.7.16 and
2.9.1, Corollaries 2.5.10.1 and 2.7.9.1, Lemmas 2.5.3, 2.5.4, 2.5.6 and 2.7.1, Remarks 2.2.10,
2.5.9 and 2.7.5 and Definition 2.5.2 for examples.
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Chapter 2

Logic Spaces and
Deduction Systems

A logic space?! is a pair (A,B) of a nonempty set A and a subset B of the

power set PA of A.22 Since PA is identified with A—T for T = {0, 1}, which is a
lattice, a pair (A, F) of a nonempty set A and a subset F of A—B for a lattice B
is also called a B-valued functional logic space provided that B is bounded (that
is, min B and maxB exist) and is nontrivial, that is, #B > 2 or equivalently
min B # maxB. A deduction system on a set A is a pair (R, D) of an association
R on A and a subset D of A, and an association on A is a relation between the
free monoid A* over A (s. Remark 3.1.14) and A.>3 In terms of these simplest
concepts, this chapter presents an abstract theory of semantics and deduction.
It is linked to the general theory of syntax and semantics in Chapter 3 and
syntax, semantics and deduction are the pillars of logic (s. Remark 1.2.1). Thus
Chapters 2 and 3 together present a theory of GL.

Logic spaces naturally occur in logic. To give an example, let A be the set
of the formulas in propositional logic (PL). Then A is generated by the set X
of the variables, and the mappings v of X into the set T of the truth values are
extended to mappings f;, € A—T in a certain process, and they form a T-valued
functional logic space (A,{f,}). To give another example, let A be the set of the
formulas in FPL. Then A is determined by the sets C and X of the constants
and variables, and the pairs (8,v) of the mappings & and v of C and X into
the sets E of entities yield mappings fe 5, € A—T in a certain process, and
they form a T-valued functional logic space (A,{fg sv}). We are thus led to
the concept of T-valued functional logic spaces (A, F), and then to that of logic
spaces by identifying A—T with BA. Furthermore, replacing T with nontrivial
bounded lattices B in view of modal logic, intuitionistic logic, and so on, we are

2-110gic spaces were called logical spaces in [1.5] which this chapter amplifies and in certain
earlier manuscripts (s. Remark 1.4.1).

2-2Topological spaces may be regarded as degenerate logic spaces.

2-3 Associations were called logics (s. [1.6]) in [1.5] and others (s. [2.1] and §2.6).
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led to the concept of B-valued functional logic spaces.?* The specific processes
in PL, FPL, and so on are unified and generalized in §3.3.3 so that any logic
system with a truth type yields a logic space.

Deduction systems also naturally occur in logic. Let (A,F) be one of the

logic spaces in the above examples. Then people consider deduction rules on

y andX X=y

A such as together with formulas such as (x Ay) =x and

x=(xVy). The union of the deduction rules may be regarded as an association
R on A, and the formulas constitute a subset D of A. We are thus led to the
concept of deduction systems (R, D).

2.1 Finitarities and closure operators

The theory of logic spaces and deduction systems in this chapter is based on
finitary relations, and so certain kinds of finitarities necessarily play important
roles in it. Moreover, a Galois connection underlies the basic concepts on logic
spaces, and every Galois connection is accompanied by closure operators and
vice versa.?® Furthermore, the concept of deduction is related to closure opera-
tors, as is shown by Theorem 2.4.4 and Remark 2.4.3 (s. Theorem 3.1.4). Thus
closure operators also necessarily play important roles in this chapter.

In particular, the quasi-finitary closure (Theorem 2.1.6) is a key concept and
leads to Theorem 2.6.10, which shows how all the B-theories (§2.6) of a logic
space (A,B) are generated by 6 and in turn leads to a classification of the
logic spaces into three classes (Definition 2.6.3). The classification is pertinent
to the B-completeness (Definition 2.7.1) of deduction systems on A and also
to the existence of nontrivial B-models (Definition 2.8.2) of B-consistent, esp.
$B-complete (Definition 2.8.1) subsets of A.

2.1.1 Covers and finitarities

Definition 2.1.1 Let (A,B) be a logic space and X be a subset of A. Then X
is said to be extra-covered by B, if for each Y € B’'X there exists a set B € B
such that Y C B. Moreover, X is said to be super-covered by ‘B, if for each
Y € P’X there exists a set B € B such that Y C B C X. Furthermore, X is said
to be ultra-covered by B, if P’'X C B.

Remark 2.1.1 Definition 2.1.1 has the following obvious consequences. If X
is ultra-covered by B, then so is every subset of X, and X is super-covered by
B. If X is super-covered by B, then X is extra-covered by 8 and also exactly
covered by B in the sense that X = [J{B € B : B C X}. If X is extra-covered
by 9B, then so is every subset of X, and X is covered by B in the usual sense

2-4Remark 2.2.2 gives another reason for replacing T with other lattices B.

2:5Let (A, <i) be ordered sets (i = 0,1) and f; € A;—A1_; be a decreasing mapping such
that fi_if; is increasing (s. [2.10]). Then the pair (fp,f1) is called a Galois connection, and
f1_ifi is a closure operator on A;. Conversely, every closure operator is so constructed.
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that X C U®B. If B is downward?-® in the sense that BB C B for all B € B,
then the concepts of extra-cover, super-cover and ultra-cover by 25 are identical.
Every set in ‘B is super-covered by B.

Definition 2.1.2 Let (A, B) be a logic space. Then B is said to be finitary,
if every subset of A which is extra-covered by % belongs to . Moreover, B
is said to be quasi-finitary, if every subset of A which is super-covered by B
belongs to 8. Furthermore, 5 is said to be semi-finitary, if every subset of A
which is ultra-covered by B belongs to 5.

Remark 2.1.2 It follows from Definition 2.1.2 and Remark 2.1.1 that if 9B is
finitary then B is quasi-finitary and that if B is quasi-finitary then 95 is semi-
finitary. Furthermore, the following theorem holds, which particularly shows
that the above definition of the finitarity is equivalent to the usual one.

Theorem 2.1.1 Let (A, B) be a logic space. Then the following four conditions
are equivalent (the usual definition of the finitarity probably uses (4)).

(1) B is finitary.

2) B is downward and quasi-finitary.

)
(2)
(3) B is downward and semi-finitary.
(4)

4) A subset X of A belongs to 9% iff X is ultra-covered by B.

Proof This is derived from Remark 2.1.1 in the following way. Since every
set in 9B is super-covered and so extra-covered by 9B, (1) is equivalent to the
following condition.

(5) A subset X of A belongs to B iff X is extra-covered by 2.

Furthermore, (4) and (5) imply that B is downward, and so also does (1). If B
is downward, then the concepts of extra-cover, super-cover and ultra-cover by
B are identical. Thus (1)—(5) are equivalent.

Theorem 2.1.2 Let (A, ) be a logic space. Assume that 9B is quasi-finitary.
Then ‘B is inductive®” with respect to the inclusion C.

Proof Let X be a nonempty linearly ordered subset of B. Define X = |JX.
Then X = suppp X. Let Y € P'X. Then for each y € Y, there exists a
set Xy € X such that y € Xy. Since Y is finite and X is linearly ordered,
B = max{Xy : y € Y} exists and satisfies B € B and Y C B C X. Therefore X is
super-covered by B, hence X € *B, and hence X = supg X. Thus B is inductive.

2-6The concept is generalized by that for the ordered sets in Theorem 2.1.8

2.7 An ordered set A is said to be inductive or inductively ordered, if every nonempty linearly
ordered subset of A has its supremum in A. The so-called Zorn’s lemma asserts that every
nonempty inductively ordered set has a maximal element.
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Remark 2.1.3 Let (A, <) be an ordered set and X be a set. Then the order <
on A yields the power order < on X—A defined by

f<g & fx<gxforall xeX

for each (f,g) € (X—A)2. Let F be a subset of X—A. Then if the subset
Fx ={fx: f € F} of A has its infimum for each x € X, then inf F exists and is
characterized by the equations (inf F)x = inf(Fx) for all x € X, and likewise for
sup F. This holds even if F = (), that is, if max A exists, then max(X—A) exists
and is characterized by the equations (max(X—A))x = max A for all x € X, and
likewise for min(X—A). Thus, if (A, <) is a lattice, then so is (X—A, <) and
the projection f — fx by each x € X (s. §1.5.2) is a homomorphism of X—A
into A with respect to the meet and join on the lattices.2® The same applies
to Boolean lattices and the complement and cojoin (s. §1.5.2) on them and to
complete lattices and the infimum and supremum on them.2-"

In particular, if S is a set, then X—'BS is a complete lattice with respect to
the power order C defined by

fCg & fxCgxforallxeX

for each (f,g) € (X—PS)?. Let F be a subset of X—=PS and let (|F and YT
denote inf F and sup F. Then the following hold for all x € X:

(NFI)x =NTFx) = Neeq X, (UF)x =U(O%) = Useq fx.

Definition 2.1.3 Let A and A’ be sets and @ € BA—PA’. Then @ is said to
be finitary, if X =Uycq/x @Y for all X € PA (s. (2.11.1)).

This definition relates to Definition 2.1.2. Indeed, it follows from Theorem
2.1.1 that ¢ is finitary iff {X € PA :y’ ¢ X} is finitary for all y’ € A’.

Theorem 2.1.3 Let A and A’ be sets. Then the following hold, where (2)
and (4) deal with the complete power order C on PA—PA’ defined in Remark
2.1.3.

(1) Let @ € PA—PA’. Then @ is finitary iff it is increasing®!? and @X C
Uyer’plx (pY fOI' aH X S mA

2-8 As for the meet A, (fAg)x = (inf{f, g})x = inf{fx, gx} = fx A\ gx for each (f,g) € (X—A)?
and each x € X, and likewise for the join V.

2-9Suppose A is a Boolean lattice and let ¢ and = be its complement (s. [1.79]) and co-
join. Let f,g,h € X—A. Then ((fVg)Ah)x = ((fxVgx) ANhx = (fxAhx)V(gxAhx) =
((fAh)V(gAh))x for all x € X by [2.8]. Therefore, (fVg)Ah = (fAh)V(gAh) (s. [2.17]).
Let f € X—A and define f© € X—A by fOx = (fx)® for all x € X. Then (fAfO)x =
X A(fx)® = min A = (min(X—A))x for all x € X, hence fAf® = min(X—A), and likewise
V10 = max(X—A). Let f,g € X—=A. Then (f=g)x = (f®V g)x = (fx)® V gx = fx= gx for
each x € X. Thus X—A is also a Boolean lattice and the x-projection is also a homomorphism
with respect to the complement and cojoin for each x € X.
2.10Let (A, <) and (A’, <) be ordered sets and @ € A—A’. Then @ is said to be increasing
if x <y implies @x < @y, while @ is said to be decreasing if x <y implies ex > @y.
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(2) Assume that @ € PA—PA’ is finitary and p € PA—PA’ is increasing.
Then the subset {B € PA : @B C PB} of PA is quasi-finitary (in particular,
if @ € PAPA is finitary, then {B € PA : ¢B C B} is quasi-finitary).
Moreover, @ C 1 if (and only if) @Y C Y for all Y € PB’A.

(3) If @ € PAPA’ and P € PA'PA" are finitary for a set A", then so is
their composite P - @ € PA—IPA".

(4) If @ is a subset of PA—PA’ and each mapping in O is finitary, then so is
its supremum | J @ in PA—PA'.

(5) If D is a subset of A and ¢ € PA—PA’ is finitary, then so is the mapping
X = @(XUD) of PBA into PA".

Proof (1) If subsets X and Y of A satisfy X C Y, then B'X C B’Y. Therefore,
if @ is finitary, then it is increasing. Conversely if ¢ is increasing, then X D
Uyep:x @Y for all X € PA. Thus (1) holds.

(2) Suppose X € PBA is super-covered by B = {B € PA : ¢B C {PB}L
Then for each Y € B’X, there exists a set B € 8 such that Y € B C X,
and so @Y C @B C VB C YX by (1) and our assumption. Therefore X =
UYe‘B'X @Y C PX, and so X € ®B. Thus *B is quasi-finitary, and in particular
the statement in parentheses holds because idya is increasing.?'! Assume that
@Y C Y for all Y € PB’A. Then every subset of A is ultra-covered by 9B and
therefore super-covered by B, as was noted in Remark 2.1.1. Thus BA C B,
which means ¢ C 1.

(3) Let X € PA. Furthermore let Z € P'(@X). Then Z C @X = Uyeypx @Y,
and so for each z € Z, there exists a set Y, € B’X such that z € @Y,. De-
fine Yz = U,z Yz- Then Yz € P'X and Z C |J,., Y. C @Yz by (1),
and so PZ C YP(@Yz) also by (1). Therefore P(pX) = Uzem/(@X)q’Z C
UZGm/(ch) P(pYz) C Uquyx P (@Y). Moreover, since ¢ and 1 are increasing
by (1), so is VP - @. Therefore 1\ - @ is finitary by (1).

(4) Let X € PA. Then (UO)X = Uyeqp ©X = U(pecD(UquyX eY) =
Uvepx(Upea ®Y) = Uyeq/x((UP)Y) by Remark 2.1.3. Thus (4) holds.

(5) Let & be the constant mapping X — D on BA. Then the mapping
X — @(XUD) is equal to ¢ - (idpa Ud), which is finitary by (4) and (3) because
idpa and & are finitary.

2.1.2 Closure operators

A closure operator on an ordered set (A, <) is a mapping @ € A—A which
satisfies the following three conditions.

e x < @x for all x € A.

e p(px) < @xforall x € A.

2-11For each set S, ids denotes the identity transformation on S.
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e (@ is increasing (s. [2.10]).

Then @(@x) = @x for all x € A, and the image @A ={@x : x € A} of ¢ satisfies
A ={x € A: px < x} ={x € A: @x = x}. Therefore, A is also called the
closure domain or fixture domain of ¢ (s. §2.11).

Remark 2.1.4 Let (A, <) be an ordered set and x € A. Then [x—) and (+x]
denote the upward closed interval {y € A : x <y} and the downward closed
interval {y € A :y < x} respectively. We need not assume the order < here to
be linear.

The following theorem is fundamental and probably well-known, and so 1
shall often use it without notice.

Theorem 2.1.4 Let (A, <) be an ordered set. Then the following hold.
(1) If @ is a closure operator on A, then @x = min(@A N [x—)) for all x € A.

(2) If B is a subset of A such that there exists min(B N [x—)) for each x € A,
then the mapping x — min(B N [x—)) is a closure operator on A of which
B is the fixture domain.

(3) Two closure operators ¢ and { on A satisfy ¢ < 1 (with respect to the
power order < on A—A defined in Remark 2.1.3) iff @A D PA.

Proof (1) Let x € A. Then x < @x € @A. Moreover, if x <y € @A, then
©ex < @y =y. Thus @x = min(@A N [x—)).

(2) Define By = BN [x—) and @x = min By for each x € A. Then @x € By,
and so x < @x. Moreover, since ¢x € Bx C B, we have ¢x € By, and so
@(px) = min Byx < @x. Furthermore, if elements x and y of A satisfy x <y,
then By 2 By, and so @x < @y. Thus @ is a closure operator. If @x = x, then
x = @x € B. Conversely if x € B, then x € By and so ¢x < x. Thus B = @A.

(3) If @A D PA, then @x = min(@A N [x—)) < min(PA N [x—)) = Px for
all x € A by (1), and so @ < . Conversely if @ < 1, then @x < Px for all
x €A, andso pA ={x € A:px <x} D {x € A:Px < x} =1PA.

Lemma 2.1.1 Let (A, <) be a complete lattice, (Xi)ie1 be a family of subsets
of A, and X be a subset of A. Then inf{infX; : i € I} = inf({J;c; Xi) and
inf(X —{maxA}) = inf X.

Proof Let y = inf{infX; : i € I} and z = inf({J;c; Xi). Then y < x for all
ielandall x € Xi, and soy < x for all x € Uiel Xi, hence y < z. Moreover,
since UieI Xi 2 Xj for all j € I, we have z < inf X;j for all j € I, hence z < y.
Thus y = z. We may derive the latter equation from the former by substituting
inf(X — {max A}) for x in the obvious equation x = inf{x, inf{max A}}.
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Theorem 2.1.5 Let (A, <) be a complete lattice and, for each subset B of A,
let B denote the subset {inf X : X C B} of A. Let us say that B is N-closed in
A if B" C B. Then the mapping B — B is a closure operator on BA, and its
fixture domain is equal to the set of the N-closed subsets of A. Therefore, B"
is the smallest of the N-closed subsets of A which contain B (and so we call B”
the N-closure of B in A). Furthermore the following hold.

(1) inf(BN[y—)) =inf(B" N [y—)) for all y € A.
(2) sup(B —{max A}) = sup(B" —{max A}) (note that max A =inf () € BM).

In particular, if (A, ) is a logic space, then the N-closure B of B in PA
is defined by 8" ={ X : X C B} and satisfies the following.

° anBe‘B B= ﬂngG%m X for all Y € PBA.
o U(B—{A}) =U(B" —{A}) (note that A = maxPA =0 € B").

Proof Let B be a subset of A. Then since x = inf{x} € B for all x € B, we
have B C B™. Moreover, if X C B, then for each x € X there exists a subset Yy
of B such that x = inf Y, and so inf X = inf{inf Yy : x € X} = inf(J,cx Yx) € B"
by Lemma 2.1.1. Therefore (B™)" C B™. Furthermore, if B C B’ C A, then
BB C PB’, and so B" C B’". Thus the former half of the theorem holds.

(1) If y < x € B", then x = inf X for a subset X of B, and it satisfies X C
BN[y—), and so inf(BN[y—)) < x. Therefore inf(BNy—)) < inf(B"N[y—)).
Since B C B", we conversely have inf(B N [y—)) > inf(B™ N [y—)).

(2) Let x € B" —{max A}. Then x = inf X for a subset X of B — {max A}
by Lemma 2.1.1, and X # () because inf X = x # maxA = inf(). Therefore
sup(B — {maxA}) > supX > inf X = x (notice here that sup X > inf X holds
because X # (). Therefore sup(B — {maxA}) > sup(B" — {maxA}). Since
B C B", we conversely have sup(B — {max A}) < sup(B" — {max A}).

Theorem 2.1.6 Let A be a set and, for each subset B of PA, let B denote
the set of the subsets of A which are super-covered by 2. Then the mappping
B — B is a closure operator on P(PA), and its fixture domain is equal to the
set of the quasi-finitary subsets of BA. Therefore, B is the smallest of the quasi-
finitary subsets of BA which contain 9B (and so we call B the quasi-finitary
closure of B in PA). Furthermore the following hold.

(1) ﬂYgBe% B = ngXe§X for all Y € B’A.
(2) UB —{A}) =U(B —{A)).
(3) B'ANDB =P'ANB.

Proof Let B be a subset of PA. Then B C B by Remark 2.1.1. Moreover,

if X € B, then for each Y € P’X, there exists a set B’ € B such that Y C
B’ C X, and so there exists a set B € B such that Y € B € B’ C X, and so
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X € B. Therefore B C B. Moreover, it follows from Definition 2.1.1 that if
B C B’ CPA then B C B’'. Furthermore, by Definition 2.1.2, B C B iff B is
quasi-finitary. Thus the former half of the theorem holds.

(1) If Y € X € B, then there exists a set B € B such that Y C B C X,
and 50 (Vycpeg B € X. Therefore Nycpegs B € Nycxem X- Since B C B, we
conversely have (ycpey B 2 Nycxes X- -

(2) If X € B —{A}, then for each x € X, there exists a set B € B —{A} such
that {x} C B C X, and so | J(8 —{A}) 2 X. Therefore |J(B—{A}) 2 U(B —{A}).
Since B C B, we conversely have [ J(B8 — {A}) € (B —{A}).

(3) If X is a finite set in B, then since X € B’'X, there exists a set B € B
such that X C B C X, and so X =B € 9. Thus (3) holds.

Theorem 2.1.7 Let A be a set and, for each subset B of PA, let B" be the
quasi-finitary closure of the N-closure B" of B in PA. Then the mapping
B +— BN is a closure operator on P(PA), and its fixture domain is equal to the
set of the subsets of SBA which are N-closed in PA and quasi-finitary. Therefore,
BN is the smallest of the subsets of BA which contain B and are N-closed in
PA and quasi-finitary (and so we call B7 the quasi-finitary N-closure of B

in PA).

Proof By virtue of Theorems 2.1.5 and 2.1.6, it suffices to show that if B is
a N-closed subset of PA then so is B. Therefore let {X; : 1 € I} be a subset of
B and define X = (N;; Xi. Let Y € P’'X. Then for each i € I, there exists a
set B; € B such that Y C B; C X;. Define B = ﬂiel Bi. Then Y C B C X, and
B € B because B is N-closed. Therefore X € B. Thus B is N-closed as desired.

Theorem 2.1.8 Let (A, <) be an ordered set and, for each subset B of A, let
% denote the subset UXeB (¢x] of A. Let us say that B is downward if % C B.
Then B is the smallest of the downward subsets of A which contain B (and so

we call (ﬁ the downward closure of B in A). Therefore, the mapping B —
is a closure operator on BA, and its fixture domain is equal to the set of the
downward subsets of A.

Proof Let B be a subset of A. Then since x € («x] for all x € B, we have
B C % Moreover, if y € %, then there exists an element x € B such that
y € («x], and so («y] C («x] € B. Therefore % is downward. Furthermore,
if BC C C A and C is downward, then («+x] C C for all x € B, and so E cC.
Thus % is the smallest of the downward subsets of A which contain B.

Remark 2.1.5 Let (A,B) be a logic space. Then B is downward in the sense

defined in Theorem 2.1.8 iff it is dpwnward in the sense defined in Remark 2.1.1.
Moreover, the downward closure 8 of B in PA is equal to (Jgq BB.
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Theorem 2.1.9 Let A be a set. Then for each subset B of BA, the quasi-
finitary closure % of the downward closure % of B in PA is equal to the set of

the subsets of A which are extra-covered by 8. Moreover, the mapping B — g
is a closure operator on PB(PA), and its fixture domain is equal to the set of

;
the finitary subsets of SBA. Therefore, ‘B is the smallest of the finitary subsets
;
of PA which contain B (and so we call B the finitary closure of B in PBA).

Proof Let X be a subset of A. Then it follov;@ from Regark 2.1.5 that X
is extra-covered by B iff it is extra-covered by B. Since 8 is downward by
Theorem 2.1.8, X is extra-covered by iff it is super-covered by ‘B, as was

noted in Remark 2.1.1. Thus the first statement holds. Hence it follows that g
is downward, which together with Theorems 2.1.8, 2.1.6 and Definition 2.1.2 is
sufficient to prove the rest.

Theorem 2.1.10 Let @ be a closure operator on a complete lattice (A, <) and
B be the fixture domain of ¢. Then the following hold.

sl

@(supp X) =supg X and @(infa X) = infg X =infa X for all X € BB.

)

2) @(minA) = minB and @(maxA) = maxB = maxA.
) (B, <) is also a complete lattice and B is N-closed in A.
)

(
(3
(4) @(supp @Y) = @(supn Y) for all Y € PA, where @Y ={py:y € Y}

Proof (1) Let X € PB. Then every element x € X satisfies x < supga X,
and so x = @x < @(sups X) € B. Moreover, if an element y € B satisfies
x <y for all x € X, then supy X <y, and so @(supp X) < oy =y. Thus
@(supa X) = supg X, and similarly @(infa X) = infg X. Furthermore, since
@(infa X) < @x =x for all x € X, we have @(infa X) < infa X, and so infa X €
B. Thus infg X = infa X.

(2) We have these equations from those in (1) by substituting @ for X.

(3) This is a direct consequence of (1).

(4) Let Y € BA. Then, since oy >y for all y € Y, we have sup, @Y >
sup Y, and so @(supp @Y) > @(sup, Y). Moreover, since @y < @(sup, Y) for
all y € Y, we have supy @Y < @(supp Y), and so @(supp @Y) < @(supn Y).
Thus @(supa @Y) = @(supp Y).

Theorem 2.1.11 Let A be a set, @ be a closure operator on LA, B be the
fixture domain of @, and D € PA. Define P € PAPA by X = (XU D)
for each X € PA. Then ¥ is also a closure operator, and its fixture domain is
equal to {B € B : D C B}. If furthermore ¢ is finitary, so is .

Proof Let B’ ={B € B :D C B}. Then X = min{B € B : XUD C B} =

min{B € B’ : X C B}, and so the former statement holds, both by Theorem
2.1.4. The latter is a consequence of Theorem 2.1.3.
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2.2 Latticed representations and relations

Throughout this section, we let A be a nonempty set. As always, A* denotes
the free monoid over A, or the set of all formal products xj ---X,, of elements
X1y-..yXn Of A of finite length n > 0 (s. Remark 3.1.14).

We use the following conventions about A* throughout the remainder of
this chapter. First by alphabet convention, the letters «, 3,7V, 6 and ¢ denote
elements of A*, while the letters x,y and z denote those of A, both with or
without numerical subscripts. In particular, ¢ denotes the identity element of
A*, i.e. the formal product of length 0. If « = x7---x, € A*, then by word
convention, the subset {x1,...,xn} of A is also denoted &, where if n = 0, then
« = ¢ and {x1,...,xn} = (). Lastly by dot convention, the multiplication of
A* is sometimes denoted by a dot; for example, x *y - &« = (x * y)« for binary
operations * on A as in Definition 2.2.4.

2.2.1 Validity relations of latticed representations

Throughout this subsection, we let B be a bounded lattice, and denote its order,
meet, join, minimum and maximum by <, /A, V, 0 and 1 as we do so henceforth.
Then a latticed representation of A on B is simply a mapping f € A—B. We
also call the triple (A, B, f) a latticed representation.

For the latticed representation (A, B, f), we define a relation ¢ on A* by

x <f B & inffa <supff (2.2.1)
for each (x, ) € A* x A*. Without the word convention, we may define it by
X1 Xm SFY1 o Yn = inf{fX1,...,me} < Sup{fyh'“»fyn}

for each (X1 Xm,Y1---Yn) € A* x A* and the right-hand side is equivalent
to fx; A+ Afxy < fy; V.-V fy,. We call 5 the f-validity relation.

Remark 2.2.1 Suppose f is a latticed representation of A on the binary lattice
T = {0,1}. Then we may think that A is a set of propositions, T is the set of
the truth values, and f is a truth function which assigns each x € A its truth
value fx, that is, the proposition x is true iff fx = 1. Under this interpretation,

X1 Xm <f Y1 - Yn means that if all of the propositions x1,...,x;,y are true
then so are some of the propositions yi,...,yn. In this sense, we may interpret
X1yeeeyXm and Y1,y...,Yn I X7+ X ¢ Y1 - Yn as assumptions and conse-

quences respectively. Therefore, the f-validity relation <y may also be called
the f-assumption-consequence relation.

Remark 2.2.2 If (A, B, f) is a latticed representation with B nontrivial, then
(A,{f}) is a B-valued functional logic space, and < is equal to the {f}-validity
relation <y for (A,{f}) defined by (2.6.6). Conversely, if (A,J) is a B-valued
functional logic space and nontrivial in the sense F # (), then it follows from
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Remark 2.1.3 that B = F—B is a nontrivial bounded lattice with respect to
the power order and that, for the latticed representation @ € A—B7 defined by

(ex)f =fx (x €A, fed),

the @-validity relation <, is equal to the JF-validity relation <4 for (A,J),
and so (A, J) is equivalent to the BY-valued functional logic space (A,{@}) (s.
Remarks 2.6.4-2.6.7). This is a reason why latticed representations are relevant
to the theory of logic spaces. Moreover, the extension of the concept of T-valued
functional logic spaces to that of lattice-valued functional logic spaces means not
only extending the truth values but also bundling the truth functions.

In this subsection, we will find out that the f-validity relation < satisfies var-
ious laws?12 according to various algebraic additional conditions on the latticed
representation (A, B, f). Because of Remark 2.2.2, it means that we study the
F-validity relation <4 for a functional logic space (A, F) under various algebraic
additional conditions on it.213 Therefore from now on, I assume you familiar
with the basic concepts on algebras to be given in Chapter 3 such as those of
subalgebras, subreducts, homomorphisms, bases, ranks, ramifications®!4, and
so on. However, all algebras and operations in this chapter are assumed to be
total in contrast to Chapter 3, and the knowledge of subreducts, bases, ranks
and ramifications are needed only in §2.10.

Remark 2.2.3 Let B* be the dual?!® of B. Then B* is a bounded lattice with
respect to the order >, meet V, join /\, minimum 1 and maximum 0. Therefore
(A,B*, f) is also a latticed representation and its validity relation is equal to the
dual =¢ of <¢. Thus 5= usually has the same properties as <¢. This fact will
be referred to as the duality between <¢ and ;.

Theorem 2.2.1 The f-validity relation < satisfies the following four laws?-16:
X St % (repetition)
zj: S : iz j: E’ } (weakening)
— 7 y
Xz j: E z; iz j: E) } (contraction)
(= — y
oyB <ry = oyxB <1,
CXXyB %f ’y :> (nyﬁ %f Y- (eXChange)

2:12The laws will usually be tagged and not numbered.

2.131t also implies that we study B itself because (B, B,idgy) is a latticed representation.
2.14The rank and ramification defined in Theorem 2.3.1 for trees are related concepts.
2.15Let A be a set and R be a relation on A. Then the dual R* of R is the relation on A
defined so that x R*y iff yRx. For example, if < is an order on A, then its dual is >, which
is also an order. If (A, <) is an ordered set, then its dual is the ordered set (A, >).

2.16The long right arrow = stands for the word imply or implies.
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Proof The repetition law holds because inf{fx} = fx = sup{fx}. The weakening
law holds because o« C {x} U . The contraction law holds because {x,x} U & =
{x} U at. The exchange law holds because o U {x,y}Up = a« U{y,x} U .

Remark 2.2.4 The repetition law is related to but different from the reflexion
law o ¢ o (8. Theorem 2.2.10). If o # ¢ then o <y « holds, because inf X <
supX for all X € B'B — {0} (s. the extension law in Remark 2.2.8). However,
since inf@ =1 >0 =sup®, ¢ <¢ € holds iff 1 =0, or iff B is trivial.

Theorem 2.2.2 The f-validity relation <¢ satisfies the following law:

x <t X, xp=rd = aff ¢ 6) } (Cut)

oEe Xy XP e d = aff = 0.

If fA is contained in a distributive®'” sublattice of B, then < satisfies the
following law:

o =<¢XY, Xp ¢ 0 = af < 6y. (strong cut)

Remark 2.2.5 The cut law is derived from the strong cut law by assuming
v =c¢or p =¢, and so the strong cut law implies the cut law.

Proof As for the strong cut law, let C be the distributive sublattice of B
containing fA, and define a = inf fa, b = inf f3, ¢ = supfy, d = sup fé and
e = fx. Then a,b,c,d, e are contained in C U {0, 1}, which is also a distributive
sublattice, and the premise of the law means a < eV c and e Ab < d. Therefore

inf f(xf) =aAb<(eVc)Ab< (eAb)Ve <dVce =supf(dy),

and thus afp ¢ 6y. If y=¢c¢or p =¢, then c =0 or b =1, and the above holds
without distributivity. Thus the cut law holds without additional conditions.

Definition 2.2.1 If a relation < on A* satisfies the five laws of repetition,
weakening, contraction, exchange and cut, we say that < is latticed. Likewise,
if a relation < on A* satisfies the five laws of repetition, weakening, contraction,
exchange and strong cut, we say that < is strongly latticed.

Remark 2.2.6 Theorems 2.2.1 and 2.2.2 show that <; is latticed and that if
fA is contained in a distributive sublattice of B then =<; is strongly latticed.
Moreover, strongly latticed relations are latticed by Remark 2.2.5.

Theorem 2.2.3 The image fA of f contains 0 and 1 iff < satisfies the following
end laws:

there exists an element x € A such that x < €, (lower end)

there exists an element x € A such that x =; €. (upper end)

2-17The distributivity law of lattices is equivalent to any of the following laws and their duals:
e (aVb)Ac=(aNc)V(bAc). ea<eVc eANb<d = aAb<dVe.
e (aVb)Ac< (aNc)Vb. eaNc<d bAc<d = (aVb)Ac<d.
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Proof This is because x <¢ ¢ iff fx =0, and x = ¢ iff fx = 1.

Theorem 2.2.4 Assume 0 = inf fA and 1 = supfA. Then < satisfies the
following quasi-end laws (s. Lemma 2.2.5):

a=xre & a=xsyforallyeA, (lower quasi-end)
x=re &< a=ryforallyeA. (upper quasi-end)

Proof This is because of the following and the duality between < and >=¢:

o <¢ ¢ & inffa <inffA
& inffa <fyforallyeA
— a=syforalyecA.

Theorem 2.2.5 The image fA of f is a sublattice of B, that is, it is closed by
A and V| iff ¥ satisfies the following quasi-junction laws:

for each (x,y) € A x A, there exists an element z € A such that
z <¢ X, 2 <%¢ Yy and xy s 2, (quasi-conjunction)
for each (x,y) € A x A, there exists an element z € A such that

Z>=¢ %X, z=¢y and xy = z. (quasi-disjunction)
Proof This is because of the following and the duality between < and >=¢:

fxN\fy =1z & fz < fx, fz <fy, fIxAfy < fz
— Z¢% Z2¢ Yy, XY < 2.

Theorem 2.2.6 Let x Ay and x\Vy be binary operations®!® on A. Then f is
a {/\, V}-homomorphism iff < satisfies the following junction laws (s. [1.96]):

xAY <t X, x Ay <t Y, Xy ¢ X/\Y, (conjunction)
xVY =¢ X, xVy =t vy, Xy =¢ x VY. (disjunction)
Proof This is because of the following and the duality between < and >=¢:

fixA\y) = fxN\fy & f(xAy) <fx, f(xAy) <fy, fxAfy < f(xAvy)
= xXAY=ex, XAY=ry, Xy e xAY.
Remark 2.2.7 A relation on A* satisfies the quasi-conjunction law iff it sat-

isfies the conjunction law for some binary operation on A, and likewise for the
relationship between the laws of quasi-disjunction and disjunction.

2-18The expressions x Ay and x\Vy are abbreviations of the expressions (x,y) — x /Ay and
(x,y) — x Vy respectively, and likewise for the expressions a®, x%, a="b and x =1 below.
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Theorem 2.2.7 Assume that B is a Boolean lattice and let a® be its com-
plement (s. [1.79][2.18]). Let x® be a unary operation on A. Then f is a
{0}-homomorphism iff <; satisfies the following negation laws (s. [1.96]):

xx® s €, (lower negation)

xx¥ =g €. (upper negation)

Proof This is because the following holds for all x € A by virtue of the unique-
ness of the complement a® of each element a € B:

fx0) = (P)0 s { PN =0, 0 < gy

- fxVF(x®) =1 xx? =5 €.

Theorem 2.2.8 Assume that B is a Boolean lattice and let a® and a=b be
its complement and cojoin (s. §1.5.2 and [2.18]). Let x® and x =y be unary
and binary operations on A and assume that f is a {¢}-homomorphism (s. The-
orem 2.2.7). Then f is a {=}-homomorphism iff x; satisfies the following three
implication laws?-19 (s. [1.96]):

X0 g x>y, (contradictory implication)
Yy ¢ x>y, (reflexive implication)
x=>y <¢ xy. (negative implication)

Proof This is because the following holds for all (x,y) € A x A by virtue of
the definition a=b = a® Vb of the cojoin = on B:

flx=>y) =fx=>fy

= f(x=>y) = (fx)°Vfy

= flx=>y) =f(x°)Viy

= f(x%) <flx=>y), fy<flx=>y), flx=y) <fx%)Viy
= O grx>y, ysex=>y, x>y < x0y.

Definition 2.2.2 Assume that B is a Boolean lattice, and let a® and a=b
be its complement and cojoin as above and as we do so henceforth. Moreover,
let x Ay, xVy, x® and x =1y be operations on A, and assume that f € A—=B
is a homomorphism with respect to the operations /\,V,{ and = on A and
the Boolean operations /\,V,{ and = on B. Then we say that f is a Boolean
representation of A into B with respect to the operations AV, and = on
Aj; in case B is the binary lattice T, we call it a binary representation.

Definition 2.2.3 Let x Ay, xVy, x® and x=1y be operations on A. Then a
relation < on A* is said to be Boolean with respect to the operations A\, V, {

2-19They were called the first, second and third implication laws in [1.5] and others (s. [2.1]).
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and =, if it satisfies the laws of repetition, weakening, contraction, exchange,
strong cut (that is, it is strongly latticed) and the laws of junction, negation
and implication with respect to /\,V,  and =. The union of these eight kinds
of laws will be called the Boolean law with respect to the operations.

Theorem 2.2.9 Assume that B is a Boolean lattice and f is a Boolean repre-
sentation with respect to operations x Ay, x\Vy, x® and x =1y on A. Then <
is Boolean with respect to the operations.

Proof This is a consequence of Theorems 2.2.1, 2.2.2, 2.2.6, 2.2.7 and 2.2.8.

2.2.2 Restrictions of and extensions to latticed relations

We considered relations on A* in §2.2.1, while we will treat associations on
A, i.e. relations between A* and A, in due course. Therefore, we consider
interrelations between the two kinds of relations here. First of all, the following
theorem obviously holds.

Theorem 2.2.10 Let < be a (strongly) latticed relation on A* and F be the
restriction of < to A* x A. Then F is a partially latticed association in the
sense that it satisfies the following five laws:

x F x, (repetition)
aFy = xakuy, (partial weakening)
xaeEFy = xaFvy, (partial contraction)
axyp Fz = ayxP F z, (partial exchange)
xEx, xpFy = af Fy. (partial cut)

If F is a partially latticed association on A, then its restriction C to A x A
is a preorder in the sense that it satisfies the following two laws:

x C x, (reflexion)

xCy,yCz = xLCz (transition)

In the remainder of this subsection, we conversely consider extensions of
preorders and partially latticed associations to (partially) latticed relations.

Theorem 2.2.11 Let C be a preorder on A, and define an association F on A
so that x1 ---xy Fy iff the following holds for all z € A:

zCx (i=1,...,m) = zLCuy.

In particular, ¢ £ y iff z C y for all z € A. Then F is the largest of the
partially latticed associations on A which extend C (and so we call F the largest
partially latticed extension of C), and F satisfies the upper quasi-end law
in the sense that e Fy iff zE y for all z € A (s. Theorem 2.2.4).
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Proof Assume x C y. Then if z C x, we have z C y by the transition law.
Therefore x Fy. Conversely if x F y, then since x T x by the reflexion law, we
have x C y. Thus F extends C, and so the definition of € F y and the reflexion
law for C imply the laws of upper quasi-end and repetition for F.

Ifx;---xm Eyand x € A, then since {x,X1,...,Xm} 2 {X1,...,Xm}, we have
XX1 -+ Xm F Y. Therefore the partial weakening law holds. If xxxq ---x;n F vy,
then since {x, X1, ..., Xm} = {X, X, X1, ..., Xm}, we have xx - - - x;n F y. Therefore
the partial contraction law holds. If x;---xm F y and p is a permutation on
{1,...,m}, then since {xp1,...,Xpm} = {X1,...,Xm}, we have xp1 - Xpm F Y.
Therefore the partial exchange law holds. In order to verify the partial cut law,
assume X1 ---Xm F x and xyy---yn Fy. Thenif zCE x; (i =1,...,m), we
have z C x, and so if furthermore z T y; (j = 1,...,m), then z T y. Therefore
X1 ---XmY1 - Yn F Y as desired. Thus F is partially latticed.

Let - be a partially latticed extension of C. In order to prove - C F,
first assume x7 %y By with m > 1. Then if z C x; (i = 1,...,m), then
zFxi (1 =1,...,m), and by repeated application of the laws of partial cut,
partial contraction and partial exchange to these and xj---xm F y, we have
z Fy, and so z C y. Therefore x; ---x, Fy. Next assume ¢ Fy. Then zF y
for all z € A by the partial weakening law, and so z C y for all z € A. Therefore
eFy. Thusk CFE.

Theorem 2.2.12 Let F be a partially latticed association on A, and define a
relation < on A* so that « < yj - - - yn iff the condition

yiFz(i=1...,n) = akFz

holds for all z € A. In particular, « < ¢ iff « F z for all z € A. Then < is
the largest of the latticed relations on A* which extend F (and so we call < the
largest latticed extension of F), and < satisfies the lower quasi-end law.

Proof Assume « Fy. Then if y F z, we have « F z by the partial cut law.
Therefore o < y. Conversely if @ <y, then since y F y by the repetition law,
we have o F y. Thus < extends F, and so the definition of & < ¢ and the
repetition law for E imply the laws of lower quasi-end and repetition for <.

In order to verify the weakening law, assume « < Y7 ---yn and let x € A.
Thenify; Fz (i1=1,...,n), then & F z, and so xx F z by the partial weakening
law. Therefore xx < yi -+ -yn. Moreover, since {X,Y1,...,Yn} 2 {Yy1,.--,Ynl,
we have o < Xy1 - Yn.

In order to verify the contraction law, first assume xx& < yj---yn. Then
ifyi Ez (i=1,...,n), then xxa F z, and so xx E z by the partial contraction
law. Therefore xa < Y7 ---yYn. Next assume & =< xxyj---Yn. Then since
Y1, ynt ={x,%,Y1,...,Yyn}, we have oc < xy1 - Yn.

In order to verify the exchange law, assume X1 - Xm < Y1 Yn, and let
p and ¢ be permutations on {1,...,m} and {1,...,n} respectively. Then if

yi Fz (i =1,...,n), then x;---xm F z, and so Xp1---Xpm F z by the
partial exchange law. Therefore Xp71---Xpm < Yi1---Yn. Moreover, since
Yq1y---»Ygnt ={Y1,...,Yn}, we have X1 -+ X < Yq1 - Ygn-
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In order to verify the cut law, first assume « < x and xp < y7---yn. Then
as < extends F, we have @« F x. Moreover, if y; F z (i = 1,...,n), then
xp FE z. Applying the partial cut law to « F x and x F z, we have «f3 F z.
Thus af3 < Y1 Yn. Next assume x < x1--Xm and 6 < xyj -+ -yn. Then if
xi Fz (i=1,...,m), we have x F z, and so if furthermore y; Fz (j =1,...,n),
then 0 Fz. Thus d < X1 XmY1 - Yn-

Let < be a latticed extension of E. In order to prove < C <, first assume o <
Yy Yn withn > 1. Thenifyi Fz (i=1,...,n), theny; <z (i=1,...,n),
and by repeated application of the laws of cut, exchange and contraction to
these and o« < yj -+ Yn, we have & < z, and so « F z. Therefore x < y7 - Yn.
Next assume o < €. Then « < z for all z € A by the weakening law, and so
o FE z for all z€ A. Therefore @ < €. Thus < C <.

Theorem 2.2.13 Let T be a preorder on A, and define a relation < on A* so
that x1 +--Xm < Y1 -+ - yYn iff the following holds for all (x,y) € A x A:

xCx (i=1,...,m),y;Ey(G=1,...,n) = xLCvy.

Then < is the largest of the latticed relations on A* which extend C (and so
we call 5 the largest latticed extension of C), and is the largest latticed
extension of the largest partially latticed extension of C, and satisfies the quasi-
end laws.

Proof The above condition is equivalent to the following:
YyCyG=1,...,m) = (xCx (i=1,...,m) = xLCy).
This means the following for the largest partially latticed extension F of C:
yiFyG=1...,n) = x1---xmFy.

Thus = is the largest latticed extension of F and therefore is a latticed extension
of C satisfying the lower quasi-end law. The dual = of < is derived from the
dual 3 of C in the same way that < is derived from C. Therefore, < also
satisfies the upper quasi-end law.

Let < be a latticed extension of C. In order to prove < C <, first assume
X1 Xm <Y1 Yyp withm>Tandn>1. Thenif x Cx; (i=1,...,m) and
yyCy(G=1,...,n),thenx <x; (i=1,...,mJand y; <y (j =1,...,n),
and by repeated application of the laws of cut, exchange and contraction to
these and X1---Xm < Y1---Yn, we have x < y, and so x C y. Therefore
X1 Xm < Y1 Yn. Next assume & < € with o # €. Then « <y forally € A
by the weakening law, and so & < y for all y € A as above. Therefore < € by
the lower quasi-end law. Lastly assume € < 3. Then x < {3 for all x € A by the
weakening law, and so x < f3 for all x € A as above. Therefore ¢ < 3 by the
upper quasi-end law. Thus < C <.

We have defined three kinds of the largest (partially) latticed extensions
in Theorems 2.2.11-2.2.13. We next consider the conditions under which a
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given (partially) latticed relation is the largest (partially) latticed extension. In
particular, if a relation < on A* is the largest latticed extension of a partially
latticed association on A, we say that < is extendedly latticed.

Lemma 2.2.1 Let < be a latticed relation on A*. Then the quasi-conjunction
law and the quasi-disjunction law for < imply the following n-tuple quasi-
conjunction law and the n-tuple quasi-disjunction law respectively for all n € N:

for each (x1,...,%n) € A™, there exists an element y € A such that
y<xx (i=1,...,n) and x; - <y, (n-tuple quasi-conjunction)
for each (x7,...,%x,) € A™, there exists an element y € A such that
y=xi (i=1,...,n)and x1 - -xn =Y. (n-tuple quasi-disjunction)

Proof In view of the duality between < and > to be noted in Remark 2.2.9,
we only consider the case that < satisfies the quasi-conjunction law, and prove
that < satisfies the n-tuple quasi-conjunction law for all n € N by induction.
The repetition law implies the 1-tuple quasi-conjunction law. Therefore assume
n > 2 and (xq,...,Xn) € A™. Then there exists an element z € A such that
zxxi i=1,...,n—1) and x1---xp_1 < z by the induction hypothesis.
Moreover, there exists an element y € A such that y <z, y < xn and zxn 'y
by the quasi-conjunction law. Applying the cut law toy < z and z < xi, we have
y=<<x (i=1,...,n—1). Furthermore, applying the cut law to x; ---xn_1 < 2z
and zx, <y, we have x7 ---x < y. This completes the proof by induction.

Lemma 2.2.2 Let < be a latticed relation on A* satisfying the laws of quasi-
disjunction and lower quasi-end. Then < is extendedly latticed.

Proof Let E be the restriction of < to A* x A. Then E is partially latticed
by Theorem 2.2.10. Let < be the largest latticed extension of F. Then as < is
also a latticed extension of F, we have < C <. In order to prove the converse,
first assume o < yi---yn with n > 1. Then, since < satisfies the quasi-
disjunction law, there exists an element z € A such that y; <z (1=1,...,n)
and z < Y7 ---Yyn by Lemma 2.2.1. Then y; F z (i = 1,...,n), and so the
definition of o < y7 - - -yn shows o« F z. Therefore o < z, and applying the cut
law to it and z < y7---Yn, we have & < Y71 ---Yn. Next assume « < €. Then
« < z for all z € A by the weakening law, and so « < z for all z € A as above.
Therefore « < ¢ by the lower quasi-end law. Thus < C <.

Lemma 2.2.3 Let F be a partially latticed association on A, and assume that
F satisfies the quasi-conjunction law in the same sense as in Theorem 2.2.5 and
also satisfies the upper quasi-end law as defined in Theorem 2.2.11. Then F is
the largest partially latticed extension of a preorder on A.

Proof Let C be the restriction of E to A x A. Then C is a preorder by
Theorem 2.2.10. Let - be the largest partially latticed extension of C. Then as
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E is also a partially latticed extension of C, we have £ C . In order to prove
the converse, first assume xj - - - Xy, Fy with m > 1. Then, since F satisfies the
quasi-conjunction law, so does its largest latticed extension, and therefore there
exists an element z € A such that zF x; (i =1,...,m) and Xy ---xn F z by
Lemma 2.2.1. Then zC x; (i =1,...,m), and so the definition of x1 - - - xmm F Yy
shows z C y. Therefore z F y, and applying the partial cut law to it and
X1 -Xm F z, we have x7---x, Fy. Next assume € - y. Then z F y for
all z € A by the partial weakening law, and so z F y for all z € A as above.
Therefore ¢ Fy by the upper quasi-end law. Thus - C F.

Theorem 2.2.14 Let < be a latticed relation on A* satisfying the laws of
quasi-junction and quasi-end. Then < is the largest latticed extension both of
a partially latticed association on A and of a preorder on A.

Proof Lemma 2.2.2 shows that < is the largest latticed extension of a partially
latticed association F on A, and then Lemma 2.2.3 shows that F is the largest
partially latticed extension of a preorder C on A. Thus < is the largest latticed
extension of C by Theorem 2.2.13.

2.2.3 Boolean and weakly Boolean relations

The purpose of this subsection is to show that the laws obtained in §2.2.1 are
equivalent or related to certain laws such as those in the following definition and
that Boolean relations satisfy all the tagged or bold-faced laws in §2.2.1-2.2.3.

Definition 2.2.4 Let x Ay, xVy, x® and x=1y be operations on A. Then a
relation < on A* is said to be weakly Boolean with respect to the operations
AV, O and =, if it satisfies the laws of repetition, weakening, contraction,
exchange and the following four laws (notice that the dot convention is used in
the strong conjunction law, strong disjunction law and strong implication law,
and distinguish between the operation symbol = and the long right arrow —
(s. [2.16]) in the strong implication law):

xyaxp = xAy-a=xp, . .
X< xB, X< UB — a<xAy- B (strong conjunction)
xxxyp = axxVy-p, . .
Xt < By YX < B = xVy - o< B, (strong disjunction)

= O < .
xxp = xVo < B, } (strong negation)

xax B = a<xB,

xaxyp = a<x=>y-B, }

X< xB, Y < B —> x>y o< B. (strong implication)

The union of these eight kinds of laws will be called the weakly Boolean
law with respect to /\,V,{ and =. Moreover, the union of the laws of strong
conjunction and strong disjunction will be called the strong junction laws
with respect to the operations /\ and V.
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Remark 2.2.8 Under the laws of weakening and exchange, the repetition law
is equivalent to the following law written by the word convention:

anNpB#0 = a<p. (intersection)

Moreover, the union of the laws of weakening, contraction and exchange is
equivalent to the following law written by the word convention:

a<xB, aCa,pCp = &« <xp. (extension)

Furthermore, under the exchange law, the laws of cut and strong cut are
equivalent to the following laws of substitution and strong substitution respec-
tively, where (x/a) is the element of A* obtained by substituting o« for the
occurrences?20 of x in B and likewise for y(x/8):

axxx, B8 xoccursin f = B(x/x)
ax=x, =08, xoccursin f = B(x/x)

x<v, B<D,
X occurs in y and f3

<8, -
o5, } (substitution)

} = B(x/a) < v(x/6). (strong substitution)

Similar remarks apply to the laws of partial weakening, partial contraction,
partial exchange and partial cut on the associations on A provided that we
introduce the laws of partial extension and partial substitution.

Remark 2.2.9 The conjunction law for (/\, <) and the disjunction law for
(V, <) are the disjunction law for (/\,*) and the conjunction law for (V, =)
respectively, and so the junction laws for (/\,V, <) are those for (V,/\, =), and
likewise for the strong junction laws. The laws of lower and upper negation for
< are those of upper and lower negation for = respectively, and so the negation
laws for < are those for 3=, and likewise for the strong negation law. The laws
of (strong) junction and (strong) negation are self-dual in this sense, and like-
wise for the laws of repetition, weakening, contraction, exchange, (strong) cut,
(quasi-)end, quasi-junction, intersection, extension and (strong) substitution.
Consequently, if < is a (strongly) latticed relation on A*, then so is =. These
facts will be referred to as the duality between < and = (s. [2.15]).

Theorem 2.2.15 Let < be a latticed relation on A*. Furthermore let x Ay be
a binary operation on A. Then the following three laws are equivalent.

(A1) x Ay <%, x/A\y <y (first two parts of conjunction).
(A2) xya < p = xAy-a= B (first half of strong conjunction).
(AN3) axxA\y-p = a=xxB, o« yp (converse of (\6) below).

Moreover, the following laws (A4) and (/\5) are equivalent and (/\6) implies
them. If < satisfies the strong cut law, (/\6) is equivalent to (/\4) and to (/\5).

2-208ee Example 3.1.8 and Remark 3.1.21 for the concepts of occurrences and substitutions.
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(M) xy < x/Ay (third part of conjunction).
(AB) x A\y-a=<xp = xyx < B (converse of (A2)).
(N6) x=xxp, axyp = a=<xxAy-p (second half of strong conjunction).

Consequently, the strong conjunction law implies the conjunction law, and they
are equivalent under the strong cut law.

Furthermore let xVVy be a binary operation on A. Then the following three
laws are equivalent.

(V1) x xxVy, y=<xVy (first two parts of disjunction).
(V2) axxyp = a<xxVy-p (first half of strong disjunction).
(V3) xVy-axp = xax=< B, yu <P (converse of (V6) below).

Moreover, the following laws (V4) and (V5) are equivalent and (V6) implies
them. If < satisfies the strong cut law, (V6) is equivalent to (V4) and to (V5).

(V4) xV'y < xy (third part of disjunction).
(VB) axxVy-p = o =< xyp (converse of (V2)).
(V6) xa < B, ya < p = xVy-a=< P (second half of strong disjunction).

Consequently, the strong disjunction law implies the disjunction law, and they
are equivalent under the strong cut law.

Proof (A2) is derived from (/A1) by the laws of substitution and contraction.
We have xy < x and xy < y by the intersection law, and so (A2) with o = ¢
and = x or y implies (A1). (A3) is derived from (A1) by the cut law. We
have x Ay < x /Ay by the repetition law, and so (/A3) with x =x Ay and =€
implies (A1). (Ab) is derived from (A4) by the cut law. (/A5) with o« = ¢
and = x/Ay implies (A\4). (/\6) is derived from (/A\4) by the laws of strong
substitution and extension. (/\6) with o« = xy and B = ¢ implies (/A\4). Thus
the former half holds. The latter may be derived from the former by the duality
between < and > noted in Remark 2.2.9.

Remark 2.2.10 Let C be a relation on a set S and = be the intersection of T
and its dual 3, that is, x =y iff x Ty and x Jy. Then = is the largest of the
symmetric relations on S which are contained in C, and therefore we call = the
symmetric core of C (and of J). If C is a preorder, then = is an equivalence
relation. Therefore, if < is a latticed relation on A* and < is its symmetric core
as in Corollary 2.2.15.1, then since the restriction of < to A x A is a preorder
by Theorem 2.2.10, that of =< is an equivalence relation.

Corollary 2.2.15.1 Let < be a latticed relation on A* satisfying the strong

junction laws with respect to binary operations x /Ay and xVy on A. Then =<
and its symmetric core =< satisfy the following laws.
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(1) axyfp sy &= x-xN\y-f=xv,
Y oxp, y<ayp = vy<ax-xAy-p.
(2> O(Xyﬁ — Y= (X'X\/U'B»
oocB Y, oy Yy = o-xVy-p =

3) X1 /A Axn X (e (1 AX2) A ) A X,
X1V Vxn < (- (x1Vx2) V- ) Vxn
applying the operations /\ and V on the left-hand side of =.

Axa < A
4y M1 Sy } _, a2 sy Ay,
X2 < Y2 x1 Vx2 Xy1 Vya.

irrespective of the order of

Proof In view of the duality between < and =, we only consider the laws for
/. All the laws in Theorem 2.2.15 hold, and (1) is a consequence of (/A\2), (A3),
(A5) and (/A6). As for (3), since x1 -+ xn < x4 (i=1,...,n) by the intersection
law, we have x7---xn < x1/\---Axn and hence (- (x1 Ax2) A+ ) Axn <
x1 A\ Axqn both by (1). Similarly x; A---Axpy < (o0 (x1 Ax2) A+ ) Axq.
Thus x1 A+ Axp < (- (x1 Ax2) A+ ) Axn. As for (4), since x1 < y7 and

X2 < Yz, we have x1x2 < y1 and x1x2 < yz by the extension law, hence
x1X2 < Y1 /A\y2 and hence x1 Ax2 < y1/\yz both by ( )

Theorem 2.2.16 Let < be a latticed relation on A* and x° be a unary opera-
tion on A. Then any of the following laws (02), (¢3) and ({4) implies the law
(01). If X satisfies the strong cut law, then (¢1) implies (02), (¢3) and (04).

(01
(02
(03
(04

Consequently, the first half of the strong negation law implies the lower negation
law, and they are equivalent under the strong cut law.

Moreover, any of the following laws (06), (07) and (08) implies the law
05). If < satisfies the strong cut law, then (05) implies (06), (O7) and (08).

) xx ¢ (lower negation).

) a=<xB, xxxB = a<pP.

) a xxp = x%o < B (first half of strong negation).
)

<x%B = xu =< B (converse of (¢7) below).

R

(
(05) & < xx® (upper negation).
(06) xa < B, x°a <P = ax=<pB.
(07
(08

Consequently, the second half of the strong negation law implies the upper
negation law, and they are equivalent under the strong cut law.

xx < B = o< x°B (second half of strong negation).

)
)
)
)

xPa 5 B = a=xP (converse of ((3)).
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Proof All of (02), (03) and (Q4) are derived from ({1) by the laws of strong
substitution and extension. We have xx¢ < x and xx® < x© by the intersection
law, and so (02) with o« = xx® and B = ¢ implies (¢1). Similarly, (¢3) with
o =x and B = ¢ together with the exchange law implies (¢1), and (04) with

=x% and B = ¢ implies (¢1). Thus the former half holds. The latter may be
derlved from the former by the duality between < and =

Theorem 2.2.17 Let < be a latticed relation on A* satisfying the laws of
strong cut and negation Wlth respect to a unary operation x® on A. Let x =1y
be a binary operation on A. Then the following three laws are equivalent.

(=1) x¥ xx=vy, y < x=1Yy (contradictory and reflexive implication).
(=>2) xa xyp = a=xx=y- P (first half of strong implication).
(=3) x>y - axp = axxP, yx =< P (converse of (=6) below).

Moreover, the following four laws are equivalent.

(=4) x =y < x%y (negative implication).

(=5) axx=>y-fp = xa=<yp (converse of (=2)).

(=6) axxB, yaxp = x=y- =< P (second half of strong implication).
(=7)

=7) x-x=y <y (cut implication).

Consequently, a latticed relation satisfying the laws of strong cut and negation
satisfies the strong implication law iff it satisfies the three laws in Theorem 2.2.8.

Proof As was noted in Remark 2.2.5, < satisfies the cut law. Moreover, <
satisfies the laws (01)—(08) in Theorem 2.2.16.

Assume (=1) and xa < ypB. Then applying the cut law to xx < yp and
Yy < x=yY, we have xx < x=y - . Moreover, applying the extension law
to x¢ < x=vy, we have x°a < x=>y - B. Therefore a < x=Yy- B by (06).
Thus (=1) implies (=2). We have xx® < y by the laws of lower negation and
weakening, and so (=2) with o = x° and B = ¢ implies x < x=1y. Moreover,
we have xy < y by the intersection law, and so (=2) with « =y and = ¢
implies y < x=y. Thus (=2) implies (31)

Assume (=1) and x=y- o« < 3. Then applying the cut law tox=>y-ax < 3
and x¥ < x=1, we have x°a < B, and so o« < xf by (08). Moreover, applying
the cut law to x=y - a < B and y < x=y, we have ya < . Thus (=1)
implies (=>3). We have x =y < x =y by the repetition law, and so (=>3) with
a=c¢and B =x=y implies ¢ < x-x=>y and y < x=y. Applying (03) to
e < x-x=1Y, we have x° < x=1y. Thus (=3) implies (=1).

(04) and (O7) show that (=4) and (=7) are equivalent.

Assume (=7) and « < x=y- . Then applying the strong substitution law,
we have xa < yf. Thus (=7) implies (=5). We have x=y < x=y by the
repetition law, and so (=5) with o« = x =y and B = ¢ implies (=7).
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Assume (=7), « < xf and yx < . Then applying the laws of strong
substitution and extension, we have x =y - « < . Thus (=7) implies (=6).
We have x < xy and yx < y by the intersection law, and so (=6) with o = x
and 3 =y implies x =1y -x <y, hence x-x =1y < y by the exchange law. Thus
(=6) implies (=7).

Theorem 2.2.18 Let < be a latticed relation on A* satisfying the strong
implication law with respect to a binary operation x =1y on A. Then < satisfies
the strong cut law.

Proof Assume o < xy and xf3 < 0. Then aff < xéy and xxf3 < &y by the
extension law, and so x =x - «f3 < 0y by the strong implication law. Moreover,
€ < x=x by the laws of repetition and strong implication. Therefore xf3 < oy
by the cut law. Thus < satisfies the strong cut law.

Lemma 2.2.4 Let < be a latticed relation on A* and x° be a unary operation
on A. Then the following hold on the negation laws on < with respect to ¢.

e Assume that < satisfies the conjunction law with respect to a binary
operation x Ay on A. Then the lower negation law is equivalent to both
of the laws x Ax? < ¢ and x® Ax < ¢, and implies the lower end law.

e Assume that < satisfies the disjunction law with respect to a binary op-
eration xVy on A. Then the upper negation law is equivalent to both of
the laws x Vx© = € and x® V x 3= ¢, and implies the upper end law.

Proof This follows from the laws (A2), (A5), (V2), (V5) in Theorem 2.2.15
and the exchange law, and the assumption A # () throughout this section.

Theorem 2.2.19 Let < be a latticed relation on A* satisfying the strong
negation law with respect to a unary operation x° on A and either of the strong
junction laws with respect to binary operations x /Ay and xVy on A. Then =<
satisfies the strong cut law.

Proof In view of the duality between < and =, we only consider the case
that < satisfies the strong conjunction law. Assume a < xy and xf3 < d.
Then af < x0y and xxf3 < &y by the extension law, and applying the strong
negation law to xap < &y, we have af3 < x°8y, and so af < xAx? - &y by
the strong conjunction law. Moreover, x Ax® < & by Theorems 2.2.15, 2.2.16
and Lemma 2.2.4 (or by the laws of repetition, strong negation, exchange and
strong conjunction). Therefore a3 < &y by the cut law. Thus < satisfies the
strong cut law.

Lemma 2.2.5 Let < be a latticed relation on A*. Then the following hold on
the relationship between the end laws and the quasi-end laws.
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e Assume that an element x € A satisfies x < €. Then an element (&, ) €
A* x A* satisfies ¢ < B iff o« < xP and iff « g yPB forally € A. In
particular, < satisfies the lower quasi-end law.

e Assume that an element x € A satisfies x 3= €. Then an element (&, ) €
A* x A* satisfies o = B iff « = x and iff &« = yP for ally € A. In
particular, < satisfies the upper quasi-end law.

Proof In view of the duality between < and =, we only consider the former
statement. If o < 3, then & < yp for all y € A by the weakening law. If in
particular & < xf3, then o < 3 by the cut law applied to & < xfp and x < ¢.

Lemma 2.2.6 Let (A, B, f) be a latticed representation satisfying
inf foo = sup(fA N («inf fal), sup foo = inf(fA N [sup fax —)) (2.2.2)
for all « € A*. Then < is the largest latticed extension of a preorder on A.

Remark 2.2.11 (2.2.2) for &« = ¢ means 1 = sup fA and 0 = inf fA (s. Theorem
2.2.4). (2.2.2) for & # € holds if fA is a sublattice of B (s. Theorem 2.2.5). (2.2.2)
is also related to the completion of ordered sets (s. Remark 2.2.12).

Proof Let (X1 Xm,Y1- - -Yn) € A* x A* and define a = inf{fx,..., fxm}
and b = sup{fys,...,fyn}. Then a = sup(fA N («+a]) and b = inf(fA N [b—))
by (2.2.2). Therefore

X1 Xm <SF Y1 Yn
< sup(fA N («a]) <inf(fAN[b—))
< if elements c¢,d € fA satisfy c < aand b <d, thenc <d
&= if elements x,y € A satisfy fx < a and b < fy, then fx < fy.

This completes the proof because the following hold:

fx<a & x<fxg (i=1,....m) & x<¢x; (i=1,...,m),
bgfy — fy)gfy (j:])”-)n) — Y <ty (j:1a-'-)n))
fx <fy = x=<ry.

Remark 2.2.12 Let A be an ordered set. Then A can be extended to a com-
plete lattice B such that x = supg(A N («x]) = infg (A N [x—)) for all x € B.
Such a complete lattice is unique up to order isomorphism extending ida and
is called the completion of A. If A is a lattice, then it is a sublattice of B.

Lemma 2.2.7 Let < be a latticed relation on A* satisfying the laws of quasi-

junction and quasi-end. Then there exists a latticed representation (A,B,f)
such that <y is equal to <.
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Proof Let C be the restriction of < to AxA. Then C is a preorder by Theorem
2.2.10, and its symmetric core = is an equivalence relation by Remark 2.2.10.
Let A be the quotient set A/= and f € A—A be the canonical mapping. Then
fA = A, and we can define an order < on A so that the elements (x,y) € A X A
satisfy fx < fy iff x C y, that is, iff x 5 y.

Let (x,y) € A x A. Then by the quasi-conjunction law, there exists an
element z € A such that z < x, z <y and xy < z, hence fz < fx and fz < fy.
Conversely, if an element z’ € A satisfies fz’ < fx and fz’ < fy, then 2z’ < x
and 2z’ <y, and applying the laws of substitution and extension to these and
Xy =< z, we have z’ % z, hence fz’ < fz. Therefore fz = inf{fx, fy}. Similarly,
there exists an element z € A such that z = x, Z = y and xy > z by the
quasi-disjunction law, and it satisfies fz = sup{fx, fy}. Thus A is a lattice.

Let C be the completion of A and define B = A U {min C, maxC}. Then
minC = minB and maxC = maxB. Moreover, since A is a sublattice of C
by Remark 2.2.12, so also is B. Therefore (A,B,f) is a latticed representation.
Remark 2.2.12 also shows that if b € B then b = supg(A N («+b]) = supy(A N
(«b]) and likewise b = infg(A N [b—)). Therefore (A,B, f) satisfies (2.2.2) for
all &« € A*, and so Lemma 2.2.6 shows that <; is equal to the largest latticed
extension of the preorder <; obtained by restricting <¢ to A x A. Furthermore,
Theorem 2.2.14 shows that < is the largest latticed extension of C. Since <y is
equal to C by the definition of <, we conclude that < is equal to <y.

Lemma 2.2.8 Let (A,B,f) be a latticed representation and assume that <
either satisfies the strong conjunction law with respect to a binary operation
x/\y on A and the quasi-disjunction law or satisfies the strong disjunction law
with respect to a binary operation xVy on A and the quasi-conjunction law.
Then (fA is a distributive sublattice of B and) <t satisfies the strong cut law.

Proof In view of the duality between <; and = noted in Remark 2.2.3, we
only consider the case that <; satisfies the strong conjunction law and the
quasi-disjunction law. Then, since <y is latticed by Theorems 2.2.1 and 2.2.2,
Theorem 2.2.15 shows that <; satisfies the conjunction law. Therefore the proof
of Theorem 2.2.6 shows that f(x Ay) = fx A fy for all (x,y) € A x A. Moreover,
Theorem 2.2.5 and Remark 2.2.7 show that fA is a sublattice of B.

Let a,b,c,d € fA, and assume d < aVc and d < bV c. Then there exist
elements x,y,z,w € A such that a = fx, b = fy, ¢ = fz and d = fw, and they
satisfy w <y xz and w <y yz. Therefore w < x Ay-z by the strong conjunction
law, and so fw < f(x Ay)Vfz = (fx Afy)V fz. Therefore d < (a/Ab)Ve.
Thus fA is a distributive sublattice by [2.17], and so < satisfies the strong cut
law by Theorem 2.2.2.

Theorem 2.2.20 Let < be a latticed relation on A*. Assume that < satisfies
the quasi-end laws and that < either satisfies the strong conjunction law with
respect to a binary operation x Ay on A and the quasi-disjunction law or satisfies
the strong disjunction law with respect to a binary operation xVy on A and
the quasi-conjunction law. Then < satisfies the strong cut law.
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Proof Theorem 2.2.15 and Remark 2.2.7 show that < satisfies the quasi-
junction laws. Therefore Lemma 2.2.7 shows that there exists a latticed repre-
sentation (A,B, f) such that <; is equal to <. Thus < satisfies the strong cut
law by Lemma 2.2.8.

Theorem 2.2.21 Let < be a relation on A* and x Ay, xVy, x° and x =y
be operations on A. Then =< is Boolean with respect to the operations iff it is
weakly Boolean with respect to the operations and satisfies the cut law.

Remark 2.2.13 It follows from Remark 2.7.7 that, with respect to any oper-
ations x Ay, xVy, x® and x =1y on A, there exists a weakly Boolean relation
on A* which does not satisfy the cut law.

Proof If X is Boolean, then it is (strongly) latticed and particularly satisfies
the (strong) cut law by Remark 2.2.6, and therefore is weakly Boolean by The-
orems 2.2.15-2.2.17. If < is weakly Boolean and satisfies the cut law, then it is
latticed, and therefore is Boolean by the three theorems and any of Theorems
2.2.18-2.2.20%-21,

Theorem 2.2.22 Let < be a Boolean relation on A* with respect to operations
x Ay, xVy, x? and x=1y on A. Then < is the largest latticed extension both
of a partially latticed association on A and of a preorder on A.

Proof As we have seen in the proof of Theorem 2.2.21, < is latticed, and
satisfies the laws of junction and negation, hence the laws of quasi-junction and
end by Remark 2.2.7 and Lemma 2.2.4, and hence the quasi-end laws by Lemma
2.2.5. Thus the statement holds by Theorem 2.2.14.

2.2.4 Hidden latticed representations

The purpose of this subsection is to show that certain associations on A are the
restrictions of the validity relations of latticed representations of A and therefore
partially latticed. Theorem 2.2.24 has a more elementary proof than is given,
but it is irrelevant to latticed representations and not interesting.

Theorem 2.2.23 Let X be a subset of A, and define a relation <x on A* by
a=xxPp &= afXorBLA-X

for each (o, B) € A* x A* by the word convention. Then <y is strongly latticed.
Moreover, if we define an association Fx on A by

aFExy &= af XoryeX

for each (o, y) € A* x A, then Ex is partially latticed.

2-21Theorem 2.2.20 is not recommendable here, though, because before using it, you need to
derive the laws of quasi-end and quasi-junction as in the proof of Theorem 2.2.22.
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Proof Let 1x € A—T be the characteristic function??? of X. Then <y is equal
to the 1x-validity relation <7, , and therefore is strongly latticed by Theorems
2.2.1 and 2.2.2 because T is distributive. Being the restriction of <x, Fx is
partially latticed by Theorem 2.2.10.

Remark 2.2.14 The relation <x is equal to the relation <x a_x in Remark
2.7.7. Moreover, if X # A, <x and Fx are equal to <, and F, in Theorem
2.2.24 for the closure operator ¢ on PA with the fixture domain {X, A}.

Theorem 2.2.24 Let @ be a closure operator on BA, and define a relation <,
on A* by

X< B &= @a2ycp oy}
for each (&, ) € A* x A* by the word convention. Then <, is latticed. More-
over, if we define an association F, on A by

aFey & @ax3dy

for each (a,y) € A* x A (s. (2.11.2)), then F, is partially latticed and <, is
its largest latticed extension.

Proof Let B be the fixture domain of ¢@. Then Theorem 2.1.10 and Remark
2.2.3 show that the dual ordered set (28,2) is a lattice with min®8 = A and
max ‘B = @f. Define the latticed representation f € A—9B by fx = @{x} for
each x € A. Then < is latticed by Theorems 2.2.1 and 2.2.2.

Let (o, ) € A* x A* and define X = {p{x}:x € o}, Y = {{x}: x € a} and
3={o{y}:y € B} Then X C B, 3 CB, Y C PA and the following hold:

fa={fx:x € o} ={p{x}:x € a} =X ={pn:n € P} = 0,
B ={fy:yepl={elyl:yep}=3.
Therefore Theorem 2.1.10 shows that the following hold:

infs fx = infes X = @ (supypa X) = @ (suppa ©9) = ¢ (suppa V) = g,
Supg B = supgs 3 = infypa 3 = e p @Y
Thus <, is equal to ¢ and therefore is latticed.
Since @ is a closure operator, an element (o, y) € A* x A satisfies pax O @{y}
iff @ > y. Therefore Fy, is the restriction of <, and therefore is partially

latticed by Theorem 2.2.10. By definition, an element (&, yj---yn) € A* x A*
satisfies @ O @{y1} NN @{yn} iff the following holds for all z € A:

ofyi}az(i=1,...,n) = pa>z

Thus <, is the largest latticed extension of F,.

Remark 2.2.15 The lattice (2B, 2D) in the above proof is not necessarily a sub-
lattice of (BA,2), and so not necessarily distributive. Therefore <, is not
necessarily strongly latticed.

2-22The characteristic function 1x € A—T of X is defined so that 1xy =1 iff y € X.
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2.3 Trees as elements of a free monoid

Here we define the concept of trees. It is indispensable to the definitions of
R-deductions in §2.4 and algebraic deductions in §3.1.3 and to the proof of the
existence of USAs in Theorem 3.1.5.

Let G and N be sets and M = (G II N II{[,]})* be the free monoid over the
direct union G II N IT{[,]} of G, N and the set {[,]} of the left bracket [ and
the right bracket ] (s. Remark 3.1.14). Then we inductively define subsets T,
(n=0,1,...) of M by Tp = G and the following for each n > 1:

tj €Tw, (j =1,...,k) for some nonnegative
Th = < [vty -+ -t integers Ny, ... ny such that n—1 = Z}<:1 ny, o . (2.3.1)
and ve N
Here the italicized condition on (t1,...,tx) is called the ramification condi-
tion and denoted R(Tp,...,Ty_1). It makes sense because of the induction,

that is, when we define T, by (2.3.1), we have already defined To,..., Th_1.
We refer to the elements of G, N, [J,,s>o Tn and [J,,>; Tn as germs, nodes,
trees and ramified trees respectively. We furthermore define the germ G(t)
of each tree t as the set of the germs which occur in t (s. Example 3.1.8). Then
G(t) = {t}if t € To, while G(t) = U, G(t;) if t = [vty -+~ ti] € Upsq Tn as in
(2.3.1). It will play a role in §2.4 and §3.1.3 by the name of premise of t.

Remark 2.3.1 If k = 0 in the definition of T,, (n > 1), then [vt; ---tx] = [V]
and Z;<:1 nj = 0. The definition also implies that if v € N and t; € Ty
G=1,...,k) then [vt; -t ] € T, forn =1 +Z}<:1 nj.

There are variations in the definition of trees. You may delete either or

both of the brackets from the above definition. If you delete the right bracket,
however, the latter half of Theorem 2.3.1 below does not hold.

t1,...,t
Possibly you wish to define ramified trees as diagrams Dok oo that they

by
look like actual trees. The definition, however, is mathematically inadequate
unless you define the set to which the diagrams belong and afterward define the

t,..0, 0 ¢ 2.23

operations (ty,...,tx) — in the se

The purpose of this section is to prove and illustrate the following.

Theorem 2.3.1 Each tree t has a unique nonnegative integer n such that t €
Tn and if n > 1, that is, if t is ramified, it has a unique expression t = [vty - - - ty]
by a node v and trees ty,...,tx (we refer to n and the expression as the rank
and the ramification of t respectively).

Example 2.3.1 Let f,g € G and A, i, v € N. Define the element 1 € M by
1 = [vgflufg[AfglglflulvlvgflufgfvIAfflfgluf(AgflffIAff]]][AgfIflff[Agflflgffl].

2-23 As was noted in §1.1, mathematics in the modern sense is the totality of the study by
deductive thinking based on the concept of sets and starting with definitions (s. §1.4).
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The following proof of Theorem 2.3.1 also shows how to judge whether 1 is a
tree or not and, in case it is a tree, find its rank and ramification.
If you delete the brackets from the definition of trees, then | becomes

m = vgfufgAfggfuvvgfufgfvafffgufAgfffAffagffffagffgff.
Obviously, m is a tree, but its ramification is not unique.

As Remark 2.3.1 and Example 2.3.1 suggest, the brackets play important
roles below in the proofs of Lemma 2.3.1 and Theorem 2.3.1. A tree t is ramified
iff the brackets occur in t. Every ramified tree [vt; - - - tx] has the leftmost left
bracket and the rightmost right bracket. Other occurrences of the brackets in
[vt; ---tx] will be referred to as inner ones, which are therefore inner ones
in t; or the leftmost left bracket or the rightmost right bracket of t; for some
j e{1,...,k}. Occurrences of germs in a tree t is inner iff t ¢ To.

Lemma 2.3.1 (i) Ift € T,, (n > 0), then nodes occur in t exactly n times, and
likewise for each of the brackets.

(ii) If trees t, t1,..., tx and a node v satisfy t = [vty - - - ti], then the follow-
ing hold for j = 1,...,k as to the occurrences of the brackets in t.

(1) The left bracket occurs on the left-hand side of t; exactly one more times
than the right bracket.

(2) The left bracket occurs on the left-hand side of any inner occurrence of the
left bracket or germs in t; at least two more times than the right bracket.

The words left and right interchanged, the above remains true.

Proof (i) We argue by induction on n. If n = 0, then t € G and so no nodes
occur in t. Therefore assume n > 1. Then t = [vty --- ty] with v € N, t; € Ty,
G=1,...,klandn—1= Z;1 n;, and nodes occur in tj exactly ny times by
the induction hypothesis (j = 1,...,k). Exactly one node v in addition occurs
int. Sincen—1= Z?:] n;j, nodes occur in t exactly n times. It similarly
follows that each of the brackets occur in t exactly n times.

(ii) (i) implies that the left bracket occurs in t; ---tj—; as many times as
the right bracket. Therefore, the left bracket occurs in [vty ---tj_1 exactly one
more times than the right bracket. Thus (1) holds.

Suppose t € T,,. Then (i) implies that n > 1 and t; € Ty, for some n; <mn,
and therefore we argue for (2) by induction on n. If n =1, then t; € Ty, and so
(2) obviously holds because there are no inner occurrences of the left bracket or
germs in t;. Therefore assume that n > 2 and that there is an inner occurrence
of the left bracket or a germ in t;. Then the induction hypothesis and (1) applied
to tj imply that, in t;, the left bracket occurs on the left-hand side of the inner
occurrence in question at least one more times than the right bracket. The left
bracket occurs in t; - --tj_1 as many times as the right bracket, and in addition
t has the leftmost left bracket. Thus (2) holds.

The same proof works with the words left and right interchanged, t7 - --tj_1
replaced by tji1---ti, and [vty ---tj_1 replaced by tjq1---ti].
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Proof of Theorem 2.3.1 The former half (i) of Lemma 2.3.1 implies that
of Theorem 2.3.1. Moreover, the rank of a tree t is equal to the number of the
occurrences of nodes and of each of the brackets in t.

Let t be a ramified tree. Then t has an expression t = [vty---t] by a
node v and trees ti,...,tx. Suppose t; € Ty, (j = 1,...,k). Then (ii) of
Lemma 2.3.1 implies that the leftmost left bracket of any tree t; with nj > 1
is characterized as an occurrence of the left bracket in t on the left-hand side
of which the left bracket occurs exactly one more times than the right bracket
(we call it a ramifying occurrence). This also holds with the words left and
right interchanged. Any pair of successive ramifying occurrences of the left
bracket and the right bracket in t is the pair of the leftmost left bracket and
the rightmost right bracket of a tree t; with n; > 1. Cut all those trees out of
t. Then the occurrences of germs in the remainder are the trees t; with n; = 0.
Alternatively, the trees t; with n; = 0 are characterized as the occurrences of
germs on the left-hand side of which the left bracket occurs exactly one more
times than the right bracket and also as the occurrences of germs on the right-
hand side of which the right bracket occurs exactly one more times than the left
bracket. Cutting them all out, we are left with [v]. Thus v and tq,...,tx are
uniquely determined by t.

Example 2.3.2 Let | be the element of M given in Example 2.3.1. Then the
proof of Theorem 2.3.1 shows that the following depth map of | enables us to
judge whether 1 is a tree and, in case it is so, find its ramification and rank:

0 3 4 3

1= [vgf[pfg ?\fg u[v vgf pfgf[ [Aff}fg[uf[Agf]ff] [Aff]]][Agf]ﬂff[hgf]ﬂgff] 1

7 6 654 43 32 10
Here the number placed over each left bracket is its depth which is defined
as the number of the occurrences of the left bracket minus that of the right
bracket on the left-hand side of the left bracket in question, and likewise for
the number placed under each right bracket. The ramifying occurrences are
nothing but the occurrences of depth 1. We find there two pairs of successive
ramifying occurrences of the left bracket and the right bracket. They show that

0o 1
the possible ramification of 1 is [vgfl;fl;] with 1 = [ufg[Afglg] and
10
012 3 4 5 5 6 5 3 2
1, = [ulv[vgflufgf[v[Aff]fg[uf [AgfIff] [AfF]]] [Agf]f]ff[Agf]f]gff].
5 6 5 543 32 21 0

The depth map of 1; shows that it is a tree of ramification [ufgrg], where v is
a tree of ramification [Afg]. Therefore 1 is a tree iff 1, is so. The depth map of
1, shows that its possible ramification is [ul3gff] with

01 2 34 4 5 4 2 1
13 = [v[vgflufgf[v[AffIfg[uf[AgFIFf] [AFf]]] [AgF]f]ff[AGf]f],
4 5 4 432 21 10
and so 1, is a tree iff 13 is so. The possible ramification of 13 is [vl4ffsf],
o 1 23 3 4 3 1
where 14 = [vgf[ufgf[v[Aff]fg[uf[Agf]ff] [Aff]]][Agf]f] and s is a tree of
3 4 3 321 10
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ramification [Agf], and so 13 is a tree iff 14 is so. The possible ramifica-

tion of 1y is [vgflssf] with 15 = (Em“gf][vz[)\ff]fgz[pf?f?\gf]ff]z[?\ff]]]7 and so

ly is a tree iff 15 is so. The possible ramiﬁcatizon of s is3[p$°gf16]21\?vith lg =

(E\/][Mflfg}pfz[kgf]szl 1[7\1“1:1(]), and so s is a tree iff lg is so. The possible ramifica-
1

0
tion of 1 is [vtfglyt], where t is a tree of ramification [Aff] and 1; = [uf[Agf]ff],

1 0
and so lg is a tree iff 17 is so. Finally 17 is a tree of ramification [ufsff]. Thus
lis a tree. Its rank is 14 because nodes and brackets each occur 14 times in it.

2.4 Closure by associations

Let A be a set and R be an association on A. Suppose R and a subset B of A
satisfy the following condition for all (e, y) € A* x A:

xC B, xRy = y€B. (2.4.1)

Then we call B an R-subset?-?4 or say that B is R-closed or that R closes B.

Without the word convention, we may phrase (2.4.1) as follows:
ax € B*, aRy = y € B.

Remark 2.4.1 Obviously, A itself is an R-subset of A. In contrast, §) is not
necessarily an R-subset of A. Indeed, (2.4.1) with B = () means that there exist
no elements y € A such that ¢ Ry. Therefore, defining the R-core Ag of A by

Ar ={y € A:e¢Ry},

we have that () is an R-subset of A iff Ag = @) (Theorem 3.1.1 gives another
necessary and sufficient condition). More importantly, (2.4.1) with & = € implies
that every R-subset of A contains Ag.

The purpose of this section is to study closure by associations in terms of the
closure operator to be given in Remark 2.4.3 by virtue of Theorem 2.4.1. The
main results are Theorems 2.4.5 and 2.4.6. Their consequences Theorems 2.4.7
and 2.5.3 are crucial to the main result Theorem 2.5.6 of §2.5.1. Another con-
sequence Theorem 2.6.3 plays an important role in §2.8. The latter conclusion
of Theorem 2.4.5 is crucial to Theorem 2.6.10.

x>y y
Y xX/\y

introduction of this chapter and their union may be regarded as associations on

the set of the formulas of PL or FPL (in fact, Remark 2.5.5 conversely formulates

the fractional expressions of associations). Furthermore, the f-validity relation

Remark 2.4.2 The deduction rules X and mentioned in the

2.24R_Subsets were called R-theories in [1.5] and others (s. [2.1]).
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(2.2.1) derived from a latticed representation (A,B,f) becomes an association
on A when restricted to A* x A. Thus an association can be not only a model
of a union of deduction rules but also a relation which is logically important
(s. Theorem 2.6.6 for the importance of the restriction of (2.2.1)) and cannot
appropriately be regarded as a union of deduction rules (s. Remark 2.4.7).2-2%
This is the key to the theory of logic spaces and deduction systems and also is
a reason why we use the term association instead of the term rule.

Let us, however, regard an association R on a set A as a union of deduction
rules here. Then if an element (X7 ---xn,y) € A* x A satisfies x7 - - - xn Ry, we
may think y to be a direct consequence of or to directly follow from the
elements x1,...,Xn € A by virtue of a rule in R (s. Remark 2.4.6). Under this
interpretation, a subset B of A is an R-subset iff every direct consequence of
elements of B by virtue of R belongs to B.

A set A equipped with an association R on it may be regarded as a gen-
eralized algebra, and therefore is called a quasialgebra and R is also called
its (quasialgebraic) structure in §3.1.2. Moreover, R-subsets of A may be
regarded as subalgebras of the quasialgebra. Thus, in view of our experience in
proper algebra, the following theorem seems to be a natural point of departure.

Theorem 2.4.1 Let R be an association on a set A. Then the set of all R-
subsets of A is N-closed in PA.

Proof Let X be a set of R-subsets and define B = [ ¥. Assume « € B* and
aRY. Then o € X* for each X € X, and so since X is an R-subset, we have
y € X. Therefore y € B. This holds even if X = () because (0 = infpa 0§ = A.
Thus B is an R-subset.

Definition 2.4.1 Let R be an association on a set A and X be a subset of A.
Then Theorem 2.4.1 implies that the intersection of the R-subsets of A which
contain X is the smallest of the R-subsets of A which contain X. We denote it by
[X]g and call it the R-closure of X in A (Remark 2.4.6 explains its meaning).

Remark 2.4.3 It follows from Theorem 2.1.4 that the mapping X — [X]g is a
closure operator on BA whose fixture domain is equal to the set of the R-subsets
of A. Theorem 2.4.5 generalizes and refines this result.

The above definition of [X]g may be regarded as a downward one. Theorems
2.4.2-2.4.4 implicitly give equivalent upward ones, which show that [X]r consists
of the elements of A that are generated by X by virtue of R (and so we also call
[X]gr the R-subset of A generated by X). The first one given in Theorem 2.4.2 is
indispensable to the proofs of Theorems 2.4.3 and 2.4.4 and Lemmas 2.5.4 and
2.9.1, while the others should be recalled in order to understand the meaning
of every concept related to [X]g.

2:25Certain of memories of the IU may also be regarded as an association (s. Example 1.2.2).
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Theorem 2.4.2 Let R be an association on a set A and X be a subset of A.
Then [X]g is the union | J,,~y Xn of the R-descendants X,, (n =0,1,...) of X
in A which are inductively defined by Xo = X and the following for each n > 1:

X7 - - - Xk Ry for an element x7 -- - xx € A* satisfying
Xn={YEA:x5E€ Xy, (j=1,...,k) for some nonnegative

integers Nq,..., Ny such thatn —1 = Z;(ﬂ nj.

In particular, X1 ={y € A : «Ry for an element & € X*}.

Remark 2.4.4 If k = 0 in the definition of X;; (mn > 1), then xq---xx = ¢
and Z;<:1 n; =0 and so n = 1. The italicized condition on (x1,...,%) in the
definition is the ramification condition R(Xo,...,Xn_1) in (2.3.1).

Proof We first show that every element y € X;, (n =0,1,...) belongs to [X]g
by induction on n. This holds for n = 0 because Xo = X C [X]g. Therefore
assume . > 1. Then x; ---xx Ry for some elements x; € Xy, (j = 1,...,k)
such that n —1 = Z;;] nj, and x1,...,Xx € [X]g by the induction hypothesis.
Therefore y € [X]g. This holds even if k = 0 because Ag C [X]g as was
noted in Remark 2.4.1. Thus, defining B = (J,,>o Xn, we have X C B C [X]g,
and so it suffices to show that B is R-closed. Therefore assume xj - --xi € B*
and x7 ---xx Ry. Then x; € Xy, (j = 1,...,k) for some nonnegative integers
nyy...,Ng,and soy € Xy, C B forn =1 +Z;<:1 nj. This holds even if k =0
because Agr C X; by the definition of X; or Remark 2.4.4. Thus B is R-closed.

The second upward definition of [X]g is implicitly given in the following.

Theorem 2.4.3 Let R be an association on a set A and X be a subset of A.
Then an element y € A belongs to [X]g iff there exists an element xq - - - x,, € A*
(n > 1) which satisfies x, = y and one of the following conditions for each
ie{l,...,n} (we call x1---x, an X/R-sequent or X/R-sqnt for y).

(1) xi € X.

(2) There exist numbers ji,...,jx €{1,...,1— 1} such that x;, - - - x;j, Rx4.

Remark 2.4.5 The condition (2) with k = 0 means x; € Ag. Therefore the
conditions for i = 1 mean x7 € XU Ag.

Proof In view of Theorem 2.4.2, we first show by induction on n that if y
belongs to the n-th R-descendant X,, of X then y has an X/R-sqnt. If n = 0, then
y € X, and soy is an X/R-sqnt for y. Therefore assumen > 1. Then x7 - - - xx Ry
for some elements x; € Xy; (j = 1,...,k) such that n — 1 = 2;1 ny, and x;
has an X/R-squt «; (j =1,...,k) by the induction hypothesis. Thus «; - -- oy
is an X/R-sqnt for y, even if k = 0 because of Remark 2.4.5.

We next show by induction on n that if y has an X/R-sqnt x1 -+ X then
y e Xlg. fn=1 theny=x; € XUAg C [X]g. Therefore assume n > 2 and
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y € XU Ag. Then for each i € {1,...,n— 1}, x7 ---xq is an X/R-sqnt for x,
and so x; € [X]g by the induction hypothesis. Moreover, there exist numbers
1y .. yjk €{1,...,n—1} (k > 1) such that x;, ---xj, Ry. Thus y € [X]x.

The third upward definition of [X]g uses trees as defined in §2.3. Let R be
an association on a set A and M = (AITAII{[,]})* be the free monoid over the
direct union AITATI{[,]} of A, its copy A = {X : x € A} by the bar (s. §1.5.2) and
the set {[,]} of the left bracket [ and the right bracket ] (s. Remark 3.1.14). Then
we inductively define subsets D, (n =0,1,...) of M and an element c(d) € A
for each d € D, by Do = A and c(x) = x for each x € Dy and by the following
for each n > 1, where the italicized condition on (dj,..., dy) is the ramification
condition R(Dy,...,Dn_1) in (2.3.1):

dj € Dy, (j=1,...,k) for some nonnegative
D, =< [Xdy---di] : integers ny,...,ng such that n—1 = Z};1 n, o,

x € A and c(dq)---c(dyx) Rx.
c([xdy ---dy]) = x for each [xd; - - - di] € D, as above.

It inductively follows that D,, (n = 0,1,...) consists of trees of rank n whose
germs and nodes are elements of A and A respectively. We have thus defined a
set D = J, >0 Dn and a mapping ¢ € D—A so that c[yx =ida.

We refer to the elements of D, Dy and (J,,~; Dn as R-deductions, prime
R-deductions and composite R-deductions on A respectively. We also refer
to the element c(d) € A for each R-deduction d as its conclusion, while we refer
to the mapping ¢ as concluding. Furthermore, we define the premise P(d) of
d as the set of the elements of A which occur in d (s. Example 3.1.8). Then
P(x) = {x} for x € Do and P(d) = U;_, P(d;) for d = [xds -~ di] € U, D
as above. Moreover, P(d) is equal to the germ G(d) defined in §2.3.

In terms of the above concepts, the third upward definition of [X]g is implic-
itly given in the following.

Theorem 2.4.4 Let R be an association on a set A and X be a subset of A.
Then an element y € A belongs to [X]g iff there exists an R-deduction d on A
such that P(d) C X and c¢(d) = y (we call d an X/R-proof or X/R-pf of y).
More precisely in terms of Theorem 2.4.2, y € X,, iff y has an X/R-proof in Dy,
(n=0,1,...).

Proof We first show by induction on n that if y € X;, then y has an X/R-pf in
Dyn. If n =0, then y € X, and so y is an X/R-pf of y in Dy. Therefore assume
n > 1. Then x; ---xx Ry for some elements x; € X, (j = 1,...,k) such that
n—1= 21;1 n;, and x; has an X/R-pf d; € Dy, (j =1,...,k) by the induction
hypothesis. Thus [gyd; - -- di] is an X/R-pf of y in Dy. This holds even if k =0
because of Remark 2.4.4 and the similar remark on D, (n > 1).

We next show by induction on n that if y has an X/R-pf d € Dy, then
Yy € Xpn. Ifn =0, then y =c(d) € P(d) € X = Xo. Therefore assume n > 1.
Then d = [gd; -+ di with dj € Dy, (G = 1,...,k), n—1 = ¥ n; and
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c(dy)---c(dx) Ry. Moreover, d; is an X/R-pf of c(d;), and so c(d;) € Xy,
(j = 1,...,k) by the induction hypothesis. Thus y € X;,. This holds even if
k = 0 because Agr C X; by the definition of X; or Remark 2.4.4.

Remark 2.4.6 Theorems 2.4.2-2.4.4 suggest an interpretation of closures. If
a subset X and an element y of a set A satisfy y € [X]g for an association R on
A, and if it is appropriate to regard R as a union of deduction rules (s. Remark
2.4.7), then we may think y to be an indirect consequence of or to indirectly
follow from finite elements of X U Ag by virtue of the rules in R (s. Remarks
2.4.2 and 2.5.1). The finiteness is verified by the following theorem.

Theorem 2.4.5 Let R be an association on a set A and D be a subset of
A. Then the mapping X — [X U D]g is a finitary closure operator on BA
whose fixture domain is equal to the set of the R-subsets of A which contain D.
Moreover, the fixture domain is N-closed in BA and quasi-finitary.

Proof The latter conclusion is derived from the former by Theorems 2.1.10 and
2.1.3. In proving the former, we may assume D = ) by virtue of Theorem 2.1.11.
As was noted in Remark 2.4.3, the mapping X — [X]g is a closure operator
whose fixture domain is equal to the set of the R-subsets. Therefore, defining
Z = Uqus/XMR’ we only need to show [X]g C Z. Since {x} C [{x}]g C Z for all
x € X, we have X C Z, and so it suffices to show that Z is R-closed. Therefore
assume Xxp - - Xn € Z* and xq - - - X, Ry. Then there exist sets Yq,..., Y, € PB’'X
such that x; € [Yilg (i =1,...,n). Define Y = [Ji_;Yi. Then Y € P’X and
xi € [Yilgr € [YIgr (i = 1,...,n). Therefore y € [Y]g C Z. This holds even if
n =0 because Ag C [0]lg € Z. Thus Z is R-closed.

Theorem 2.4.6 Let R be a partially latticed association on a set A. Then the
following hold for all X € PA and for all x € A* (s. (2.11.3)):

Xlr ={y € A: aRy for an element x € X*}, [l ={y € A: xRy}

Consequently Ag = [@]g, that is, Ag is the smallest R-subset of A.

Remark 2.4.7 It follows from Theorem 2.5.4 that an association R on a set A
is partially latticed iff it satisfies the second equation for all o« € A*.

Because of Theorem 2.4.4, the first equation means that an element y € A
has an X/R-proof iff y has one of rank 1, because its right-hand side is the
first R-descendant X7 of X in A by Theorem 2.4.2 (and so we use the symbol
X7 in the proof below). Therefore, it seems appropriate not to regard any
partially latticed association as the union of a finite number of deduction rules
(s. Remarks 2.4.2, 2.4.6 and 2.5.1).

Proof We have X C X7 by the repetition law and X; C [X]g, and so in order

to prove the first equation, it suffices to show that X; is R-closed. Therefore
assume Xj,...,Xn € Xy and X7 ---xn Ry. Then o4 Rx; for an element oy €
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X* (i =1,...,n). By repeated application of the partial substitution law to
i Rx; (i =1,...,n) and xq---xn Ry, we have oy ---xn Ry, hence y € Xj.
This holds even if n = 0 because Ag C X;. Thus X; is R-closed. The second
equation is derived from the first by the partial extension law.

Theorem 2.4.7 Let Q and R be associations on a set A. Then the following
conditions (2) and (3) are equivalent and the condition (1) implies them. If Q
is partially latticed, then the conditions (1)—(3) are equivalent.

1) REQ.
(2) XIr € [X]q for every subset X of A.
(3) Every Q-subset of A is an R-subset of A.

Remark 2.4.8 Since the mappings X — [X]g and X — [X]q are finitary by
Theorem 2.4.5, Theorem 2.1.3 shows that the condition (2) is equivalent to the
one obtained from (2) by replacing the word subset with the phrase finite subset.
Similar remarks apply to Theorems 2.5.6, 2.5.7 and 2.7.1.

Proof Assume (1) and let B be a Q-subset. If & € B* and « Ry, then « Qy by
(1), and so y € B because B is a Q-subset. Therefore B is an R-subset. Thus (1)
implies (3). Assume (3) and let X be a subset of A. Then [X]q is an R-subset
by (3) and contains X, and so [X]g C [X]g by Definition 2.4.1. Thus (3) implies
(2). If (2) holds, then [X]g € [X]q = X for every Q-subset, and so (3) holds.
Assume that Q is partially latticed and (2). If an element (x,y) € A* x A
satisfies « Ry, then y € [, hence y € [x]g by (2), and so « Qy by Theorem
2.4.6. Thus (1) holds.

2.5 Deduction systems

A deduction system on a set A is a pair (R, D) of an association R on A and
a subset D of A. Here we study it abstractly in §2.5.1, take a novel view of it
in §2.5.2, and have its examples in §2.5.3.

2.5.1 Deduction relations of deduction systems

Here we study deduction systems in terms of the relations defined below. The
main result is Theorem 2.5.6 on the preorder between deduction systems defined
in Remark 2.5.3. Its consequence Theorem 2.5.7 is crucial to the fundamental
Definition 2.7.1 of the completeness for deduction systems on logic spaces.

For a deduction system (R, D) on a set A, we define an association RP on A
by the following for each (o, y) € A* x A:

ocRDy < [aUDJg>y. (2.5.1)
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We call RP the D-closure of R because the mapping R — RP is a closure
operator (s. Remark 2.5.2). We denote RP also by Fr p and call it the deduc-
tion association derived from (R, D), because Theorem 2.5.2 relates RP to the
deduction relation < p on A* defined by

X <XR,D p & [xUD]g 2 ﬂyeﬁ[{y}U Dlr
for each (&, ) € A* x A* and in particular RP is the restriction of <R,D-

Remark 2.5.1 Remark 2.4.6 gives an interpretation of a RPy, or Fr,D Y.
If it is appropriate to regard R as a union of deduction rules (s. Remark 2.4.7),
then aRP y iff y indirectly follows from finite elements of « UD by virtue of R.
This kind of interpretation of « g p B is also possible, but <z p is important
because of another interpretation given by Theorem 2.5.2 (s. Remark 2.6.2).

Theorem 2.5.1 Let (R,D) be a deduction system on a set A. Then the fol-
lowing hold for the D-closure RP of R and the RP-core Agp of A.

(1) RCRP.
(2) Agp = [Dlg, hence in particular D C Ago.

(3) If a deduction system (Q, C) on A satisfies R € Q and D C C, then RP C Q¢
(s. Theorem 2.5.6 and Remark 2.5.3).

Proof (1) If («,y) € A* x A satisfies « Ry, then y € [alg, and since [algr C
[x U D]g by Theorem 2.4.5, we have e RPy. Thus R C RP.

(2) This is a direct consequence of (2.5.1) with o = e.

(3) If (o, y) € A* x A satisfies « RP y, then y € [xUD]g, and since [xUD]g C
[c U Clq by Theorems 2.4.5 and 2.4.7, we have « Q¢ y. Thus RP C Q€.

Theorem 2.5.2 Let (R,D) be a deduction system on a set A. Then RP is
partially latticed, and <g p is the largest latticed extension of RP.

Proof Define ¢ € BA—BA by X = [XU D]y for each X € PA. Then @ is a
closure operator by Theorem 2.4.5, and RP and <r,p are equal to the relations
Fe and <, defined in Theorem 2.2.24. Thus Theorem 2.5.2 holds.

Theorem 2.5.3 Let (R,D) be a deduction system on a set A. Then the fol-
lowing hold.

(1) [Xlgp = [XUDIg for every subset X of A.

(2) The set of the RP-subsets of A is equal to that of the R-subsets of A which
contain D.

Consequently, if R is an association on A, then [X]go = [X]g for every subset X
of A, and the set of the R?-subsets of A is equal to that of the R-subsets of A.
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Proof Since RP is partially latticed by Theorem 2.5.2, Theorem 2.4.6 shows
XIgp = Ugex-[@UDIg = UYG‘B'X[YUD]R~ Since the mapping X — [XUD]y is
finitary by Theorem 2.4.5, we have ycq/x[YUDIr = [XUDIg. Thus (1) holds.
Theorem 2.4.5 also shows that the fixture domains of the closure operators
X — [X]gp and X — [XUD]g are equal to the set of the RP-subsets and that of
the R-subsets which contain D respectively. Thus (2) is a consequence of (1).

Theorem 2.5.4 A deduction system (R,D) on a set A satisfies R°® = R iff R
is partially latticed and D C Ag. Consequently, an association R on A satisfies
R? = R iff R is partially latticed.

Proof Since RP is partially latticed by Theorem 2.5.2, RP® = R only if R is
partially latticed. Therefore assume that R is partially latticed. Then Theorems
2.4.7 and 2.5.3 show that RP = R iff every R-subset contains D. Moreover,
Theorem 2.4.6 shows that every R-subset contains D iff D C Ag.

Theorem 2.5.5 Let (R, D) be a deduction system on a set A. Then RP is the
smallest of the associations Q on A which satisfy the following conditions.

(1) Q is partially latticed.
(2) RCQand D C Ag.

Proof If (1) and (2) hold, then RP C QP = Q by Theorems 2.5.1 and 2.5.4.
Moreover, Theorems 2.5.2 and 2.5.1 show that if Q = RP then (1) and (2) hold.

Remark 2.5.2 Let D be a subset of a set A. Then Theorem 2.5.5 together
with Theorem 2.1.4 means that the mapping R — RP is a closure operator on
the set of the associations on A and its fixture domain is equal to the set of the
partially latticed associations R on A which satisfy D C Ax.

Theorem 2.5.6 Let (Q,C) and (R, D) be deduction systems on a set A. Then
the following four conditions are equivalent (s. Theorem 2.5.1).
(1) RP € QF.

2) [XUD]r C [XUClq for every subset X of A (s. Remark 2.4.8).

)
2) [
(3) Every Q-subset of A containing C is an R-subset of A containing D.

(4) RCQC and D C Age.

Proof Since QC is partially latticed by Theorem 2.5.2, Theorems 2.4.7 and
2.5.3 show that (1)—(3) are equivalent, and Theorem 2.5.5 shows that (4) implies
(1). Conversely under (1), we have R C RP C Q€ and D C Agp C Agc by
Theorem 2.5.1, and thus (4) holds.
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Remark 2.5.3 If deduction systems (Q,C) and (R,D) on a set A satisfy the
four equivalent conditions of Theorem 2.5.6, we say that (Q,C) is stronger
than (R,D) or that (R, D) is weaker than (Q, C). Moreover, we say that they
are equivalent if Q€ = RP. Then Theorem 2.5.6 particularly shows that (Q, C)
and (R, D) are equivalent iff the set of the Q-subsets of A containing C is equal
to that of the R-subsets of A containing D. The strength and weakness are
preorders and the equivalence is their symmetric core (s. Remark 2.2.10).

Theorem 2.5.7 Let Q be a partially latticed association on a set A and (R, D)
be a deduction system on A. Then the following four conditions are equivalent.

(1) R Q.

(2) XUDIg C [X]q for every subset X of A (s. Remark 2.4.8).
)
)

(3) Every Q-subset of A is an R-subset of A containing D.

(4

Moreover, the following three conditions are equivalent.

(5) Q CRP.
(6) Xlg € [XUDIg for every subset X of A (s. Remark 2.4.8).

RC Qand D C Ag.

(7) Every R-subset of A containing D is a Q-subset of A.
Therefore, the following four conditions are equivalent.

(8) Q=RP.

(9) Xlg =[XUDIg for every subset X of A (s. Remark 2.4.8).

(10) The set of the Q-subsets of A is equal to the set of the R-subsets of A which
contain D.

(11) RCQ, DC Ag, and Q CRP.

Proof This is derived from Theorem 2.5.6. Indeed, since Q? = Q by Theorem
2.5.4, (1)—(4) here are derived from (1)—(4) of Theorem 2.5.6 by replacing C
with (. Moreover, (5)—(7) are derived from (1)—(3) of Theorem 2.5.6 by first
interchanging (Q,C) and (R,D) and next replacing C with () ((5) is also so
derived from (4) of Theorem 2.5.6). The condition (i) for i = 8, 9, 10 is the
union of the conditions (i—7) and (i—3), and (11) is the union of (4) and (5).

Remark 2.5.4 An association R on a set A is said to be singular if Az = 0.
For each association R on A, the association R’ on A defined by

aR'y & aRyand x#¢

for each (&,y) € A* X A is the largest of the singular associations on A contained
in R. Therefore, it follows from Theorem 3.1.1 that R’ = R for some algebraic
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structure (ox)aeca on A. Moreover, it follows from Theorem 2.4.3 that [X]g =
[XUAglg: for every subset X of A, and so R? = R’** (s. Theorem 2.5.6). Thus
if R is partially latticed, then R = R/AR = RAAR by Theorem 2.5.4, and if
furthermore D C Ag C [D]a, that is, if D C Ag C [D]g-, then [XU Aglg: =
[XU DJg: for every subset X of A, and so R = R'P = RAP.

2.5.2 Deductive laws for relations

The purpose of this subsection is to view deduction systems on the direct prod-
uct A x B of sets A and B as laws on relations between A and B. This view is
crucial to Theorem 2.7.13 mentioned in §1.3.11.

Definition 2.5.1 Let (R’,D’) be a deduction system on the direct product
A’ = A x B of sets A and B. Then we also call (R’,D’) a deductive law?-2% on
the relations between A and B, and if a relation R between A and B regarded as
a subset of A’ is an R’-subset containing D', we say that R satisfies (R’,D’) or
call R an (R’,D’)-relation (therefore, the trivial relation A’ = A X B between
A and B satisfies (R, D).

Let (R”,D’) be another deductive law on the relations between A and B.
Then (R’,D’) is said to imply (R”,D"”) or to be stronger than (R”,D") if
(R’,D’) is stronger than (R”;D”) as deduction systems on A’ (Theorem 2.5.6
therefore shows that (R’,D’) implies (R”,D") iff every (R’,D’)-relation is an
(R”,D”)-relation). We similarly define weakness and equivalence between
deductive laws on the relations between A and B.

Theorem 2.5.8 Let (R, D’) be a deduction system on the direct product A’ =
A x B of sets A and B. Then the R’-closure [D’]g: of D’ in A’ regarded as a
relation between A and B is the smallest (R’, D’)-relation (therefore the smallest
(R/,; D’)-relation is generated by D’ by virtue of R’ as in Theorems 2.4.2-2.4.4).

Proof This is because [D’]g/ is the smallest of the R’-subsets of A’ which
contain D', as was noted in Definition 2.4.1.

Remark 2.5.5 The following notation and terminology are convenient in illus-
trating Definition 2.5.1 by the examples below.

Suppose we are to define an association R on a set A. Regard R as a subset
of A* x A. Then in view of [2.23], we should define R by a set-theoretic notation

{(x1+--%xn,y) € A* x A : a condition on X1,...,Xn, Yk

People, however, prefer simpler notation. Denoting each element (x1 - - - xn,y) €

X e ’X
A* x A by the fraction?-27 ! ™ and by abuse of the set-theoretic notation,

Yy
they often define R by the list of the fractions which satisfy the above condition
on Xi,...,Xn,Yy. We will use the fractional lists also in this monograph.

2-26Deductive laws were called generational laws in [1.5] and others (s. [2.1]).
2-27The fraction is well-defined in contrast to those in Remark 2.3.1.
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Example 2.5.1 The equivalence law may be regarded as a deductive law.
Let A be a set and define A = A x A. Denote the elements (x,y) € A by

x — Y. Define the subset D of A by D= {x — x : x € A}. Define associations S

and T on A by the fractional lists —Y and X7y ¥z
— X X—z

Their proper set-theoretic definitions are S = {(x — Y,y = X)X Y € A} and
T={((x— y)y — z),x = z) 1 x,y,z € A}. Let R be the union of S and T in
A* x A. Let R be a relation on A and regard it as a subset of A. Then R is
reflexive iff R contains 13, R is symmetric iff R is §—closed, and R is transitive iff
R is T-closed. Thus R satisfies the equivalence law iff it is an R-subset containing
6, or iff it satisfies the deductive law (ﬁ, 13)

respectively.

Example 2.5.2 All the laws which define the (partially, strongly) latticed re-
lations and (weakly) Boolean relations may be regarded as deductive laws.

For example as for the whole Boolean law, let A be a set and define A=
A* x A*. Denote the elements (&, B) € A by @« — B or B «+ «, and call them the

= . —
sequents on A. Define an association R on A by the fractional list x _)BB,
X
x—pf xxx—pf xxax—fp oaxyp—vy oxyp+—vy a—xy xp—9d
xae— B xax— B xaxe—p ayxp—vy oayxp vy’ aff — &y

Let D be the set of the sequents on A in any of the following twelve forms,
where x Ay, xVy, x® and x=1y are operations on A: x — x, XAy — X,
xA\Yy — Yy, xy — xAy, xVy « x, xVy « vy, xy « xVy, xx° — ¢,
xx¢ ¢, x¥ 5 x>y, y 2 x>y, x>y — x%. Let R be a relation on A
and regard R as a subset of A. Then R is an R-subset containing D iff R satisfies
the laws of weakening, contraction, exchange, strong cut, repetition and the laws
of junction, negation and implication with respect to the operations /\,V, { and
=. Thus R satisfies the deductive law (ﬁ, 13) iff it satisfies the Boolean law with
respect to /\,V,  and =.

Definition 2.5.2 Let L be a law on the relations between sets A and B. Then
L is said to be N-closed if the set of the relations between A and B which satisfy
L is N-closed, when regarded as a subset of B(A x B).

Theorem 2.5.9 The deductive laws are N-closed.

Proof Let L be a deductive law on the relations between sets A and B. Then
L is a deduction system (R’;D’) on A’ = A x B, and the set R of the relations
between A and B which satisfy L is equal to the set of the R’-subsets of A’
which contain D', and so R is N-closed in PA’ by Theorem 2.4.5.

Corollary 2.5.9.1 All the laws which define the (partially, strongly) latticed
relations and (weakly) Boolean relations are N-closed.

Proof This is because the laws are deductive, as was shown by Example 2.5.2.

91



Remark 2.5.6 The concept of deductive laws on the relations on a set A as
defined in Definition 2.5.1 depends on A. We can also define a concept of
deductive laws which does not depend on any set.

Let (R’,D’) be a deduction system on N2, or a deductive law on the relations
on N. Then we also call (R’,D’) a deductive law on the relations on sets, and if
a relation R on a set A satisfies the following two conditions for each ¢ € N—A|
we say that R satisfies (R’,D’) or call R an (R’,D’)-relation.

(1) @dR e for each (d,e) € D".

(2) If elements (di,e;) (i = 1,...,m) and (d,e) of N? satisfy @d;R@e; (i =
1,...,n) and (dy,e7)---(dn,en) R’ (d,e), then @dR ge.

For example, if (R’,D’) is defined by (1,2)R’(2,1), (1,2)(2,3) R’ (1,3) and
D’ = {(1,1)}, then the (R’,D’)-relations are the equivalence relations. The
trivial relation A X A on each set A satisfies every deductive law.

The definition here is related to Definition 2.5.1 in the following way. Let A
be a set. Then each ¢ € N—A naturally induces a mapping of N? into A% and
furthermore a mapping of (N2)* xN? into (A?)*xA2. Denote them also by ¢ and
regard R’ as a subset of (N?)* x N2, Then @D’ C A? and @R’ C (A%)*xA?, and
so (@R’, D’) may be regarded as a deduction system on A?. The conditions
(1) and (2) imply that the relation R on A regarded as a subset of A? is an
@R’-set containing @D’. Thus R satisfies the deductive law (R, D’) as defined
here iff it satisfies the deductive law (U,cn 4 ®R'sUpena @D’) as defined
in Definition 2.5.1.

2.5.3 Boolean deduction systems

Throughout this subsection, we let A be a nonempty set with operations x Ay,
xVy, x® and x =y and (R, D) be a deduction system on A. In view of Remark
2.7.2 and Theorem 2.7.11, here we seek conditions on (R, D) under which the
deduction relation g p is Boolean with respect to the operations A\, V, ¢ and
=. Although one of a variety of examples, Theorem 2.5.11 is our goal?-?8, where
& and g are associations on A defined by the fractional lists:

X Yy X x>y
Ay’ @—7y .

(2.5.2)

Since g, p is (extendedly) latticed by Theorem 2.5.2, the results in §2.2.3 apply
to <g,p, and we only need to seek conditions on (R,D) under which <z p
satisfies the laws of strong cut, junction, negation and implication.

Remark 2.5.7 Let < be an extendedly latticed relation on A*. Then < =
<g,p for the restriction R of 5 to A* x A and any subset D of Ag, because
R = RP by Theorems 2.2.10 and 2.5.4 and <R,D is the largest latticed extension
of RP by Theorem 2.5.2. Therefore, some of the results on <Rr,p here may be
regarded as those on extendedly latticed relations, and vice versa.

2-28 xample 2.7.1 shows why it can be a goal and Theorem 2.5.12 shows another goal.
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Lemma 2.5.1 Let < be an extendedly latticed relation on A* satisfying the
following three laws with respect to the operations V and =:2-2°

xxxVy, yxxVy, (2.5.3)
xVy-x=>z-y=>z<z, (2.5.4)
XAy = asx>y. (forward implication)

Then < satisfies the strong disjunction law with respect to V.

Proof Assume xx < z and yo < z. Then o < x=2z and a« < y=>z by the
forward implication law. Applying the laws of substitution and extension to
these and (2.5.4), we have x Vy - « < z. Therefore < satisfies the following law:

XXz yasz = xVy-a<z (2.5.5)

Since < is extendedly latticed, this law with & = ¢ means that < satisfies the
law xVy < xy. This law and (2.5.3) constitute the disjunction law. Therefore
< satisfies the following union of the laws (V2) and (\V5) of Theorem 2.2.15:

axxxyp &= a<xxVy-pB. (2.5.6)
Hence the first half of the strong disjunction law. In proving the second half
xax B, yaxfp = xVy-axp, (2.5.7)

we may assume 3 # ¢, because < satisfies the lower quasi-end law by Theorem
2.2.12. Moreover, (2.5.6) implies that (2.5.7) with 3 # € is equivalent to (2.5.5).
Thus < satisfies (2.5.7).

Lemma 2.5.2 The following hold.
o If Ry then o <z p Y.

e An element x € A belongs to [D]g iff ¢ g p x.

Proof This follows from Theorem 2.5.1 because g p is an extension of RP.

Lemma 2.5.3 If R contains g, then < p satisfies the following two laws:2-30
X:-X>Y kD Y, (cut implication)
& <XR,D X=>Y = XX <XR,D Y- (backward implication)

Proof Since x - x=ypy and p C R, we have x - x=y Ry, hence the cut
implication law by Lemma 2.5.2. The backward implication law is derived from
the cut implication law by the substitution law (s. Theorem 2.2.17).

2-29The third law was called the deduction law in [1.5] and others (s. [2.1]).
2:30The second law was called the reverse deduction law in [1.5] and others (s. [2.1]).
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Lemma 2.5.4 The deduction relation g p satisfies the forward implication
law provided that it satisfies the following three laws:

(1) e <g,p X=X,
(2) y <r,p x>y (reflexive implication),
(3) ifx1---xkRy (k> 1) then z=>x7 - z=>Xi Sg,p Z2>VY.

The converse is true provided that R contains g.

Proof Under the laws (1)—(3), assume xx <g,p y. Then y € [X]g for X =
{x}U a U D, and so Theorem 2.4.2 shows that y belongs to the n-th R-descendant
Xy, of X for some nonnegative integer n. We will show « <g p x=1y by induc-
tion on n. Assume n =0, ory € X. If y =x, then « <z p x>y by (1) and the
weakening law. Ify € aUD, then & <r p Yy, and applying the cut law to this and
(2), we have « <g,p x =Y. Therefore assumen > 1. Then x; - - - x& Ry for some
elements x; € Xy, (j =1,...,k) such that n—1 = Z?:] ny. If k =0, then Ry
by the weakening law, and so @« <gp Yy by Lemma 2.5.2, hence & <z p x=Y
as above. Therefore assume k > 1. Then x =X ---x =X <g,p X=Y by (3),
and « <gp x=%; (j =1,...,k) by the induction hypothesis. By repeated
application of the laws of substitution and extension to these k+ 1 relations, we
have & <g p x =Y as desired.

Conversely, assume that <g p satisfies the forward implication law and R
contains p. Then (1) and (2) are derived from the repetition law by the laws
of forward implication and weakening. Assume xj ---xx Ry (k > 1) in order to
verify (3). Then x1 ---xx <g,p Yy by Lemma 2.5.2, and z-z=>x1 - - 22Xk <g,0
xj; (j =1,...,k) by the cut implication law of Lemma 2.5.3 and the extension
law. By repeated application of the laws of substitution and extension to the
k+1 relations, we have z-z=x1 ---z= X <g,p Y. Therefore z=x7---z=>xx
<g,p 2=y by the forward implication law. Thus (3) holds.

Lemma 2.5.5 The deduction relation <g p satisfies the laws (1) and (2) of
Lemma 2.5.4 provided that it satisfies the following three laws:

(1) e xr,p XY Vx, (2) y <g,p xVy, (3) x°Vy <g,p x=>V.
Proof The law ¢ <g,p x=x is derived from (1) and (3) with x =y by the
cut law. The reflexive implication law y <g,p X =Y is derived from (2) with x
replaced by x¢ and (3) by the cut law.

Lemma 2.5.6 If R contains &, then <z p satisfies the following laws:

(1) xy <g,p XAV, (2) xAy-B <rp o = xYyP <g,p %

Proof Since xy&xAy and & C R, we have xy Rx Ay, hence (1) by Lemma
2.5.2. (2) is derived from (1) by the cut law (s. Theorem 2.2.15).
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Theorem 2.5.10 Assume that R contains & U p. Then <y p is Boolean with
respect to /\,V, and = iff it satisfies the following eight laws:

(1) € <r,p X Vx,

(2) X/\U <R,D X,

(3) xA\y <g,p Y

(4) x <g,D X\/Ua

(5)y <R p xVy,

(6> X \/y -<R D X=>VY,

(M xVy-x>z-y=z=<Rkp 2,

(8)if x1---xk Ry (k> 1), thenz:>x1---z:>xk <Rr,D Z=>VY.

Proof Assume that g p satisfies (1)-(8). Then as was noted before, g p is
extendedly latticed, results in §2.2.3 apply to it, and we only need to show that
it satisfies the laws of strong cut, junction, negation and implication.

Since R contains &, Lemma 2.5.6 shows that g p satisfies the law xy <z p
x/A\y. This law and (2) and (3) constitute the conjunction law.

Since <g,p satisfies (1), (5) and (6), Lemma 2.5.5 shows that <g p satisfies
the law & g p Xx=x and the reflexive implication law.

Since <g,p also satisfies (8), Lemma 2.5.4 shows that <y p satisfies the for-
ward implication law. Since g p furthermore satisfies (4), (5) and (7) and is ex-
tendedly latticed, Lemma 2.5.1 shows that < p satisfies the strong disjunction
law. Therefore Theorem 2.2.15 shows that <z p satisfies the disjunction law.

Since g p satisfies the disjunction law and (1), Lemma 2.2.4 shows that
<g,p satisfies the upper negation law.

We have x? <gr p x?Vy by (4). Applying the cut law to this and (6), we
have the contradictory implication law x° <R,p0 X=>Y.

Since R contains p, Lemma 2.5.3 shows that <z p satisfies the laws of cut
implication and backward implication.

Applying the backward implication law to the contradictory implication law,
we have the law xx° <Rr,D Y, hence the lower negation law, because < p is
extendedly latticed and so satisfies the lower quasi-end law by Theorem 2.2.12.

Since <g,p satisfies the laws of negation and junction, Lemmas 2.2.4, 2.2.5
and Remark 2.2.7 show that <r p satisfies the laws of quasi-end and quasi-
conjunction, and so since g p also satisfies the strong disjunction law, Theorem
2.2.20 shows that < p satisfies the strong cut law (s. [2.21]).

Since <g,p satisfies the laws of cut implication, negation and strong cut,
Theorem 2.2.17 shows that <g p satisfies the negative implication law.

Thus, if g p satisfies the laws (1)—(8), then it is Boolean. The converse is
a consequence of the following lemma and Lemma 2.5.2.

Lemma 2.5.7 Let < be a Boolean relation on A* with respect to A, V, { and
=. Then < satisfies the laws (1*)—(8*) obtained from the laws (1)—(8) of The-
orem 2.5.10 by replacing the relations g p and R with <.

Proof As was noted in Remark 2.2.6, < is latticed. Therefore Lemma 2.2.4
shows that < satisfies (1*). (2*)—(5*) are part of the junction laws. (6*) is
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derived from the laws of contradictory implication and reflexive implication by
the law (V6) of Theorem 2.2.15. (7*) is derived from the law (=7) of Theorem
2.2.17 by the laws of extension and (\V6). (8*) is derived from (=7) by the laws
of extension, substitution and (=2) of Theorem 2.2.17.

Remark 2.5.8 Theorem 2.5.10 implies Lemma 2.5.7 because of Remark 2.5.7
and Theorem 2.2.22, and likewise for Corollary 2.5.10.1 and its Lemma 2.5.8.

Corollary 2.5.10.1 Assume that R contains &Ug. Then <z p is Boolean with
respect to /\,V, { and = iff it satisfies the following eight laws:

1) € '<R D X<>\/X

2) € ‘<R D X/\y):>x

3) e <r,p (xAy) =y,

4) £ Sg,p Xx=>(xVy),

5) € <g,p Y=>(xVy),

6) € <r,D XO\/U) =(x=y),

7) € <g,D xéz)/\(y:>z)) =>((xVy)=>2z),

8) if x1---xx Ry (k > 1), then ¢ g p ((z=x1)N\---Az=>x¢)) >(z=>y),
where the order of applylng the operation /\ is arbitrary.

Proof This is because we can derive the laws (1)—(8) of Theorem 2.5.10 from
the laws (1)—(8) here by the backward implication law of Lemma 2.5.3 and the
law (2) of Lemma 2.5.6 and, assuming that <g p is Boolean, we can either
conversely derive (1)—(8) here from (1)—(8) of Theorem 2.5.10 by the law (=2)
of Theorem 2.2.17 and the law (/A2) of Theorem 2.2.15, or prove (1)—(8) here
by the following lemma and Lemma 2.5.2.

Lemma 2.5.8 Let < be a Boolean relation on A* with respect to A, V, { and
=. Then < satisfies the laws obtained from the laws (1)—(8) of Corollary 2.5.10.1
by replacing the relations g p and R with <

Proof This is derived from Lemma 2.5.7 by the laws (=>2) and (/A\2) as above.

Theorem 2.5.11 Assume R = & U p. Then <y p is Boolean with respect to
AV, O and = iff [D]g contains the elements of A in any of the following forms
(we call them the Boolean elements of A with respect to A, V, and =):

X0 Vy)=(x=>y),

Ny =>z))=>((xVy)=>1z),
Nz=y)) =>(z=>(xAy)),
Nz=(x=>y))) >(z=>y).

===
\
uéw
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Proof This is a consequence of Corollary 2.5.10.1. Indeed, since R = & U p,
the elements ((z=x1)A---A(z=xk))=(z=y) with x; ---xx Ry (k > 1) are
exactly the elements in the form (8) or (9). Therefore Lemma 2.5.2 shows that
[D] contains the elements in the forms (1)—(9) iff g p satisfies the laws (1)-(8)
of Corollary 2.5.10.1.

Theorem 2.5.11 is one of a variety of examples. To give another example,
the following was proved in [1.3] by the way?-3!.

Theorem 2.5.12 Assume R = p. Then < p is Boolean with respect to A\, V, ¢
and = iff [D]g contains the elements of A in any of the following seven forms
(we call them the Lukasiewicz elements of A with respect to A, V, { and =):

y=>(x=>y),

(z=>(x=>y))=>((z=x) >(z=>y)),

(Yo =>x%)=(x=y),

(xVy)=(x%=y), x®=>y)=>(xVy),

(xAY)=(x=y%)°, (x=y%)° =(xAy).

Remark 2.5.9 Let (ﬁ, 6) be as in Example 2.5.2 and regard [ﬂ]ﬁ as a relation
< on A*. Then Theorem 2.5.8 shows that < is the smallest Boolean relation on
A* with respect to /\,V, and =. Let R be its restriction to A* x A.

Let B be the set of the Boolean elements of A with respect to /\,V, ¢ and
=. Then <gup, is Boolean by Theorem 2.5.11, and so 5 € <gup,s, hence
R C (& U p)B. Moreover, since < is Boolean, we have & U p C R by Definition
2.2.3 and Theorem 2.2.17, and B C A by Lemma 2.5.8, and so (& U »)® C R
by Theorem 2.5.7. Therefore R = (& U p)B, and so < = <&up,B by Theorems
2.2.22 and 2.5.2.

Similarly, < = <o, for the set L of the Lukasiewicz elements of A with
respect to A\, V, ¢ and =. In light of MN explained in Chapter 1, however, (g, L)
does not seem better than (& U g, B) because (g, L) is simpler than (& U g, B).

2.6 Logic spaces

A logic space is a pair (A, B) of a nonempty set A and a subset 5 of BA whose
elements are called the given theories of the logic space. An association R on
A is said to be B-sound or called a B-logic, if it closes every set in B. A subset
X of A is called a B-theory, if X is closed by every B-logic on A. We call (B
the B-core of A. Elements and subsets of A are said to be B-sound if they
are contained in the B-core. A B-sound element is also called a B-tautology.
As immediate consequences of the above definitions, we have that the given
theories are B-theories and hence that B-logics are the only associations on A
that close every B-theory. A Galois connection underlies these facts (s. [2.5]).

2-31Henceforth, the phrase by the way means with interest outside MN.
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2.6.1 Control of logic spaces by their largest logics

The purpose of this subsection is to show that all the above concepts are con-
trolled by the largest B-logic and clarify its nature.

Theorem 2.6.1 Let (A,9) be a logic space. Then there exists the largest
B-logic on A. Let Q denote it. Then the following hold.

(1) An association R on A is a B-logic if (and only if) R is contained in Q.
(2) The set of the B-theories in A is equal to that of the Q-subsets of A.

(3) Let X be a subset of A. Then the Q-closure [X]g of X in A is the smallest
of the B-theories in A which contain X.

Proof Let Q be the union of all ‘*B-logics on A regarded as subsets of A* x A.
If x CBe®Band xQuy, then xRy for some B-logic R, and so y € B. Thus Q
is also a *B-logic and therefore is the largest one.
(1) Let R be an association on A contained in Q. Then every set in B is a
Q-subset, and therefore is an R-subset by Theorem 2.4.7. Thus R is a B-logic.
(2) Every B-theory is a Q-subset because Q is a B-logic. Every Q-subset is
closed by every B-logic again by Theorem 2.4.7 and therefore is a B-theory.
(3) This is a direct consequence of (2) and Definition 2.4.1.

Theorem 2.6.2 Let (A,B) be a logic space and Q be the largest B-logic on
A. Then the following holds for all («,y) € A* x A:

xQY < Y €[ lycpes B

Proof Define an association P on A so that a Py iff y € () cpe B- If & C
B € ®8 and « Py, then y € B by the definition of P. Therefore P is a 9B-logic,
andso P C Q. If xQy and o« C B € 9B, then y € B because Q is a B-logic.
Therefore Q C P. Thus Q = P.

Theorem 2.6.3 Let (A,B) be a logic space and Q be the largest B-logic on
A. Then Q is partially latticed, and the following hold for all X € BA and for
all x € A*:

Xlo ={y € A: xQu for an element x € X*}, [ao ={y € A:xQuy}.

Proof For each B € B, define an association Fg on A as in Theorem 2.2.23.
Then Q = (gcq FB by Theorem 2.6.2. Thus the former statement holds by
Theorem 2.2.23 and Corollary 2.5.9.1. The latter statement is a direct conse-
quence of the former and Theorem 2.4.6.

Alternative proof It follows from Theorems 2.5.3 and 2.5.1 that Q? is a 9B-
logic and Q C Q”. Therefore Q = Q. and so Q is partially latticed by Theorem
2.5.2, and the latter equation holds. Since the mapping X — [X]q is finitary by
Theorem 2.4.5, the former follows from the latter.

98



Theorem 2.6.4 Let (A,9) be a logic space and Q be the largest B-logic on
A. Then the B-core C of A satisfies C = Ag = [0]g.

Proof This is a consequence of Theorems 2.6.2 and 2.6.3 (s. Theorem 2.4.6).

Theorem 2.6.5 Let (A,2B,) and (A, 1) be logic spaces. Then the following
three conditions are equivalent.

(1) The set of the By-logics on A is equal to that of the B-logics on A.
(2) The set of the Bo-theories in A is equal to that of the B1-theories in A.
(3) The largest Bo-logic on A is equal to the largest B;-logic on A.

Under these conditions, the 2By-core of A is equal to the 21-core of A.

Proof As for the former statement, obviously (1) implies (3), while Theorem
2.6.1 and the remark before it show that (3) implies (2) and (2) implies (1).
The latter statement holds by virtue of Theorem 2.6.4.

2.6.2 Functional logic spaces and their validity relations

Let B be a nontrivial bounded lattice. Then a B-valued functional logic space
is a pair (A, F) of a nonempty set A and a subset F of A—B. In order to associate
it with a logic space, we define a subset A¢ o of A for each (f,a) € F x B by

Afa ={x € A:fx > a}. (2.6.1)
Then the following holds for 0 = minB, 1 = maxB and all (f,a) € F x B:
A=Ar0DAra DA ={x€A:fx=1}=f"{1} (2.6.2)

Furthermore, we define a subset B4 of A by
Ag g (f, Fx B} if FA£0,
%3_ — { f, ( a) S X } 1 75 (Z) (263)

{A} if 5 =40.

Thus we associate (A, F) with the logic space (A, B4), for which we have defined
various concepts, i.e. the B4-logics, Bg-theories, Bg-core, and so on. We
call them the F-logics, F-theories, F-core, and so on, and likewise for the
concepts?32 to be defined for logic spaces except that of extensions in §2.9.

The purpose of this subsection is to relate the above concepts with the
values of the functions in F as in Theorems 2.6.6 and 2.6.7, which together with
Remark 2.4.2 will help you understand the meanings of the concepts especially
when B = T or more generally when (A,J) is extremal in the sense that
fA C{0,1} for all f € F.

2-32They will be found in §2.7.2, Remark 2.8.2, Theorems 2.8.3, 2.8.9, 2.8.11, and so on.
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Remark 2.6.1 If (A,J) is an extremal functional logic space, then A¢ o =
f1{1} for all (f,a) € T x (B —{0}), and so By = {f"{1}:f € FJU{A}.

To start with, we define an association F¢ on A for each f € F by
aFfy < inffax < fy. (2.6.4)

We call ¢ the f-validity association,?-3? because it is equal to the restriction
to A* x A of the f-validity relation < defined on A* by (2.2.1):

x=¢ B & inffax < supff.
Furthermore, we define an association F4 on A by
aFyy & aFfyforall fed, (2.6.5)

which we call the F-validity association (s. [2.33]). It is equal to the restriction
to A* x A of the F-validity relation <4 defined on A* by

a<kg5 P & a=<¢pforall feF (2.6.6)

Remark 2.6.2 Theorem 2.6.6 shows why F4 is important, while <4 is as im-
portant as the deduction relation < p, for g p is the largest latticed extension
of the deduction association Fg p by Theorem 2.5.2 and < is that of F5 in
certain cases as in Theorem 2.6.9.

Theorem 2.6.6 Let (A,JF) be a B-valued functional logic space. Then the
largest F-logic on A is equal to Fg. Moreover, elements x1,...,Xn,Yy € A satisfy
X1+ xn Fg y iff they satisfy the following condition for all (f,a) € F x B:

fx1>a, ..., fxn >a = fy>a. (2.6.7)

Proof The largest F-logic is the largest B 4-logic, as was defined above. Let
Q denote it. If F =0, then (2.6.3) and (2.6.5) show that both Q and Fg are
the trivial relation on A, and (2.6.7) is empty. Therefore assume F # (). Then
Theorem 2.6.2 shows that elements xj,...,xn,y € A satisfy x;---x,, Qu iff
they satisfy (2.6.7) for all (f,a) € F x B. Elements x1,...,xn,y € A and f € F
satisfy (2.6.7) for all a € B iff they satisfy inf{fxq,...,fx,} < fy, that is, iff
X1-Xn F¢ Y. Thus Q is equal to Fg. This completes the proof.

Theorem 2.6.7 Let (A,JF) be a B-valued functional logic space. Then the
following hold.

(1) An association R on A is an F-logic iff it is contained in Fg, that is, iff it
satisfies the following condition for all (f,a) € F x B:

fx1 >a, ..., fxn > a, x1---xn Ry = fy>a.

2-33 A validity association was called a partial validity relation in [1.5] and others (s. [2.1]).
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(2) A subset X of A is an F-theory iff it is closed by Es, that is, iff it satisfies
the following condition:

X1y.eeyXn €EX, ye A—X
= fx1 >aq, ..., fxn > aand fy # a for some (f,a) € F x B.

(3) An element x € A belongs to the F-core iff € Fg x, that is, iff fx =1 for all
fed.

Proof This is a restatement of part of Theorems 2.6.1 and 2.6.4 by means of
Theorem 2.6.6, (2.6.4) and (2.6.5).

Theorem 2.6.8 Let (A,JF) be a B-valued functional logic space. Then <4 is
latticed. If fA is contained in a distributive sublattice of B for each f € F, then
<7 is strongly latticed. Moreover, F4 is partially latticed.

Proof In view of (2.6.5), (2.6.6) and Corollary 2.5.9.1, we assume F = {f}.
Then g = <¢ and F5 = F¢. Theorems 2.2.1 and 2.2.2 show that < is latticed
and that if fA is contained in a distributive sublattice of B then < is strongly
latticed. Therefore F¢ is partially latticed by Theorem 2.2.10.

Definition 2.6.1 If two logic spaces (A,By) and (A,9B;) satisfy the three
equivalent conditions of Theorem 2.6.5, we say that they are equivalent or
write (A, Bo) ~ (A, B7). Likewise, they are said to be core equivalent if their
cores are equal. By extension, two functional logic spaces (A, F) and (A, F’) are
said to be equivalent if (A,B5) ~ (A,B5/). Moreover, a functional logic space
(A,F) and a logic space (A, ) are said to be equivalent if (A,B5) ~ (A, B).
The concept of core equivalence and the use of the symbol ~ are similarly ex-
tended to functional logic spaces.

Remark 2.6.3 It follows from Definition 2.6.1 and Theorem 2.6.5 that the
equivalence between (functional) logic spaces implies the core equivalence be-
tween them. Moreover, both equivalences satisfy the equivalence law. Obvi-
ously, every functional logic space is equivalent to its associated logic space.

Lemma 2.6.1 Let (A,B) be a logic space. Then the following hold.
(1) (A,B) is equivalent to the logic spaces (A, B U{A}) and (A,B —{A}).

(2) Let Fp be the set of the characteristic functions of the sets in 8. Then
the T-valued functional logic space (A, JFp) is equivalent to (A, B) (we call
(A, Fx) the functionalization of (A, B)).

Proof (1) is because every association on A closes A. (2) follows from (1)
because Bg,, =B U{A} by Remark 2.6.1.
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Remark 2.6.4 Let (A,JF) be a nontrivial B-valued functional logic space and
(A, {@}) be the B¥-valued functional logic space constructed in Remark 2.2.2.
Then Remark 2.1.3 shows that the following holds for all (x1 -+ Xm, Y1 Yn) €
A* x A*:

inf{ox1,..., exm} < sup{oyi,..., oy}
— (inf{fex1,..., 0xm}) f < (sup{@y1,...,@yn}) f for all f € F
— inf{(@ex1)f, ..., (Oxm)f} < sup{(eyi)f,..., (@yn)f} for all f € F
& inf{fxi,..., fxm} < sup{fyi,...,fyn} for all f € F.

Thus <, is equal to <5, and so (A, JF) ~ (A,{@}) by Theorem 2.6.6.

Remark 2.6.5 Remark 2.6.3 and Lemma 2.6.1 show that every (functional)
logic space is equivalent to a T-valued functional logic space. Moreover, Remark
2.6.4 shows that every nontrivial functional logic space is equivalent to the
functional logic space derived from a latticed representation.

These facts, however, do not reduce the study of (functional) logic spaces to
that of T-valued functional logic spaces or to that of latticed representations,
because certain concepts on logic spaces (A, B) such as those of classes (Defini-
tion 2.6.3), B-models (Definition 2.8.2) and B-negations (Definition 2.8.3) are
characteristic of B itself and not of the largest B-logic, and so equivalent logic
spaces may make marked differences with respect to the concepts.

Moreover, B is characteristic of the semantics of the logic system which
yields (A,B), and semantics for MN should provide a mathematical model of
the nooworlds and the relationship between the IU and the nooworlds as was
explained in Chapter 1. Thus we are not free to transfer to equivalent logic
spaces.

2.6.3 Boolean validity relations for Boolean logic spaces

Definition 2.6.2 Let (A,J) be a B-valued functional logic space and x Ay,
xVy, x® and x =1y be operations on A. Assume that B is a Boolean lattice
and every function in F is a Boolean representation of A with respect to the
operations /\,V, and =. Then we call (A,F) a Boolean logic space with
respect to /\,V, { and =; in case B = T, we call it a binary logic space.

Example 2.6.1 As is shown in Chapters 3-6, the functional logic space on CL
as well as PL and FPL is binary.

Theorem 2.6.9 Let (A, F) be a B-valued Boolean logic space with respect to
operations x Ay, xVy, x? and x =1y on A. Then the following hold.

(1) The F-validity relation <4 is Boolean with respect to the operations /\, V, ¢
and = and is the largest latticed extension of Fg and of a preorder on A.

(2) Define the functions 14 and 0a in A—=B by 1ox =1 and 0aox = 0 for each
x € A, where 1 = maxB and 0 = minB as usual. Then 14,04 ¢ F.
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(3) (A, F) is extremal iff the operation ¢ satisfies the following law for all f € F:
x% e {1} = x¢ 1L (f~"{1}-negation)

Proof (1) Since <t is Boolean for each f € F by Theorem 2.2.9, so is <5 by
Corollary 2.5.9.1, and so <4 is the largest latticed extension both of F5 and of
a preorder on A by Theorem 2.2.22.

(2) If 15 € F, then T =14 (x®) = (1ax)°® = 1¢ = 0 which is a contradiction,
and likewise for Oa.

(3) First assume that (A,J) is extremal, and let f € F. If x® € £~ {1},
then 1 = f(x°) = (fx)°, and so x ¢ f '{1}. Conversely if x ¢ {1}, then
since (A, J) is extremal, we have fx = 0, and so f(x?) = (fx)¢ = 1. Thus the
f~1{1}-negation law holds. Next assume that the f~'{1}-negation law holds for
all f € F. If fx # 1 for some f € F and x € A, then (fx)¢ = f(x®) = 1 by the
f~1{1}-negation law, and so fx = (fx)®?® = 1® = 0. Thus (A, J) is extremal.

Remark 2.6.6 Every B-valued Boolean logic space (A,JF) is equivalent to a
binary logic space by Corollary 2.8.12.3. It also follows that if F # @ then the
latticed representation ¢ € A—B7 constructed in Remark 2.2.2 is Boolean, and
so (A, F) is equivalent to the Boolean logic space (A,{@}). For the same reason
as in Remark 2.6.5, however, these facts do not reduce the study of Boolean
logic spaces to that of binary ones or Boolean representations.

2.6.4 Generation of theories and classes of logic spaces

The purpose of this subsection it to show in Theorem 2.6.10 how the theories of
a logic space are generated by the given theories and use it for classifying logic
spaces in Definition 2.6.3. Theorem 2.6.10 is also crucial to §2.8.

Theorem 2.6.10 Let (A,%B) be a logic space. Then the set of the B-theories
in A is equal to the quasi-finitary N-closure B" of B in PA.

Proof Let T be the set of the B-theories and Q be the largest B-logic. Then
B C T. Moreover, ¥ is the set of the Q-subsets by Theorem 2.6.1, and therefore
is N-closed in PA and quasi-finitary by Theorem 2.4.5. Therefore 87 C T by
Theorem 2.1.7. It remains to show that every set X in ¥ is super-covered by 8.
Therefore let Y € ’X. Define B’ = (\ycpeqg B- Then Y € B’ € B", and so it
suffices to show B’ C X. Let Y = {y1,...,yn} and define &« = y7---yn € A*.
Then B’ = [\, e B; and so Theorem 2.6.2 shows that every element y € B’
satisfies « Qy. Since o« C X and X is Q-closed, we have B’ C X as desired. This
proof and the definition of the quasi-finitarity in Definition 2.1.2 are essentially
due to Hitoki Matuda?-3%. §2.11 suggests an alternative proof.

2-34Kankei syligé no sonzai teiri (Existence theorem for relational sets), Master’s thesis,
Graduate School Math. Sci., Univ. Tokyo, 2004.
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Corollary 2.6.10.1 Two logic spaces (A,By) and (A,B7) are equivalent iff
By =B, Therefore if By = B¢, then they are equivalent.

Proof This is because of Definition 2.6.1.

Remark 2.6.7 Let (A,JF) be a nontrivial B-valued functional logic space and
(A,{@}) be the B¥-valued functional logic space constructed in Remark 2.2.2.
Then Bg ={Afq: (f,a) € FxBland By ={Apa:ac B7} by (2.6.3). More-
over, (2.6.1) shows Ag o ={x € A:px >a}={x € A:fx >af for all f € T} =
MNfcg At,ar and As o = A o for the element a € B such that af = a and ag = 0
for all g € F —{f}. Therefore Bs C By} C Bs'', hence B5" = B, by The-
orems 2.1.5 (if B is complete with respect to supremum, then %{@}m = Bip})-
Thus (A,F) ~ (A,{e}) by Corollary 2.6.10.1.

Definition 2.6.3 Theorem 2.6.10 suggests that we should divide logic spaces
into the following three classes.

Class 1 consists of the logic spaces (A, ) such that B1 = 9B, that is, B is
N-closed in PA and quasi-finitary.

Class 2 consists of the logic spaces (A, B) such that BN = B" #£ B, that is, B
is not N-closed in PA but the N-closure B of B in PA is quasi-finitary.

Class 3 consists of the logic spaces (A, ) such that BM # B7, that is, the
N-closure B of B in PA is not quasi-finitary.

Since BN D B" D B, each logic space belongs to exactly one of the above
classes. We denote the class number of the logic space (A,B) by Cn(A,B).
Then, Cn(A,B) < 2iff BN = B", and Cn(A,B) =1 iff B" =B =B.

Example 2.6.2 As for Example 2.6.1, the binary logic spaces on PL and FPL
belong to the class 2, while CL belongs to the class 2 or 3 according to a certain
parameter related to quantification. Example 2.8.1 will give further details.

Remark 2.6.8 It follows from Theorems 2.4.5, 2.6.1 and 2.6.10 or from The-
orem 2.7.5 and Corollary 2.7.1.1 that a logic space (A, ) belongs to the class
1 iff there exists a deduction system (R, D) on A such that 9B is the set of the
R-subsets of A which contain D.

Remark 2.6.9 It follows from Corollary 2.6.10.1 that every logic space (A, B)
is equivalent to the logic space (A, BM) which belongs to the class 1. Moreover,
every Boolean logic space is equivalent to a binary one in the class 1 or 2 by
Corollary 2.8.12.3 (s. Theorem 2.8.11). These facts, however, do not reduce the
study of logic spaces to that of the ones in the class 1 or 2 (s. Remark 2.6.5).
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2.7 Completeness of deduction systems

Here we define the completeness of deduction systems on logic spaces and for-
mulate the fundamental Theorem 2.7.13 on it to obtain a program for finding a
complete deduction system.

2.7.1 Completeness for logic spaces

Throughout this subsection, we let (A,B) be a logic space, Q be the largest
B-logic on A, C be the %B-core of A, and (R, D) be a deduction system on A.

Definition 2.7.1 In view of §2.5.1, we define the following eight concepts:2-3°

e (R,D) is said to be B-sound if RP C Q.
e (R,D) is said to be B-sufficient if Q C RP.
e (R,D) is said to be B-complete if Q = RP.

(R,D) is said to be core B-sound if [D]g C C.

(R, D) is said to be core B-sufficient if C C [D]g.
e (R,D) is said to be core B-complete if C = [D]g.

(R, D) is said to be extra-B-complete, if it is B-sound and all R-subsets
of A which contain D belong to the N-closure B of B in PA.

(R,D) is said to be super-B-complete, if B is the set of the R-subsets
of A which contain D.

The purpose of the rest of this subsection is to explain meanings of the above
concepts and interrelations between them and others. First of all, it is obvious
that (R, D) is B-complete iff it is B-sound and B-sufficient. Similarly, (R, D)
is core B-complete iff it is core B-sound and core B-sufficient. It should be
mentioned in this regard that [D]g and C are the RP-core and the Q-core of A
by Theorems 2.5.1 and 2.6.4 respectively (s. Theorems 2.7.2 and 2.7.3).

Theorem 2.7.1 The following four conditions are equivalent.

(1
(2

is B-sound.
(XU D] C [X]q for every subset X of A (s. Remark 2.4.8).

) (
) [

(3) Every ®B-theory in A is an R-subset of A containing D.
)

(4

Moreover, the following three conditions are equivalent.

RCQand D CC.

2-35Here we slightly alter the terminology of [1.5]. For example, the core B-completeness was
called the B-core-completeness there.
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(5) (R,D) is B-sufficient.

(6) Xlg € [XUDIg for every subset X of A (s. Remark 2.4.8).
(7) Every R-subset of A containing D is a B-theory in A.
Therefore, the following four conditions are equivalent.

(8) (R,D) is B-complete.

(9) Xlq = [XUDIg for every subset X of A (s. Remark 2.4.8).

(10) The set of the B-theories in A is equal to the set of the R-subsets of A which
contain D.

(11) RC Q, DC C, and Q C RP.

Proof This follows from Definition 2.7.1 and Theorem 2.5.7, because Q is
partially latticed by Theorem 2.6.3, the set of the B-theories is equal to that of
the Q-subsets by Theorem 2.6.1, and C = Aq by Theorem 2.6.4.

Corollary 2.7.1.1 Let D be a subset of A. Then the deduction system (Q, D)
on A is B-sufficient. Moreover, it is B-sound iff D C C. In particular, the
deduction system (Q,0) on A is B-complete.

Proof Since Q € QP by Theorem 2.5.1, (Q, D) is B-sufficient by Definition
2.7.1. Moreover, Theorem 2.7.1 shows that it is *B-sound iff D C C.

Theorem 2.7.2 If (R,D) is B-sound, then it is core B-sound. If it is B-
sufficient, then it is core B-sufficient. Therefore if it is B-complete, then it is
core B-complete.

Proof If (R,D) is B-sound, then Agp C Agq, and so (R,D) is core B-sound
by Theorems 2.5.1 and 2.6.4. The rest may be proved similarly.

Theorem 2.7.3 Assume that (R, D) is core B-sufficient and there exists a map-
ping ¢ € A* x A — A which satisfies the following for all («,y) € A* x A:

O(Qy - EQ(b((x»y)) SRD 49(06»14) = (XRDy.
Then (R,D) is B-sufficient (s. Theorem 2.7.12).

Proof This is because Aq C Agp by Theorems 2.6.4 and 2.5.1, and so the
following holds: «Qy = e¢Q ¢(a,y) = eRP ¢p(o,y) = «RPy.

Theorem 2.7.4 The following conditions are equivalent.
(1) (R,D) is extra-B-complete.
(2) (R,D) is B-complete and Cn(A,B) < 2.
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Proof Let X be the set of the R-subsets which contain D, and assume (1).
Then ¥ C B7, and B" C B" by Theorem 2.1.6. Consequently X C B, and
so (R,D) is B-sufficient by Theorems 2.6.10 and 2.7.1. Therefore (R,D) is B-
complete, and so B7 = X by the two theorems. Therefore B7 = B", that is,
Cn(A,B) < 2. Thus (2) holds. Conversely if (2) holds, then (R, D) is B-sound
and X = B7 = B" by the two theorems, and so (1) holds.

Theorem 2.7.5 The following conditions are equivalent.
(1) (R,D) is super-B-complete.

(2) (R,D) is extra-B-complete and B" = B.

(3) (R,D) is B-complete and Cn(A,B) =1.

Proof Theorem 2.7.4 shows that (2) is equivalent to (3), and so it suffices
to show that (1) and (3) are equivalent. Let X be the set of the R-subsets
which contain D, and assume (1). Then X = B, and hence the following
three consequences. First, R C Q because R closes every set in X. Secondly,
D CNX =B = C. Thirdly, every set in X is a B-theory. Therefore, (R, D) is
$B-complete by Theorem 2.7.1. Furthermore, B7 = X =B by Theorems 2.6.10
and 2.7.1. Thus (3) holds. Conversely if (3) holds, then X = B" = B by the
same theorems, and so (1) holds.

Theorem 2.7.6 The following hold on the B-completeness of the deduction
systems on A and Cn(A,*B).

(1) If a deduction system on A is super-B-complete, then Cn(A,B) = 1. Con-
versely if Cn(A,B) = 1, then every B-complete deduction system on A is
super-‘B-complete.

(2) If a deduction system on A is extra-B-complete and not super-B-complete,
then Cn(A,B) = 2. Conversely if Cn(A,B) = 2, then every B-complete
deduction system on A is extra-B-complete and not super-B-complete.

(3) If a deduction system on A is B-complete and not extra-B-complete, then
Cn(A,B) = 3. Conversely if Cn(A,B) = 3, then no deduction system on A
is extra-B-complete.

Proof (1) and (3) are restatements of part of Theorems 2.7.5 and 2.7.4 re-
spectively. If a deduction system on A is extra-B-complete and not super-B-
complete, then it is B-complete and Cn(A,B) < 2 by Theorem 2.7.4, and so
Cn(A,B) = 2 by Theorem 2.7.5. Conversely if Cn(A,B) = 2, then every B-
complete deduction system on A is extra-B-complete by Theorem 2.7.4 and not
super-B-complete by Theorem 2.7.5.
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Theorem 2.7.7 Two logic spaces (A,Bo) and (A,B;) are equivalent iff the
set of the By-sound deduction systems on A is equal to that of the B;-sound
deduction systems on A, and likewise for the sufficiency and the completeness.
Moreover, (A,By) and (A, B1) are core equivalent iff the set of the core Bo-
sound deduction systems on A is equal to that of the core B1-sound deduction
systems on A, and likewise for the core sufficiency and the core completeness.

Proof Let Qi be the largest B;-logic on A (i = 0,1). If (A,Bo) ~ (A,B1),
then Qo = Q1 by Definition 2.6.1, and so Definition 2.7.1 shows that the set
of the Bp-sound deduction systems on A is equal to that of the B;-sound
deduction systems on A, and likewise for the sufficiency and the completeness.

The deduction system (Q;i,?) on A is Bi-complete by Corollary 2.7.1.1, and
in = Qi by Theorems 2.5.4 and 2.6.3 (i = 0,1). Therefore, if the set of the
Bo-sound deduction systems on A is equal to that of the B-sound deduction
systems on A, then Qo = Q; by Definition 2.7.1 and so (A,By) ~ (A,B1), and
likewise for the sufficiency and the completeness.

The statement on the core equivalence may be proved similarly, because
(Q1,0) is core Bi-complete by Theorem 2.7.2 and [0]q, is the Bji-core of A by
Theorem 2.6.4 (1 =0,1).

Theorem 2.7.8 Let (A,B,) and (A, B1) be logic spaces. Then if By = B;",
the set of the extra-Bo-complete deduction systems on A is equal to that of the
extra-B1-complete deduction systems on A. The converse is true provided that
the sets are nonempty.

Proof Assume B," = B7". Then (A,By) ~ (A,B;) by Corollary 2.6.10.1,
and a deduction system on A is By-sound iff it is B-sound by Theorem 2.7.7.
Thus it is extra-Bo-complete iff it is extra-27-complete.

Conversely assume that the set of the extra-8y-complete deduction systems
on A is equal to that of the extra-8;-complete deduction systems on A and that
they are nonempty. Then Theorem 2.7.4 shows that Cn(A,B;) <2 (i =0,1)
and that the set of the By-complete deduction systems on A is equal to that
of the B1-complete deduction systems on A. Therefore (A,By) ~ (A,B1) by

Theorem 2.7.7, and so Bo" =B =B = B;" by Corollary 2.6.10.1.

2.7.2 Functional aspects of completeness

Throughout this subsection, we let (A, F) be a B-valued functional logic space
and (R,D) be a deduction system on A. We have associated (A,F) with the
logic space (A,Bs) in §2.6.2, and defined the Bg-soundness, Bs-sufficiency,
B y-completeness, and so on of (R, D) in §2.7.1. We call them the F-soundness,
F-sufficiency, F-completeness, and so on of (R, D), as [2.32] noticed.

The purpose of this subsection is to relate these concepts with the values
of the functions in F as in Theorem 2.7.9, which together with Remark 2.5.1
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will help you understand the meanings of the concepts especially when (A, F)
is extremal, and compare them with their prototypes?-36.

Theorem 2.7.9 The following hold (s. Theorem 2.6.7).

(1) (R,D) is F-sound iff Fg,p is contained in Fg, that is, iff it satisfies the
following condition for all (f,a) € F x B:

fx12a, ..., fXxpn>2a, x1---xnFrpYy = fy>a

(2) (R,D) is F-sufficient iff F4 is contained in Fg p, that is, iff it satisfies the
following condition:

X1 Xn 7ZR,D Y
= fx3 >aq, ..., fxn > aand fy # a for some (f,a) € F x B.

(3) (R,D) is F-complete iff Fr p is equal to Fg, that is, iff it satisfies the
following condition:

X1 Xn FRD Y
& fx1>a, ..., fxn > aand fy # a for some (f,a) € F x B.

Proof Since F5 is the largest F-logic on A by Theorem 2.6.6 and Fr p is equal
to RP, this is a restatement of part of Definition 2.7.1.

Corollary 2.7.9.1 The following hold.
(1) If g,p is contained in <, then (R, D) is F-sound.
(2) If Sg,p contains <, then (R, D) is F-sufficient.

(3) If g,p is equal to <, then (R,D) is F-complete.

Proof Since the restrictions of <z p and < to A* X A are equal to Fg p and
Fg respectively, (1)—(3) here are consequences of (1)—(3) of Theorem 2.7.9.

Theorem 2.7.10 Assume that <5 is extendedly latticed. Then (R,D) is F-
complete iff ¢ p is equal to 5.

Proof Assume that(R, D) is F-complete. Then Fg p is equal to F by Theorem
2.7.9. Since xg,p and <y are the largest latticed extensions of Fr p and Fg
by Theorem 2.5.2 and our assumption respectively, <r p is equal to <g. The
converse has been proved in Corollary 2.7.9.1.

2:36Kurt Godel, “Die Vollstindigkeit der Axiome des logischen Funktionenkalkiils (The com-
pleteness of the axioms of the functional calculus of logic),” Monatshefte fiir Mathematik und
Physik 37 (1930), 349-360.
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2.7.3 Completeness for Boolean logic spaces

In view of Example 2.6.1, here we consider the completeness of deduction sys-
tems on Boolean logic spaces.

Theorem 2.7.11 Let (A,JF) be a Boolean logic space with respect to opera-
tions x Ay, xVy, x® and x=1y on A and (R, D) be a deduction system on A.
Then (R, D) is F-complete iff g p is equal to <5 and only if g p is Boolean
with respect to the operations /\,V, { and =.

Proof Since x5 is extendedly latticed by Theorem 2.6.9, the former statement
holds by Theorem 2.7.10. Since <4 is Boolean by Theorem 2.6.9, the latter
follows from the former.

Example 2.7.1 Let (A, F) be a Boolean logic space with respect to operations
x Ay, xVy, x® and x=y on A and C be the F-core of A. Let & and p be
associations on A defined by (2.5.2) and B be the set of the Boolean elements
of A with respect to the operations /\,V,{ and =. Then Remark 2.5.9 shows
that <gup,s is the smallest Boolean relation on A* with respect to /\,V, and
=. Therefore Theorem 2.7.11 shows that if (R, D) is an F-complete deduction
system on A then <gups € <r,p and so B&Y¢ C RP (5. Theorem 2.5.6).
Moreover, <gugp,8 € < by Theorem 2.6.9, and so the deduction system (& U
©, B) is F-sound by Corollary 2.7.9.1. Thus &Ugp C F5 and B C C by Theorems
2.7.1 and 2.6.6.

As for Example 2.6.1, if (A, F) is the binary logic space on PL, then (&Ug, B)
is furthermore F-complete by Theorem 2.10.2. Suppose (A, F) is the binary logic
space on FPL or CL. Then for a specific deduction system (R,D) such that
& U gp C Rand B C D, the deduction system (& U g, [D]g) has been proved to
be F-complete. Therefore C = [[D]r]gue = [Dlg by Theorems 2.7.2 and 2.4.7.
Thus, although not F-sound, (R,D) is core F-complete and so F-sufficient by
Theorem 2.7.12 below. Moreover, the deduction system (g, [D]g) is F-complete
by Corollary 2.7.12.1 below. The details for FPL were given in [1.3] by the way
(s. [2.31]), while those for CL will be given in Chapters 4-6.

Theorem 2.7.12 Let (A,JF) be a Boolean logic space with respect to opera-
tions x Ay, x Vy, x® and x =1y on A. Assume that (R, D) is a core F-sufficient

deduction system on A and R contains the association p = ﬂ Then
(R, D) is F-sufficient.
Proof Define the mapping ¢ € A* x A — A by

d(x1 - xnyy) =xn=>( =2 =>(x1=>y)) ).

Then since x5 is Boolean by Theorem 2.6.9 and F5 is the restriction of <5 to
A* x A, Theorem 2.2.17 shows that the following holds:

X1 Xn }:g“y — eFyg ¢(X1 "'me)-

110



In particular, ¢ satisfies
aFry = eFg d(a,y)
for all (o, y) € A* x A. Assume € Fr,p $(x71 - Xn,y). Then
Xn =>( - =>(x2=>(x1=>y)) ) € [Dlg C [{x1,...,xn} UDIg
by (2.5.1) and Theorem 2.4.5, and since p C R, it inductively follows that
Xn-i=( =2 =>(x1=>y)) ) € [{x1,..., %2} UDIr

fori=1,...,n by Theorem 2.4.7. In particular y € [{x1,...,xn}UD]g, and so
X1---Xn Fr,p Y by (2.5.1). Therefore ¢ satisfies

eFrp ¢l,y) = aFrpy
for all (a,y) € A* x A. Thus (R, D) is F-sufficient by Theorems 2.7.3 and 2.6.6.

Corollary 2.7.12.1 Let (A,JF) be a Boolean logic space with respect to oper-

ations x Ay, xVy, x® and x =1y on A. Then the deduction system (g, C) on A
=
consisting of the association p = x x=Y and the F-core C of A is F-complete.

Proof This is because (g, C) is F-sufficient by Theorem 2.7.12 and F-sound
by the first paragraph of Example 2.7.1 and Theorems 2.7.1 and 2.6.6.

2.7.4 Completeness and characteristic laws

Throughout this subsection, we let (A,F) be a functional logic space. Here we
formulate the fundamental Theorem 2.7.13 to obtain a practically necessary and
sufficient program for finding an F-complete deduction system on A.

First as in Example 2.5.2, we define A = A* x A*, denote its elements (x, B)
by o« — B or p + o and call them the sequents on A. Then <5 and < (f € F)
may be regarded as subsets of K, but we define

Cr={a=peliazyspl, Ar={a—pecAiaxip} (fed),
distinguishing relations on A* and subsets of A. Next we define
F={As:fe T}

Then (R, 5’) is a logic space, which we call the sequential logic space as-
sociated with (A, 7). The F-core of A is equal to Cg because (2.6.6) means
Cy = ﬂfebt}_(f. Finally in view of Definition 2.5.1 and Theorem 2.5.8, we call
a deduction system (ﬁ,]j) on A a characteristic law of (A, ) if it is core
fr_':—complete7 that is, if Cy= [13]ﬁ. In other words, a characteristic law of (A, JF)
is a deductive law (ﬁ, 5) on the relations on A* such that <5 is equal to []3]]3
regarded as the smallest (ﬁ, D)-relation on A*, and so < is generated by D by
virtue of R as in Theorems 2.4.2-2.4.4.
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Remark 2.7.1 Let Q be the largest F- logic on A. Then the deduction system
(Q 0) on A is ,‘}’—complete by Corollary 2.7.1.1, and therefore is core ?—complete
by Theorem 2.7.2. Thus (Q () is a characteristic law of (A, F). More generally,
if (R D) is an F- complete deduction system on A then it is a characteristic law
of (A, ) and is equivalent to (Q, () because RD — Q = Qw. A functional logic
space (A, F) may have characteristic laws inequivalent to (Q, (). Indeed as for
PL, both the Boolean law and the weakly Boolean law are characteristic laws
by Theorem 2.10.1, and the former is equivalent to (Q,@), while the latter is
not for the reason shown in Remark 2.2.13. The details were given in [1.3] by
the way (s. [2.31]).

Theorem 2.7.13 Let (R, D) be an F-sound deduction system on A and assume
that g p satisfies a characteristic law of (A,J). Then (R, D) is F-complete.

Proof It suffices to show that a deduction system (R,D) on A is F-sufficient
if a deduction system (R, D) on A satisfies the following two conditions.

(1) (ﬁ, 6) is core F-sufficient, that is, Cy C [lj}ﬁ.
(2) <g,p satisfies the deductive law (R, D).

Define AR,D ={a—pe A <g,p B}. Then (2) means that }{R,D is R-closed
and contains D, hence [13]]3 - AR,D. Therefore ég - KR,D by (1), which means
that <5 is contained in g p. Thus (R, D) is F-sufficient by Corollary 2.7.9.1.

The following theorem contains a partial converse of Theorem 2.7.13.

Theorem 2.7.14 Assume that <4 is extendedly latticed. Let (ﬁ ﬁ) be a char-
acteristic law of (A,JF) and (R, D) be a deduction system on A. Then (R,D) is

F-complete, iff g p is equal to [D}ﬁ regarded as the smallest (R D)-relation
on A*, and iff RP is equal to the restriction of [D ]R to A* x A.

Proof Since x5 is equal to [13]ﬁ regarded as a relation on A* by the definition
of characteristic laws, the statement holds by Theorems 2.7.10 and 2.7.9.

Remark 2.7.2 Asfor Example 2.6.1, Theorem 2.6.9 shows that the binary logic
space in CL as well as PL and FPL satisfies the assumption of Theorem 2.7.14.
Thus Theorem 2.7.13 gives the following practically necessary and sufficient
two-step program for finding an F-complete deduction system on A.

A program for finding an F-complete deduction system (R,D) on A

—

Step 1. Find a characteristic law (ﬁ,D) of (A,J), that is, find a core F-
complete deduction system (R,D) on A.

Step 2. Find an F-sound deduction system (R, D) on A whose deduction rela-
tion g, p satisfies (R, D).
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Step 1 is examined in the succeeding subsections. Theorem 2.5.11 is relevant
to Step 2 for CL as well as PL and FPL, because their F-validity relations are
Boolean by Theorem 2.6.9 and the (weakly) Boolean law has been extended to
their characteristic laws. The details for FPL were given in [1.3] by the way (s.
[2.31]), while those for PL and CL will be given in §2.10 and Chapters 4—6.

2.7.5 Characteristic laws and Dedekind cuts

Throughout this subsection, we let (A,JF) be a B-valued functional logic space.
Here we formulate Theorems 2.7.15 and 2.7.16 to obtain a practically necessary
and sufficient program for finding a characteristic law of (A, F).

Definition 2.7.2 Let (X,Y) € PA x PA. Then a function f € F is called an
F-model of (X,Y) if inf X and sup fY exist and satisfy inf fX £ sup fY in B.

Remark 2.7.3 It follows from Definition 2.7.2 that if (A, JF) is extremal then
a function f € F is an F-model of (X,Y) iff X € f {1} and Y C £ {0} for
1 = maxB and 0 = minB. Moreover, (2.2.1) and (2.6.6) show that, if we regard
an element (o, ) € A* x A* as belonging to PA x PA, then a function f € F
is an F-model of (&, ) iff « £ B, and so (&, f) has an F-model iff & £5 B.

Definition 2.7.3 Let < be a relation on A*. Then an element (X,Y) € PA x
PA is called a (Dedekind) cut of A by < if every element (o, ) € X* x Y*
satisfies & £ B. The cut (X,Y) is said to be finite if (X,Y) € P'A x P’A.

Remark 2.7.4 It follows from Definition 2.7.3 and Remark 2.7.3 that an ele-
ment (X,Y) € PBA x PA is a cut of A by <5 iff each element («, ) € X* x Y*
regarded as belonging to LA X PA has an F-model.

Lemma 2.7.1 Let < be arelation on A*. Assume that < satisfies the extension
law and each finite cut of A by < has an F-model. Then <4 is contained in <.

Proof Assume that an element (x,3) € A* x A* satisfies & £ 3, and regard
it as belonging to BPA x PBA. Then since < satisfies the extension law, (x, ) is
a finite cut of A by =<, and so has an F-model. Therefore o« £ 3, as was noted
in Remark 2.7.3. Thus <y is contained in <.

Theorem 2.7.15 Let (ﬁ, 13) be a deductive law on the relations on A*. Assume
the following conditions.

(1) The F-validity relation <4 satisfies (ﬁ, D).

(2) (ﬁ, 13) implies the extension law in the sense of the word imply as defined
in Definition 2.5.1.

(3) Each finite cut of A by each (R, D)-relation contained in <4 has an F-model.
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Then (ﬁ, 13) is a characteristic law of (A, JF).

Proof To be more precise in the condition (2), define an association E on
A = A* X A* by the following sequential and fractional list as in Example 2.5.2:

of,‘%g, (xC o’y BB
Then the extension law in (2) means the deductive law (E, 0).

Regard [13]]3 as a relation on A*, and denote it by <. Then < is the smallest
(ﬁ,ﬁ)—relation by Theorem 2.5.8. Therefore < satisfies the extension law by
(2) and is contained in <5 by (1), and so each finite cut of A by < has an
F-model by (3). Therefore <5 is equal to < by Lemma 2.7.1. Thus (R,D) is a
characteristic law of (A, F).

Remark 2.7.5 Under the assumption of Theorem 2.7.15, let (X,Y) be a finite
cut of A by a (ﬁ,ﬁ)-relation <. Then the intersection <’ of < and <4 is a
(ﬁ, 13)—relation contained in ¢ by (1) and Theorem 2.5.9, and (X,Y) is a finite
cut of A by <’, and so has an F-model by (3).

Theorem 2.7.15 has the following partial converse.

Theorem 2.7.16 Let (ﬁ, D) be a characteristic law of (A, F). Then each finite
cut of A by each (ﬁ, ﬁ)—relation on A* has an F-model.

Proof Let < be a (ﬁ, D)-relation and (X,Y) be a finite cut of A by <. Then,

since <5 is the smallest (ﬁ,ﬁ)—relation, # is contained in #g, and so (X,Y) is
a finite cut of A by 4. Thus (X,Y) has an F-model by Remark 2.7.4.

Remark 2.7.6 Theorems 2.7.15 and 2.7.16 give the following practically nec-
essary and sufficient program for finding a characteristic law of (A, F).

A program for finding a characteristic law (ﬁ, 13) of (A, F)
Pick a deductive law (R, D) on the relations on A* and show that it satisfies the
conditions (1)—(3) of Theorem 2.7.15.

Suppose (A, JF) is extremal and <5 satisfies the lower end law (s. Lemma
2.24). Let X be a subset of A. Then Theorem 2.8.3 shows that the element
(X,0) € PA xPA is a cut of A by <4 iff X is F-consistent. Moreover, it follows
from Remarks 2.7.3 and 2.8.2 that (X, ) has an F-model different from 1 iff
X has a nontrivial F-model. Thus the above program unites with the problem
of how to construct nontrivial F-models of F-consistent subsets of A.

Example 2.7.2 Suppose (A, F) is the binary logic space on FPL. Then, if it

has infinitely many variables, a specific deductive law (ﬁ, ]3) on the relations
on A* has been found to satisfy the conditions (1)—(3) of Theorem 2.7.15 and
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therefore is a characteristic law of (A,F). Moreover, the deduction relation
<g,p of a specific F-sound deduction system (R,D) on A has been found to
satisfy (ﬁ,ﬁ), and so (R,D) is F-complete by Theorem 2.7.13. Furthermore,
1a ¢ F by Theorem 2.6.9, and irrespective of the cardinality of the variables,
each (not necessarily finite) cut of A by <5 has been found to have an F-model,
and so the latter half of Remark 2.7.6 shows that each F-consistent subset of A
has a nontrivial F-model. The details were given in [1.3] by the way (s. [2.31]).
Takaoka [1.93] obtained similar results for ICL, which will be generalized in
Chapter 6 for CL.

2.7.6 Dedekind cuts by weakly Boolean relations

In this subsection, in view of Remarks 2.7.2 and 2.7.6, we consider (Dedekind)
cuts by (weakly) Boolean relations. Throughout, we let A be a nonempty set,
< be a relation on A* and €4 be the set of the cuts of A by <. Furthermore,
we define the product order C on BA x LA by

(X,Y) C (X,Y) & XCX and YC Y/,

and in view of the following lemma, we denote by ®< the set of the maximal
elements of €4 with respect to the product order.

Lemma 2.7.2 The cut set €5 is downward in BA x PA and inductive with
respect to the product order.

Proof Suppose (X,Y) € €4, (X', Y’) € BAXPA and (X', Y') C (X,Y). Then if
(o, B) € X" xY"" then (&, B) € X*xY*, and so & £ B. Therefore (X’,Y’) € €.
Thus € is downward in ‘BA x PA.

Let {(Xi,Yi) : i € I} be a nonempty linearly ordered subset of €. Define
X =Uier Xi and Y = U Yi- Then (X,Y) = supgpa cpal(Xi, Yi) 1 1 € 11 Let
(¢, ) € X* x Y*. Then since (x,p) € B'X x V'Y by the word convention
and {(Xi,Y;) : i € I} is linearly ordered, there exists an index i1 € I such that
(o, B) € Xi* x Yi™, hence o # B because (Xi,Y:) € €. Therefore (X,Y) € €4,
and so (X,Y) = supQ{(Xi,Yi) :1 e I}. Thus €y is inductive.

Lemma 2.7.3 If < satisfies the repetition law, then every element (X,Y) € €4
satisfies XNY = (.

Proof If x € XNY for an element (X,Y) € €4, then x £ x, and so < does not
satisfy the repetition law. Remark 2.7.7 gives an alternative proof.

Lemma 2.7.4 If < satisfies the laws of extension and strong cut, then every
element (X,Y) € D satisfies XUY = A.

Proof Suppose XUY # A for an element (X,Y) € ©. Let x € A—XUY. Then
neither (X,{x}UY) nor ({x} U X,Y) belongs to €4 by the maximality of (X,Y),
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and so the extension law shows that there exist elements («,v), (3,8) € X* x Y*
satisfying o < xy and xf3 < 9, and also afy £ &y because (X,Y) € €. Thus <
does not satisfy the strong cut law, which is a contradiction.

Lemma 2.7.5 If < satisfies the laws of extension, strong junction, strong nega-
tion and strong implication with respect to operations x Ay, x Vy, x? and x =y
on A, then every element (X,Y) € D satisfies the following eight conditions.

1) x\yeX = x,yeX

2) x\yeY = xeYoryey.

3) xVyeX = xeXoryeX

5
6) x° €Y = xeX
) x>yeX = xeYoryeX

(1)
(2)
3)
(4) x\/er:>xy€Y
(5) x
(6)
(7)
(®)

x=>yeY = xeX,yev.

Proof Assume x ¢ X or y ¢ X. Then the maximality of (X,Y) and the
extension law show that there exists an element (x,) € X* x Y* satisfying
xyox < . Therefore x\y - « < by the strong conjunction law, and so
x Ay ¢ X because (X,Y) € €. Thus (1) holds.

Assume x ¢ Y and y ¢ Y. Then the maximality of (X,Y) and the extension
law show that there exists an element (o, 3) € X* x Y* satisfying « < xf3 and
o < yP. Therefore & < x Ay-f3 by the strong conjunction law, and so x Ay ¢ Y
because (X,Y) € €4. Thus (2) holds.

Assume x ¢ X and y € X. Then the maximality of (X,Y) and the extension
law show that there exists an element (o, ) € X* x Y* satisfying xo < § and
ya =< . Therefore x Vy-a« < 3 by the strong disjunction law, and so xVy ¢ X
because (X,Y) € €4. Thus ( ) holds.

Assume x ¢ Y ory ¢ Y. Then the maximality of (X,Y) and the extension
law show that there exists an element (o, ) € X* x Y* satisfying o < xyp.
Therefore o« < xVy - 3 by the strong dlSJunCthD law, and so xVy ¢ Y because
(X,Y) € €. Thus (4) holds.

Assume x ¢ Y. Then the maximality of (X,Y) shows that there exists an
element (e, B) € X* x Y* satisfying o < xB. Therefore x®at < B by the strong
negation law, and so x® ¢ X because (X,Y) € €. Thus (5) holds.

Assume x ¢ X. Then the maximality of (X,Y) shows that there exists an
element (o, B) € X* x Y* satisfying xa < B. Therefore « < x°p by the strong
negation law, and so x¢ ¢ Y because (X,Y) € €. Thus (6) holds.

Assume x ¢ Y and y ¢ X. Then the maximality of (X,Y) and the extension
law show that there exists an element (o, ) € X* x Y* satisfying o < xf3 and
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yo < . Therefore x=y-a < by the strong implication law, and sox =y ¢ X
because (X,Y) € €. Thus (7) holds.

Assume x ¢ X or y ¢ Y. Then the maximality of (X,Y) and the extension
law show that there exists an element (o, ) € X* x Y* satisfying xa < yp.
Therefore o < x =y by the strong implication law, and so x =1y ¢ Y because
(X,Y) € €. Thus (8) holds.

Lemma 2.7.6 If < is Boolean with respect to operations x Ay, xVy, x® and
x=yon A and (X,Y) € Dg, then Y = A — X, and the characteristic function
1x of X is a binary representation of A with respect to the operations.

Proof Since < satisfies the extension law by Remark 2.2.8, Y = A — X by
Lemmas 2.7.3 and 2.7.4, and so X satisfies the following four conditions by
Theorem 2.2.21 and Lemma 2.7.5.

e xN\yeX & x,yeX

e xVyeX & xeXoryeX
e X0 eX &= x¢X

e x=>yeX & x¢XoryeX

This means that 1x is a binary representation with respect to /\,V, { and =.
Remark 2.7.7 For each (X,Y) € PA x PA, define a relation <x y on A* by
x<xx,y B = (B) ¢ X xY*

for each (, ) € A* x A*. Then the following hold for all (X,Y) € PA x PA.

e (X,Y) € Dz, y» and <x v is the largest of the relations < on A* which
satisfy (X,Y) € €.

e The relation <x y satisfies the extension law and € £x v €.
e The relation <x v satisfies the repetition law iff X WY = 0.
o The relation <x y satisfies the (strong) cut law iff XUY = A.

o If A= XIIY, then <x,y is equal to the relation <x defined in Theorem
2.2.23 and to the 1x-validity relation <.

e Let x Ay, xVy, x® and x=1y be operations on A. Then <x,v satisfies
the laws of strong junction, strong negation and strong implication with
respect to the operations /A, V, ¢ and = iff (X,Y) satisfies the conditions
(1)—(8) of Lemma 2.7.5. Therefore, if XNY =0 and XUY C A —ImAU
ImVUIm ¢ UIm =, then xx v is weakly Boolean with respect to /\,V, ¢
and = but does not satisfy the (strong) cut law (s. Remark 2.2.13).
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2.8 Consistency, models and classes

In Theorems 2.7.4-2.7.6, we observed interrelations between the completeness
of deduction systems on logic spaces and the classification of the logic spaces
given in Definition 2.6.3. In this section, we observe interrelations between the
classification and the existence of models of consistent sets. The main result is
Theorem 2.8.12. Throughout this section, we let (A, ) be a logic space and Q
be the largest B-logic on A.

2.8.1 Consistency and models

Definition 2.8.1 A subset X and an element x of A are said to be 28B-consistent
if Xlq # A and [{x}]q # A respectively (thus x is B-consistent iff so is {x}).
Let € be the set of the B-consistent subsets of A, ® be the set of the maximal
B-consistent subsets of A, i.e. the maximal elements of €, and & be the set
X ePA: [Xlg € D). We call the elements of & the B-complete subsets of A.

Remark 2.8.1 Let (A,B’) be a logic space equivalent to (A,2B). Then Q is
also the largest B’-logic. Therefore, € is equal to the 2B’-consistent subsets of
A, and likewise for © and €.

Definition 2.8.2 A B-model of a subset X of A is a set B € B containing X.
If furthermore B # A, we say that B is nontrivial®-3".

Remark 2.8.2 Let (A,J) be a functional logic space and (A,B5) be the as-
sociated logic space. Then by definition, an F-model of a subset X of A is its
Bs-model, as [2.32] noticed. Therefore if (A, F) is extremal, then Remark 2.6.1
shows that a nontrivial F-model of X is the inverse image f~'{1} of a function
f € F—{1a} containing X, where 15 was defined in Theorem 2.6.9.

Theorem 2.8.1 The following hold on 9B, €, © and €.

1) € is downward (Theorem 2.8.5 (1) refines this).

2) A subset X of A belongs to € iff [X]g € €. If X € D, then X = [X]q.

(1)
(2)
(3) ®CeCCand B—{A} CC (Theorem 2.8.5 (1) refines this).
(4) If X € €, then [X]q is its only nontrivial B-model, if any.

Proof The mapping X — [X]q is a closure operator, as was noted in Remark
2.4.3, and (1) is because it is increasing and (2) is because [X]q = [[X]glg and
X C Xlg. If X €D, then [X]g =X € © by (2) and so X € €. If X € €, then
XC[Xlge®C€andsoXe Chby (1). If Be B —{A}, then [Blg =B # A and
soB € €. Thus (3) holds. If X € €and X C B € B—-{A},then ® > [X]o C B e
by (3) and so B = [X]q. Thus (4) holds.

2:3"Nontrivial B-models were simply called B-models in [1.5] and others (s. [2.1]).
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Lemma 2.8.1 A finite subset {x1,...,xn} of A is B-inconsistent iff every ele-
ment y € A satisfies x1 ---xn Q.

Proof This is a direct consequence of Theorem 2.6.3.

Theorem 2.8.2 Assume that A has a B-inconsistent finite subset {x1,...,xn}
(n > 1). Then the following five conditions on a subset X of A are equivalent.

1) X is B-inconsistent.

)

2) {Xh-'-)xn} C [X]Q
)
)

4

(

(

(3) There exists an element o« € X* such that «Qx; (i=1,...,n).
(4) There exists an element o« € X* such that « Qy for all y € A.
(

5) There exists a B-inconsistent finite subset of X.

Therefore € is a finitary subset of 8A (Theorem 2.8.5 (4) refines this).

Proof If (1) holds, then [X]q = A, and so (2) holds.

Assume (2). Then Theorem 2.6.3 shows that there exists an element o; € X*
such that oy Qx; for each i € {1,...,n}. Thus (3) holds with & = o7 -+ &y,
because Q satisfies the partial extension law (and the partial substitution law)
by Theorem 2.6.3 and Remark 2.2.8.

Assume (3) and let y € A. Then aQx; (i=1,...,n), and X1 ---xn Qy by
Lemma 2.8.1. By repeated application of the laws of partial substitution and
partial extension to these n + 1 relations, we have « Qy. Thus (4) holds.

If (4) holds, then « regarded as a finite subset of X is B-inconsistent by
Lemma 2.8.1, and so (5) holds.

Since € is downward by Theorem 2.8.1, (5) implies (1).

Thus (1)-(5) are equivalent. Theorem 2.1.1 shows that (1) and (5) are
equivalent iff € is finitary. Thus the final statement holds.

Theorem 2.8.3 Let (A,JF) be a functional logic space. Then a finite subset
{X1,...yxn} of A is F-inconsistent provided that xq ---x,, <5 €. Furthermore,
if <4 satisfies the lower end law (s. Lemma 2.2.4), then the following hold.

(1) A has an F-inconsistent element.
(2) A finite subset {x1,...,%xn} of A is F-inconsistent iff x7 - - x,, <5 €.

(3) A subset X of A is F-consistent iff (X,0) € PA X PA is a cut of A by <g.
(4)

4) If X is a maximal F-consistent subset of A, then there exists a subset Y of

A such that (X,Y) is a maximal cut of A by <5.

119



Proof Let (A,B5) be the logic space associated with (A,JF). Then by defini-
tion, a subset X of A is F-consistent iff it is By-consistent, as [2.32] noticed.
The largest B 5-logic on A is equal to F5 by Theorem 2.6.6. Its extension <y
is latticed by Theorem 2.6.8, and the lower end law for <4 implies the lower
quasi-end law by Lemma 2.2.5. Therefore, Lemma 2.8.1 shows that the former
statement holds and that (1) and (2) hold under the lower end law.

Under (1) and (2), Theorem 2.8.2 shows that a subset X of A is F-consistent
iff every finite subset {x1,...,xn} of X satisfies x1 - - - x5, £g €. Thus (3) holds.

Under (3), let X be a maximal F-consistent subset of A. Then (X, ) is a cut
of A by <, and so Lemma 2.7.2 and Zorn’s lemma show that X C X’ for some
maximal cut (X’,Y) of A by 4. Lemma 2.7.2 also shows that (X’,) is a cut
of A by <5, and so X’ is F-consistent. Therefore X = X’ by the maximality of
X, and so (X,Y) is a maximal cut of A by <. Thus (4) holds.

Remark 2.8.3 A subset X of A has a nontrivial B-model iff (\ycpcp B # A

H_
and iff X belongs to the downward closure B —{A} of B — {A} in BA defined
in Theorem 2.1.8 (s. Remark 2.1.5). Theorem 2.1.9 shows that X belongs to

:
the finitary closure 8 — {A} of B —{A} in LA iff each finite subset of X has a
nontrivial B-model. Theorems 2.8.4 and 2.8.5 are relevant to these facts.

Theorem 2.8.4 The following hold on the Q-closures of subsets of A.
(1) IYlq =Nycpen B for all Y € P'A.
(2) Cn(A,B) <2iff Xlg = ﬂXgBe% B for all X € PA.

Proof (1) Let Y ={y1,...,yn} and define & = yq---yn € A*. Then [Ylg =
[l ={y € A: xQy}l =\ycsen B =ycpexs B by Theorems 2.6.3 and 2.6.2.
Alternatively, [Ylo = Nycxems X = Nycxesn X =Nycpen B by Theorems
2.6.1, 2.6.10, 2.1.6 and 2.1.5.
(2) If Cn(A,®B) < 2, that is, if B0 = B", then X]q = NxcyemnY =
NxcvesnY = Nxcpes B for all X € PA by Theorems 2.6.1, 2.6.10 and 2.1.5.
Conversely, if [X]q = [xcpeg B for all X € PA, then every set X in BN satisfies

X=[Xlg= ﬂXgBe‘B B € 8" by Theorem 2.6.10, and therefore B = B".
Theorem 2.8.5 The following hold on 9B, € and © (s. Remark 2.8.3).
— — R —
(1) B—{A}CSB—{A}CB" —{A}=CCB—{A}
(7
(2) PANC=P'ANB—{AL
<7
(3) If Cn(A,B) < 2, then € =B —{A} (s. Remark 2.8.6).
g: H
(4) If A has a B-inconsistent finite subset, then € =8 —{A} =D.

(5) D is equal to the set of the maximal elements of BM — {A}.
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—
Proof (1) Theorems 2.1.7 and 2.1.8 show B —{A} C B —{A} C BN —{A}. If
(_—

X € BN —{A}, then there exists a set Y € BN —{A} such that X C Y, and since
Xlg € Y # A by Theorem 2.6.10, we have X € €. Conversely if X € €, then
%

X C [X]q € B —{A} by Theorems 2.6.1 and 2.6.10, and so X € B" —{A}. Thus
—
BN —{A} = If X € €, then each set Y € P'X satisfies (ycpem B=1[Ylg #A
i
by Theorems 2.8.4 and 2.8.1 (1). Therefore € C 6 —{A} by Remark 2.8.3.
(2) is because B —{A} C € C B —{A} by (1) and P'ANB —{A} =L'AN
:
B —{A} by Theorem 2.1.6, or is because Theorem 2.8.4 and Remark 2.8.3 show
that an element Y € B’A satisfies [Y]g # A iff Y € B —{A}.
(3) follows from Theorem 2.8.4 and Remark 2.8.3 as above, or is because
— N
¢=2"—{A} by (1), BN =B" and B" —{A} =B —{A}.
Under the premise of (4), € is finitary by Theorem 2.8.2. Therefore, applying

:
the closure operator in Theorem 2.1.9 to the inclusion %6 —{A} C € C B —{A}

i
in (1), we have € = 8 —{A}. Being finitary, € is also inductive by Theorem
2.1.2 and Remark 2.1.2. Moreover, € is downward by Theorem 2.8.1. Therefore

¢ = 5 by Zorn’s lemma and Definition 2.8.1.

—
(5) is a consequence of the equation € = BN —{A} in (1) and Definition
2.8.1.

Remark 2.8.4 It follows from Theorems 2.8.5 and 2.8.1 that (J(B —{A}) is the

set of the B-consistent elements in A and |JX = (B —{A}) for X =B —{A},

I | —

BN —{A}, BN —{A} and €. Furthermore if A has a B-inconsistent finite subset,
:

then JX = J(B —{A}) for X =B —{A}, D and € as well.

2.8.2 Consistency and complements

Definition 2.8.3 Let x° be a unary operation on A. Then it is called a 98-
negation, if it satisfies the following law for all B € B — {A}:

x €B < x¢B. (B-negation)
Moreover, it is called a B-complement, if it satisfies the following two laws:

xx° Qu, (contradiction)
xaQu, x°aQy = aQu. (excluded middle)

Theorem 2.8.6 Let x® be a unary operation on A. Then the following hold.

(1) Tt satisfies the contradiction law iff {x,x®} is B-inconsistent for all x € A.
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(2) Tt satisfies the excluded middle law iff it satisfies the law
[{(x} UXlo N{x%UXlg C Xl (2.8.1)
for all X € PBA and iff it satisfies this law for all X € PB’A.

Proof (1) is a direct consequence of Lemma 2.8.1.

(2) First, under the excluded middle law, assume y € [{x}UX]q N [{XO}UX]Q
for a set X € SPA. Then it follows from Theorem 2.6.3 that there exists an
element o« € X* such that x« Qy and x°«Qvy, and so «Qy by the excluded
middle law, hence y € [X]g. Thus the law (2.8.1) is satisfied for all X € BA.

Next, under the law (2.8.1) for all X € P’A, assume xaQy and x°x Qy.
Then y € [x} U alg N{x°}U adq, and so y € [a]q by (2.8.1) for « regarded
as belonging to PB’A, hence « Qy by Theorem 2.6.3. Thus the excluded middle
law is satisfied.

Corollary 2.8.6.1 Assume that A has a B-complement x?. Let X and x be
a subset and an element of A. Then {x,x°} is B-inconsistent, and the follow-
ing three conditions are equivalent (Theorem 2.8.2 has given further equivalent
conditions (4) and (5) under a weaker assumption).

e X is B-inconsistent.
o {X)XO} - [X}Q

e There exists an element & € X* such that o Qx and o« Q x°.
Proof This is a direct consequence of Theorems 2.8.6 and 2.8.2.

Theorem 2.8.7 Assume that A has a B-complement x°. Let X be a subset of
A. Then the following three conditions are equivalent.

(1) X is a maximal B-consistent subset, that is, X € D.
(2) Xlg =X and ¢ satisfies the X-negation law: x0eX &= x¢X.

(3) X is B-consistent and each element x € A satisfies x € X or x¢ € X.

Proof Assume (1). Then [X]qg = X by Theorem 2.8.1. Let x € A. Then
{x,x} € X by the B-consistency of X and Corollary 2.8.6.1, and so if x® € X
then x ¢ X. Conversely if x ¢ X, then [{x} UX]q = A by the maximality of X,
and so x° € [X]lg = X by (2.8.1). Thus (2) holds.
Since A # (), the X-negation law implies X # A. Thus (2) implies (3).
Assume (3) and X C Y C A. Then any element y € Y — X satisfies y© € X,
and so {y,y®} C Y. Therefore Y ¢ & by Corollary 2.8.6.1. Thus (1) holds.

Corollary 2.8.7.1 Assume that A has a B-complement x°. Let X be a sub-
set of A. Then the following three conditions are equivalent (Theorem 2.8.13
and Corollary 2.8.13.1 will give further equivalent conditions under stronger
assumptions and under the same one respectively).
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(1) X is B-complete, that is, X € €.
(2) O satisfies the [X]g-negation law: x0 e Xlg &= x ¢ Xlg.

(3) X is B-consistent and each element x € A satisfies x € [X]g or x° € [X]g.

Proof This is Theorem 2.8.7 applied to [X]q, because [[X]glg = [X]g and
Theorem 2.8.1 shows that X is B-consistent iff [X]q is B-consistent. This proof
and its requisites are essentially due to Kazuhiro Takahasi.

Corollary 2.8.7.2 Every B-complement on A is a ®-negation.

Proof This is because the condition (1) in Theorem 2.8.7 implies the condition
(2) there for every B-complement x¢ on A.

Theorem 2.8.8 The following relate B-negations and B-complements.
(1) Every B-negation on A is a B-complement.

(2) If A has a B-negation, then B —{A} C D. Conversely if B —{A} C D, then
every B-complement on A is a B-negation.

Proof (1) Let x® be a B-negation. Then every element x € A satisfies {x,x%} ¢

H—

B —{A}, and so {x,x°} ¢ € by Theorem 2.8.5 (2). Therefore ¢ satisfies the
contradiction law by Theorem 2.8.6. Let x € A and X € B’A. Then since ¢ is
a B-negation, we also have

BeB:[x)UXCBIUBeB: xJUXCB}={BeB:XC B}

and so (ﬂ{x}UXQBE‘B B) N (m{XO}unge% B) = ﬂnge% B, hence (2.8.1) by
Theorem 2.8.4. Therefore ¢ satisfies the excluded middle law. Thus (1) holds.

(2) Assume that A has a B-negation ¢. Then it is a B-complement by (1),
and if B € B —{A}, then [B]g = B and ¢ satisfies the B-negation law, and so
B € © by Theorem 2.8.7. Thus B —{A} C ®. Conversely if B —{A} C D, then
every B-complement is a B-negation by Corollary 2.8.7.2.

Alternative proof of (1). We may assume A ¢ B by virtue of Lemma 2.6.1.
Let (A, Fx) be the functionalization of (A,25). Then since T is a Boolean lattice,
<7, is strongly latticed by Theorem 2.6.8.

Let x® be a B-negation. Then since Fys = {15 : B € B} and A ¢ B, every
function f € Fy satisfies f(x®) = (fx)¢ for all x € A, where ¢ on the right-
hand side is the complement on T. Therefore < satisfies the negation laws
by Theorem 2.2.7, and so also does <g,, by Corollary 2.5.9.1. Therefore <5,
satisfies the laws xx® <, y and (06) in Theorem 2.2.16. Since Q = Fgz,, by
Lemma 2.6.1 and Theorem 2.6.6, it follows that ¢ is a B-complement.

Theorem 2.8.9 Let (A, J) be a functional logic space and x° be a unary op-

eration on A. Then ¢ is an F-negation on A iff it is an F-complement on A and
satisfies the f~'{1}-negation law in Theorem 2.6.9 for all f € F —{1}.
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Proof Let (A,B5) be the associated logic space. Then by definition, an F-
negation is a Bg-negation and an F-complement is a By-complement, as
[2.32] noticed. Therefore if { is an F-negation, then it is an F-complement by
Theorem 2.8.8, and since {f {1} : f € T —{1a}} € By — {A} by (2.6.2) and
(2.6.3), it satisfies the f~'{1}-negation law for all f € T —{12}.

Conversely assume that ¢ is an F-complement and satisfies the f~'{1}-
negation law for all f € F —{14}. Then Theorem 2.8.7 shows that f~'{1} is
a maximal F-consistent subset for all f € F—{14}, because f~ {1} € B4. More-
over, if B € B4 — {A}, then B is F-consistent and (2.6.2) shows that B O f~1{1}
for some f € F —{1a}. Therefore B —{A} C{f {1}:f € F—{1a}}. Thus ¢ is
an F-negation.

Theorem 2.8.10 Let (A,JF) be a Boolean logic space with respect to opera-
tions x Ay, xVy, x® and x=1y on A. Then ¢ is an F-complement. Moreover,
A has an F-negation iff ¢ is an F-negation and iff (A, F) is extremal.

Proof The largest B-logic on A is equal to Fy by Theorem 2.6.6, and its
extension <g is Boolean by Theorem 2.6.9. Thus it follows from Theorem
2.2.16 that ¢ is an F-complement. Therefore Theorem 2.8.8 shows that A has
an F-negation iff ¢ is an F-negation, and Theorems 2.8.9 and 2.6.9 show that
¢ is an F-negation iff (A, F) is extremal.

Lemma 2.8.2 The following two conditions are equivalent.
(1) Cn(A,8B) =1 and A has a B-negation.
(2) B ={A, B} for some nonempty subset B of A.

Proof Assume (1). Then B —{A} =B —{A} C D by Theorem 2.8.8. There-
fore, if Bo and By are distinct sets in 8 —{A}, then they together with By N By
belong to ® and either By or By is larger than Bo NB1, which is a contradiction.
Therefore B = {A, B} for some subset B of A. If B #£ A, then the B-negation
law implies B # (). Thus (2) holds.

Assume (2). Then obviously 8" = %B. Remark 2.1.1 shows that 8 C B and
that every set in B is exactly covered by 8. Hence B = B. Thus Cn(A,B) = 1.
If 8 = {A}, then any unary operation on A is obviously a B-negation. If B # A,
then A — B # () # B, and so A has a B-negation. Thus (1) holds.

Theorem 2.8.11 Assume that (A, F) is an extremal Boolean logic space. Then
Cn(A,F)=1iff #F < 1.

Proof Let (A,B45) be the associated logic space. Then Cn(A,JF) = Cn(A, Bs)
by definition, as [2.32] noticed. Remark 2.6.1 and Theorem 2.6.9 show that
0 ¢ By ={f {1} :f € F}II{A}, and the mapping f — f {1} of F into By
is injective. Moreover, A has an F-negation by Theorem 2.8.10. Thus Lemma
2.8.2 shows that Cn(A,F) =1 iff #F < 1.
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2.8.3 Classes and the existence of models

Theorem 2.8.12 Assume that A has a B-complement. Then the following
three conditions on a logic space (A,B’) are equivalent.

(1) (A,B’) is equivalent to (A,) and Cn(A,B’') < 2.
(2) B’ C BN and € =B’ —{AL
(3) ®CB' —{A}C BT —{AL

Remark 2.8.5 The condition (3) is equivalent to the condition ® C B’ C BN
because A € B1—9. Both make sense because ® C B —{A} by Theorem 2.8.5
(5). Moreover, Corollary 2.6.10.1 shows that the logic space (A, B’) is equivalent
to (A,B) and satisfies Cn(A,B’) = 1 iff B’ = BN. Therefore, the logic space
(A,B') is equivalent to (A,DB) and satisfies Cn(A,B’) =2 iff ® C B’ C B".

Proof We show that the above three conditions are equivalent to the following.
(4) [X]Q — ngB/E%’ BI for all X S mA

Assume (4) and let Q' be the largest B’-logic on A. Then [Y]q = [Y]q- for
all Y € P’A by Theorem 2.8.4, and so Q' = Q by Theorem 2.6.3. Therefore
(A,8’) ~ (A,B) by Definition 2.6.1, and Cn(A,B’) < 2 by Theorem 2.8.4.
Thus (1) holds. If (1) holds, then B’ C B’ = B by Corollary 2.6.10.1, and
¢ =B’ —{A} by Remark 2.8.1 and Theorem 2.8.5 (3), and thus (2) holds. If

%
¢ =B’ —{A}, then ® C B’ —{A} by Definition 2.8.1. Thus (2) implies (3).
Assume (3) in order to prove (4). Then since B’ C B, we have [X]q C
Mxcpren B by Theorem 2.6.10. Therefore, it remains to show that every
element x € (\xcp/ e B’ belongs to [X]q. If X € B’ € B’ —{A}, then B’ €
BN —{A} C ¢ by Theorem 2.8.5 (1) and x € B’, and so the B-complement ¢
satisfies x® ¢ B’ by Corollary 2.8.6.1. Therefore, there does not exist a set B’
=
such that (x®JUX C B’ € B’ —{A}, while € = ® C B’ —{A} by Theorems 2.8.6
and 2.8.5 (4). Therefore [{XO}UX]Q = A. Thus x € [X]g by (2.8.1). This latter
part of the proof is essentially due to Takaoka.

Corollary 2.8.12.1 Assume that A has a B-complement. Then the following
three conditions are equivalent (s. Remark 2.8.3 for the meaning of (2)).

(_
(1) Cn(A,B) < 2. (2) € =8B —{A}. (3) D CB—{A}.
Proof This is Theorem 2.8.12 with B’ = 8.

<——~ :
Remark 2.8.6 We already have 86 —{A} C € = B —{A} by Theorems 2.8.5.
Therefore, the three equivalent conditions in Corollary 2.8.12.1 are furthermore

equivalent to both of the conditions € C B —{A} and B —{A} = B —{A} (s.
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Remark 2.8.3 for their meanings). Corollary 2.8.12.1 also established the con-
verse of Theorem 2.8.5 (3) under the assumption that A has a B-complement.
If we assume instead that A has a B-negation, then it is a B-complement and
B — {A} C © by Theorem 2.8.8, and so the above conditions are furthermore
equivalent to the condition ©® =98 —{A}.

Corollary 2.8.12.2 Assume that A has a B-complement. Then the logic space
(A, D) is equivalent to (A,%B) and Cn(A,D) < 2.

Proof This is because ® C B7 — {A} by Theorem 2.8.5 (5).

Corollary 2.8.12.3 Let (A, F) be a Boolean logic space with respect to opera-
tions x Ay, x Vy, x® and x =1y on A, D be the set of the maximal F-consistent
subsets of A and (A,Jp) be the functionalization of the logic space (A, D).
Then (A, Fp) is a binary logic space with respect to the operations /\, V, ¢ and
=> (A, F) ~ (A, Fp) and Cn(A,Fp) < 2 (s. Remarks 2.6.6 and 2.6.9).

Proof The validity relation <g is Boolean by Theorem 2.6.9, and so satisfies
the lower end law by Lemma 2.2.4. Therefore if X € ©, then Theorem 2.8.3
shows that there exists a subset Y of A such that (X,Y) is a maximal cut of A
by <7, and so Lemma 2.7.6 shows that the characteristic function 1x of X is a
binary representation of A. Thus (A, Fgp) is a binary logic space. Let (A, B5)
be the logic space associated with (A, F). Then since A has an F-complement
by Theorem 2.8.10, (A, B5) ~ (A,®) and Cn(A,D) < 2 by Corollary 2.8.12.2.
Therefore (A, F) ~ (A, Fo) by Remark 2.6.3 and Lemma 2.6.1, and Cn(A, Fp) =
Cn(A, B4, ) < 2 because By, =D U{A} and (D U{A}N" =D" =D

Theorem 2.8.13 Assume that A has a B-negation. Let X be a subset of
A, and assume that either X is finite or Cn(A,%B) < 2. Then the following
four conditions are equivalent (Corollary 2.8.7.1 has given further equivalent
conditions under a weaker assumption. s. Theorem 2.8.8).

1) X is B-complete, that is, X € €.

2) Xlg € B —{A}.

3) X has a unique nontrivial 8-model.

(1)
2)
3)
(4)

4) [Xlq is the unique nontrivial B-model of X.

Proof Assume (1). Then Theorem 2.8.1 shows that X € € and [X]q is its only
nontrivial B-model, if any. Moreover, (2) and (3) of Theorem 2.8.5 show that X
has a nontrivial B-model. Thus (4) holds. Obviously (4) implies (3). We have
Xlo = Nxce e B by Theorem 2.8.4. Therefore, if B is the unique nontrivial
B-model of X, then [X]o = B € B —{A}. Thus (3) implies (2). If (2) holds,
then X € € because B —{A} C D by Theorem 2.8.8.
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Corollary 2.8.13.1 Assume that A has a B-complement. Let X be a subset
of A. Then the following three conditions are equivalent (Corollary 2.8.7.1 has
given further equivalent conditions under the same assumption).

(1) X is B-complete, that is, X € €.
(2) X has a unique D-model.
(3) Xlq is the unique ®-model of X.

Proof Corollaries 2.8.12.2 and 2.8.7.2 show that (A, D) ~ (A,B), Cn(A,D) <
2 and A has a D-negation. Moreover A ¢ ©. Therefore Remark 2.8.1 and
Theorem 2.8.13 show that (1)—(3) are equivalent.

Example 2.8.1 Let (A,JF) be a Boolean logic space. Then Theorem 2.8.10
shows that A has an F-complement and, if (A,J) is binary, then A has an
F-negation. Therefore we can apply the results in this subsection to (A, F).

Indeed, it follows from Corollary 2.8.12.1 that the binary logic space on PL
belongs to the class 2 (Theorem 2.10.3).

Let (A, J) be the binary logic space on FPL. Then, as was mentioned in Ex-
ample 2.7.2, each F-consistent subset of A has a nontrivial F-model. Therefore
Cn(A,JF) = 2 by Corollary 2.8.12.1 (s. Example 2.9.1) and Theorem 2.8.11.

Takaoka [1.93] has shown that ICL belongs to the class 2 or 3 and that
it belongs to the class 2 iff its quantitative set is well-ordered and bounded.
Takaoka’s result will be generalized in Chapter 6 for CL.

2.9 Embedding logic spaces

As was mentioned in §1.3.2, some existing logic systems will be embedded in
CL, and the embedding of logic systems implies that of logic spaces.

Suppose logic spaces (A,9B) and (A’,B’) satisfy A’ C A and B’ =B NA’,
where BN A’ ={BNA’:B € B} by definition. Then we say that (A’,B’) is
embedded in (A,), or call (A’,8’) a restriction of (A,B), or call (A,B)
an extension of (A’,B').

Suppose B-valued functional logic spaces (A,JF) and (A’,F’) satisfy A’ C A
and F' = {fla, : f € F}. It then follows from (2.6.1) and (2.6.3) that the
associated logic space of (A’,F’) is embedded in that of (A,J), and therefore
we say that (A’,JF’) is embedded in (A, ), or call (A’,F’) a restriction of
(A, F), or call (A,F) an extension of (A’,F’).

Refining our notation and terminology for logic spaces (A, 9), we refer to
the B-logics, B-theories, B-core, B-completeness, core B-completeness, etc. as
the logics, theories, core, completeness, core completeness, etc. of/in (A, B),
and likewise for functional logic spaces (A,JF). Moreover, for an association R
on a set A and a subset X of A, we denote the R-core [X]g of X in A by [X](a r)-

Lemma 2.9.1 Let A be a set and A’ be its subset. Let R be an association on
A and R’ be its restriction to A’* x A’. Then the following hold.
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(1) If B is an R-subset of A, then BN A’ is an R’-subset of A’.

(2) Assume that R is partially latticed. Then every subset X’ of A’ satisfies
XT(ar,r7) = [Xl(a,r) NA’, and the set of the R’-subsets of A’ is equal to
the set of the intersections BN A’ for the R-subsets B of A.

(3) Assume that R satisfies the following condition written by the word conven-
tion (then we say that R is tame on A'):

aCA, yeA’, aRy = aCA".
Then every subset X of A satisfies [XNA'](a7 gy = [X](a,r) VA"

Proof (1) If elements xq,...,x, € BN A’ and y € A’ satisfy x7---xn R'y,
then since X1,...,%xn, € B and x7---xy Ry, we have y € B, and soy € BN A'.
Thus BN A’ is an R’-subset of A’.

(2) Let B’ = [X'](a+,r/) and B = [X'](a,g). Then since X’ € BN A’, we
have B’ CBNA’ by (1). Assume y € BN A’. Then Theorem 2.4.6 shows that
X1 ---xn Ry for an element x;7---x, € X', and so X7 ---xn R’y. Therefore
y € B’. Thus the former statement holds. In particular if X’ is an R’-subset of
A’ then X’ =B N A’. This together with (1) proves the latter.

(3) Let B’ = [XNA'l(a/r/) and B = [X](a r). Then since XNA"CBNA’,
we have B’ C BN A’ by (1). In order to prove BN A’ C B’, it suffices to show,
by virtue of Theorem 2.4.2, that the n-th descendant X;, of X in (A, R) and the
n-th descendant (XNA’), of XNA’in (A’,R’) satisfy X, "A’ C (XNA'), for
n=0,1,.... We argue by induction on n. First, Xo NA’ = XNA’ = (XNA')o.
Therefore assume n > 1, and let y € X, NA’. Then x; ---xi Ry with x; € an
G=1,...,k)andn—1= Z};] n;, and so xj € Xn; NA’ because R is tame on
A’. Therefore xq ---xi R"y, and xj € (XNA")n; (j =1,...,k) by the induction
hypothesis. Thus y € (XN A’);, as desired.

Theorem 2.9.1 Let (A,B) be a logic space and (A’,B’) be its restriction.
Then the following hold.

(1) The cores C and C’ of (A,B) and (A’,B’) satisfy C' =CNA".

(2) The largest logic Q' of (A’,B’) is the restriction of the largest logic Q of
(A, B) to A" x A,

(3) The set of the logics of (A’,B’) is equal to the set of the restrictions of the
logics of (A,B) to A’ x A’.

(4) Every subset X’ of A’ satisfies [X'](a/,q/) = [X'](a,Q) N A’, and the set of
the theories of (A’,B’) is equal to the set of the intersections BN A’ for the
theories B of (A, B).

(5) The logic spaces (A’, B'™) and (A’,B'") are restrictions of the logic spaces
(A,BM) and (A, B") respectively.
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(6) Cn(A’,8’) < Cn(A,B).

(7) Let x° be a unary operation on A which closes A’. Then if ¢ is a B-
complement on A, its restriction to A’ is a B’-complement on A’ and A’
is inconsistent in (A, ), and likewise for B-negations.

(8) Let X’ be a subset of A’. Then if X’ is consistent in (A’,B'), it is consistent
in (A,). The converse is true provided that A’ is inconsistent in (A, B).

(9) Let X’ be a subset of A’. Then if X’ has a nontrivial B’-model, it has a
nontrivial B-model. The converse is true provided that A’ is inconsistent
in (A,9B).

(10) Let (R,D) be a deduction system on A and (R’,D’) be its restriction to
(A x A’,A’). Assume that (R,D) is core complete in (A,B) and R is
tame on A’. Then (R’,D’) is core complete in (A’,B’).

Proof (1)is because C'=NB' =NBNA)=(NB)NA"=CnNA’. This
also follows from Theorem 2.6.4 and either (2) or (4).
(2) is because the following holds for all (a,y) € A’ x A’:

xQY < Y€ Nacpen B (by Theorem 2.6.2)
& Y€ Nacpen(BNA’)
< Y €acpra, Bes(BNA')
= ye ﬂfng/e%' B’
— aQ'y (by Theorem 2.6.2).

(3) follows from (2) and Theorem 2.6.1. Indeed, if R’ is a logic of (A’,B’),
then R C Q’, hence R” C Q and therefore R’ is a logic of (A,9), and its
restriction to A’* x A’ is R’ itself. Moreover, if R is a logic of (A,9), then
R C Q, and so its restriction to A’* x A’ is contained in Q' and therefore is a
logic of (A’,B’).

(4) Q is partially latticed by Theorem 2.6.3. Theorem 2.6.1 shows that the
theories of (A’,B’) are the Q’-subsets of A’ and the theories of (A,B) are the
Q-subsets of A. Therefore (4) follows from (2) and Lemma 2.9.1.

(5) Since B’ = BNA’, we immediately have B'" = B"NA’. Since B'" and
BN are the sets of the theories of (A’,B’) and (A, B) respectively by Theorem
2.6.10, we have B'"' = BTN A’ by (4).

(6) If Cn(A,B) =1, then B’ = BTNA’ =B NA' =B by (5), and so
Cn(A’,B’) = 1. If Cn(A,B) = 2, then B =BT NA' =B"NA' =8"" by
(5), and so Cn(A’,B’) < 2.

(7) Assume that ¢ is a B-complement. Then ¢ satisfies the laws of contra-
diction and excluded middle with respect to Q. Since Q’ is the restriction of
Q by (2), the restriction ¢’ of { to A’ satisfies the laws with respect to Q.
Thus ¢’ is a B’-complement. Moreover, since {x,x°} C A’ for all x € A/, A’ is
inconsistent in (A,B) by Corollary 2.8.6.1.
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Assume that { is a B-negation. Let B’ € B’ —{A’}. Then B’ = BN A’
for some B € B —{A}, and so ¢ satisfies the B-negation law. Moreover, each
element x € A’ satisfies x € B’ iff x € B. Therefore ¢’ satisfies the B’-negation
law. Thus ¢’ is a B’'-negation. Furthermore, since ¢ is a B-complement by
Theorem 2.8.8, A’ is inconsistent in (A, ) by the above.

(8) If [XI}(A/,Q/) 75 A/7 then [XI}(A’Q) 7& A by the equation [X/](A’,Q’) =
XT(a,@) NA" in (4). Conversely if [X'](a,0) # A and A’ is inconsistent in
(A,B), then A" & [X'](a,q) and so [X'l(as,q/) # A’ by this equation.

(9) If X’ € B’ € B’ —{A’}, then B’ = BN A’ for some B € B —{A} and
X’ C B. Conversely if X’ C B € B —{A} and A’ is inconsistent in (A, B), then
A’ ¢ Bandso X’ CBNA'e®B —{A'}

(10) This is because C' = CNA" = [Djja,gy NA" = [DNAlaArr) =
(D'l a7,k by (1) and Lemma 2.9.1.

Example 2.9.1 Takaoka [1.93] has shown that the binary logic space (A, F) on
ICL belongs to the class 2 under certain conditions. As is shown in Chapter 4,
the binary logic space (A’,F’) on FPL may be embedded in such (A, F). Thus
it follows from Theorem 2.9.1 that Cn(A’,;F’) < 2 (s. Example 2.8.1).

Theorem 2.9.2 Let (A,JF) be a functional logic space and (A’,F’) be its re-
striction. Let (K, 3?') and (X’, ff’) be the sequential logic spaces associated with
(A, F) and (A’,F’) respectively. Then (X’,’f’) is embedded in (K, F).

Furthermore, let (ﬁ,ﬁ) be a characteristic law of (A, F) and (§, E) be its
restriction to (A_"* x A’,A’). Assume that R is tame on A’. Then (§, E)is a
characteristic law of (A’,F').

Proof By definition, A = A* x A*, Ay ={x = B € A:x < B} (f € F) and
F ={A¢: f € F}, where

a<f B & inffa <supfp

for all « — B € A. Likewise A’ = A" x A, Alg ={y =8 € A" :y <4 8}
(g€ JF’) and F :{/{/9 : g € F'}, where

Y <g 0 & infgy <supgd

forally — 6 € A’ If f € F and g ="fla, € F', then AfNA = X’g. Therefore
FNA’ =9 and thus the former statement holds. The latter is a consequence

of the former and Theorem 2.9.1.
2.10 Propositional logic as a prototype
Throughout this section, we let A be a UTA as defined in §3.1.7 with respect to

a nonempty basis P and operations x Ay, x Vy, x® and x =1y on A, and let F be
the set of the binary representations of A with respect to the operations /\,V, {
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and =. The purpose of this section is to illustrate the theory of logic spaces
and deduction systems developed in the preceding sections with the binary logic
space (A, ), which in fact is what I have called the binary logic space on PL.

Lemma 2.10.1 Let < be a weakly Boolean relation on A* with respect to
A, V, ¢ and =. Then each cut of A by < has an F-model.

Proof Let (X,Y) be a cut of A by <. Then Lemma 2.7.2 and Zorn’s lemma
show that there exists a maximal cut (X’,Y’) of A by < satisfying (X,Y) C
(X’,Y"), hence inf fX’ < inf fX and sup fY < sup fY’ for all f € F. Therefore we
may assume that (X,Y) itself is maximal. Then Lemma 2.7.5 shows that (X,Y)
satisfies the following eight conditions, because < satisfies the extension law by
Remark 2.2.8.

1) x\yeX = x,yeX

2) x\yeY = xeYoryey.

3) xVyeX = xeXoryeX

4) xVyeyY = x,yey.

5 x0eX = xe€v.
o

6) x¥eY — xeX

(
(
(
(
(
(
(7) x>yeX = x€YoryeX
(

)
)
)
)
)
)
)
)

8§) x=>yeY = xeX, yey.

Since XNY = @ by Lemmas 2.7.3, there exists a mapping ¢ € P—T such
that XNP C @ {1} and YNP C ¢ '{0}. Since (A,P) is a UTA, @ is extended
to a binary representation f of A, and f € F by the definition of F. Therefore,
because of Remark 2.7.3, it suffices to show that fz = 1 for all z € X and
fz =0 for all z € Y. In view of Remark 3.1.17 and Theorem 3.1.7, we argue by
induction on the rank n of z. f n =0, thenz € P, and so fz=@z=1if z € X,
and fz = @z =0 if z € Y. Therefore assume n > 1. Then Theorem 3.1.7 shows
that the ramification of z is x Ay, xVy, x® or x =1y with rkx, rky < n.

Assume z = x/A\y € X. Then x,y € X by (1), and so fx = fy = 1 by the
induction hypothesis, hence fz = f(x Ay) = fx Afy=1A1=1.

Assume z=x/Ay €Y. Thenx € Yory € Y by (2), and so fx =0 or fy =0
by the induction hypothesis, hence fz = f(x A\y) = fx A fy = 0.

Assume z=xVy € X. Thenx € Xory € X by (3), and so fx =1 or fy =1
by the induction hypothesis, hence fz = f(x Vy) = fxV fy = 1.

Assume z = xVy € Y. Then x,y € Y by (4), and so fx = fy = 0 by the
induction hypothesis, hence fz =f(xVy) =fxVfy=0Vv0=0.

Assume z = x® € X. Then x € Y by (5), and so fx = 0 by the induction
hypothesis, hence fz = f(x?) = (fx)® =00 =1.
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Assume z = x® € Y. Then x € X by (6), and so fx = 1 by the induction
hypothesis, hence fz = f(x?) = (fx)® =1° = 0.

Assume z=x=y € X. Thenx € Yory € X by (7), and so fx =0 or fy = 1
by the induction hypothesis, hence fz = f(x =>y) = fx=fy = 1.

Assume z=x=y €Y. Then x € X, y € Y by (8), and so fx =1, fy =0 by
the induction hypothesis, hence fz = f(x=>y) =fx=fy=1=0=0.

Theorem 2.10.1 The (weakly) Boolean law with respect to A, V, ¢ and = is
a characteristic law of (A, ).

Proof The (weakly) Boolean law is a deductive law by Example 2.5.2 and
the F-validity relation <4 satisfies it by Theorems 2.6.9 and 2.2.21. Moreover,
the (weakly) Boolean law implies the extension law by Remark 2.2.8. Further-
more, each cut of A by each (weakly) Boolean relation on A* has an F-model
by Lemma 2.10.1 and Theorem 2.2.21. Thus the (weakly) Boolean law is a
characteristic law of (A, F) by Theorems 2.7.15.

Theorem 2.10.2 Let & and g be associations on A defined by (2.5.2) and B
be the set of the Boolean elements of A with respect to /\,V,{ and =. Then
the deduction system (& U g, B) on A is F-complete.

Proof Example 2.7.1 and Theorem 2.2.21 show that (&U g, B) is F-sound and
<&uUp,B satisfies the (weakly) Boolean law which is a characteristic law of (A, J)
by Theorem 2.10.1. Thus (& U g, B) is F-complete by Theorems 2.7.13.

Theorem 2.10.3 Cn(A,F) = 2.

Proof Theorems 2.6.9 and Theorem 2.2.21 show that 14 ¢ F and <4 is weakly
Boolean, and so <4 satisfies the lower end law by Lemma 2.2.4. Therefore, as
was noted in Remark 2.7.6, Lemma 2.10.1 shows that each F-consistent subset
of A has a nontrivial F-model. Moreover, A has an F-complement by Theorem
2.8.10. Therefore Cn(A,F) < 2 by Corollary 2.8.12.1 together with Remark
2.8.6.

Since (A, P) is a UTA, each member of P—T is extended to a member of &,
and so #JF > 1. Therefore Cn(A,JF) # 1 by Theorem 2.8.11.
Alternative proof of Cn(A,F) < 2. Let ® be the set of the maximal F-
consistent subsets of A and (A, Fp) be the functionalization of the logic space
(A,®). Then (A,Fp) is a binary logic space by Corollary 2.8.12.3. Therefore
Fo C F, and so ® C By — {A} by Remark 2.6.1. Moreover, A has an F-
complement by Theorem 2.8.10. Thus Cn(A,F) < 2 by Corollary 2.8.12.1.

We can study variations (A’,F’) of (A,F) by embedding them in (A,F).
To give an example, let A’ be a UTA with respect to a nonempty basis P’ and
operations x® and x =y on A’, and let F’ be the set of the homomorphisms of
A’ into T with respect to the operations ¢ and = on A’ and the complement
¢ and the cojoin = on T (s. §1.5.2).
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Since the basis P of A is an arbitrary nonempty set, we assume P = P’. Then
A’ is identified with the subreduct [Pl;¢ ~; of A by Remark 3.1.12, Corollary
3.1.7.3 and the uniqueness of USAs in Theorem 3.1.5.

Lemma 2.10.2 The functional logic space (A’,F’) is a restriction of (A,F).

Proof If f € &, then fla, € F’ because {O,=} C {/\,V,,=}. Moreover if
f’ € ', then since (A,P) is a UTA, f'|p is extended to a function f € F, and
since fla» € F' and f'|p = (fla/)|p, Lemma 3.1.4 shows ' = f|s-.

Theorem 2.10.4 The union of the laws of repetition, weakening, contraction,
exchange, strong negation and strong implication with respect to the operations
¢ and = is a characteristic law of (A’, F').

Proof Lemma 2.10.2 allows us to use Theorem 2.9.2. Define an association R

- x — X — XXX — B XX —
on A = A* x A* by the fractional list P , P , B, '3,
xx =B xaxe—p xa—p xa—f

axyp — vy oxyp —vy xyo — B x—xp x—yp o — xyp

ayxBp =y oyxp—7v xAy-a—p’ ax—=xAy-p 7 ax—xVy-p’
xx— B yae—=pB  a—xp xx — xoe — yp x—xp yau— P
xVy-a—=pB » x%a—=p" a—=xB a—x=>y-p x>y -a—p

(s. Example 2.5.2). Define the subset Dof Aby D ={x — x:x € A}. Then
the deduction system (E, D) on A is a characteristic law of (A, F) by Theorem
2.10.1. Let (g, E) be its restriction to (K/* X /f’,/f’), where A7 = A" x A",
Remark 3.1.17 and Theorem 3.1.7 show that each element of A —P has a unique
ramification in one of the forms x Ay, x Vy, x® and x =y and each element of
A’—P has a ramification in one of the forms x¢ and x =y. Therefore x \y ¢ A’
and x\Vy ¢ A’ for all (x,y) € A x A. Moreover, x® € A’ iff x € A’. Moreover,
x=>y € A" iff (x,y) € A’ x A’. Therefore S is the union of the associations
x—pf a—p xxax—pf xxa—p axyfp—-vy oxyp—vy oa—xp
xax =B xR xa— B xae— P ayxp oy ayxP vy xCa— B’
X — xoe = yp x—xp ya— B
a—=xB x—=x=>y B x>y -a—P
and E = {x 5 x : x € A’}. Furthermore R is tame on A’. Thus (g, E)is a
characteristic law of (A, F').

with x,y € A’ and «, 3,y € A",

Theorem 2.10.5 Let p’ be the restriction of p to A’ x A’ and L’ be the set
of the elements of A’ in any of the following four forms: x=x, y=(x=1y),
(z=(x=>y))=>(z=%x)=>(z=Y)), (Y®=>x%)=(x=1y). Then the deduction
system (p’,L’) on A’ is F'-complete.

Proof Define the binary operations A and V on A’ by x Ay = (x=>y®)® and
xVy = x%=y for all (x,y) € A’ x A’ (A’ is neither a UTA with respect to
the operations /\,V,{ and = on it nor a subalgebra of A with respect to the
operations /\,V,{ and = on A). Then F’ is equal to the set of the binary
representations of A’ with respect to the operations /\,V, ¢ and =, because
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a/Ab = (a=b%)® and aVb = a®=Db for all (a,b) € T x T. Therefore, the
JF’-validity relation <4+ on A’ is Boolean with respect to A,V, ¢ and = by
Theorem 2.6.9, and hence it follows that (p’,L’) is F’-sound. Moreover, L’
contains all Lukasiewicz elements of A’ with respect to A, V, { and =, because
the elements (xVy)=(x%=>y), (x°=>y)=>xVy), (xAy)=>(x=>y®)¢ and
(x=>1y®)? =(xAy) all have the form z=z. Therefore, the deduction relation
<p’,L’ ON A’ is weakly Boolean with respect to A, V, and = by Theorems
2.5.12 and 2.2.21. In particular, it satisfies the characteristic law of (A’,F’)
obtained in Theorem 2.10.4. Thus (p’,L’) is F'-complete by Theorem 2.7.13.

Theorem 2.10.6 Cn(A’,F’') = 2.

Proof Since (A’,F’) is a restriction of (A,F) by Lemma 2.10.2, Theorems
2.10.3 and 2.9.1 show that Cn(A’,F’) < 2. The definition of (A’,F’) shows
#3F’ > 1 as in Theorem 2.10.3. As was shown in the proof of Theorem 2.10.5,
(A’,;F') is a binary logic space with respect to the operations /\,V, ¢ and = on
A’. Therefore Cn(A’,F’) # 1 by Theorem 2.8.11.

2.11 Associations vs operators

The purpose of this section is to suggest and outline an alternative approach to
logic spaces and deduction systems. Full details were given in [1.3].

Let A be a set. Then an operator on A is a unary operation ¢ on ‘BA.
If X € PA satisfy X C X, then we call X a @-subset of A or say that X is
@-closed or that @ closes X (s. §2.1.2).

For each increasing operator ¢ on A, the finitary core ¢’ is the operator
on A defined by the following for each X € BA (s. Definition 2.1.3):

@'X =Uyeqix @Y. (2.11.1)

Then, with respect to the power order C on BA—PA defined in Remark 2.1.3,
@’ is the largest of the finitary operators \» on A which satisfy { C . Moreover,
if @ is a closure operator, then so is @’ and its fixture domain is equal to the
quasi-finitary closure B of the fixture domain B of @ in ‘BA, and so it follows
from Theorem 2.1.4 that @ = @’ iff B = B.

For each operator ¢ on A, we define an association Ry, on A by

xRy &< x>y (2.11.2)

for each (o, y) € A* x A (s. Theorem 2.2.24). Conversely for each association R
on A, we define an operator @ on A by

erX ={y € A: «Ry for an element o € X*} (2.11.3)

for each X € PA (s. Theorem 2.4.6). Then @g is finitary, and the set of the
@r-subsets of A is equal to that of the R-subsets of A. Ken Sasaki2-3® showed

2-38Syazé ronri no hakken to sono eikyé (Discovery of logic operators and its influence),
Master’s thesis, Graduate School Math. Sci., Univ. Tokyo, 2008.
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among other things that the mappings ¢ — R, and R — @r yield mutually
inverting order isomorphisms between the set of the finitary operators on A and
that of the associations on A which satisfy the partial extension law.

Let (A,B) be a logic space. Then an operator ¢ on A is said to be B-
sound, if every set in B is @-closed. There exist the largest increasing B-sound
operator and the largest finitary 2B-sound operator on A. Let u and v denote
them. Then puX = (Nycpeq B for all X € PA, and so it follows from Theorem
2.1.4 that p is a closure operator and its fixture domain is equal to the N-closure
B of B in PA. Moreover, Vv is equal to the finitary core p’ of u, and so v is a
closure operator and its fixture domain is equal to the quasi-finitary N-closure
B of B in PA. Thus p = v iff B = B, that is, iff Cn(A,B) < 2.

Let Q be the largest B-logic on A. Then Q =R, and ¢q = v. The former
equation gives an alternative proof of Theorem 2.6.2. The latter shows that the
set of the Q-subsets of A is equal to the set B7 of the v-subsets of A. This
together with Theorem 2.6.1 gives an alternative proof of Theorem 2.6.10.

Operators also give alternative proofs of certain other theorems in this chap-
ter. The concept of completeness and Theorem 2.7.1 can be restated in terms of
operators. However, I have not been able to even formulate Theorem 2.7.13 in
terms of operators. This is a reason why operators have not been able to play
a principal role in the theory of logic spaces and deduction systems.
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Chapter 3
Logic Systems

The purpose of this chapter is to present a general theory of syntax and seman-
tics and link it to the abstract theory of semantics and deduction presented in
Chapter 2. Syntax, semantics and deduction are the pillars of logic (s. Remark
1.2.1). Thus Chapters 2 and 3 together present a theory of GL.

As the concepts of logic spaces and deduction systems defined and analyzed
in Chapter 2 were abstracted from semantics and deduction in various specific
branches of logic, so the concept of logic systems is generalized from the com-
bination of syntax and semantics therein. Its definition in §3.2 and analysis
in §3.3 are based on the fundamentals of sorted algebras, especially universal
sorted algebras (USA), given in §3.1. The GL in §3.1-3.3 and Chapter 2 is illus-
trated in §3.4, §3.5 and Chapters 4-6 by means of its earliest prototype FPL,
an incompleteness theorem for it and its ultimate application to CL designed
for MN, respectively. What follows is an introduction to §3.1-3.3, particularly
newly defined concepts of formal languages, syntax and semantics.

Syntax in logic may have been understood as the method of defining formal
languages. A formal language is commonly defined by specifying the rules for
forming all its elements by induction starting from certain prime elements. The
formation rules are commonly described in terms of the prime elements, certain
tokens, certain punctuation marks and the names of the categories in which
elements of the formal language are placed. Thus a formal language is commonly
defined as a subset of the free monoid over the set consisting of the prime
elements, tokens and punctuation marks.3-!

According to common textbooks of FPL, for example, its formal language
consists of terms and formulas, which are formed by induction starting from the
prime elements, i.e. constants and variables. The formation rules are described
in terms of the prime elements, certain tokens (i.e. function symbols, predicate
symbols, logical symbols and quantifiers), certain punctuation marks and the
category names term and formula.

3-1Some such definitions are mathematically inadequate because they lack enough punctu-
ation marks, the concept of ranks which are necessary for correct induction and/or the free
monoid as a set-theoretic basis (s. Remark 3.1.14, the proof of Theorem 3.1.5 and [2.23]).
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Such a definition of a formal language L is underlain by the triple (T, t, P) of
the set T of the category names, the set P of the prime elements and the naming
T € P—T which associates each element of P with its category name, and also
underlain by algebraic structures which the formation rules give to L and T so
that the extended naming t/ € L—T is a kind of homomorphism.

In FPL, for example, the formation rule for the terms of L may be regarded
as assigning each k-ary function symbol f the k-ary operation A on L whose
domain DmA¢ and values are defined by the following equations:

DmA¢ ={(ar,...,a) € L*:ay,...,ax are terms},
Ar(ar,...,a) = flar,...,ax).
Therefore, its image Im A¢ consists of terms. The formation rule may also be

regarded as assigning f the k-ary operation T¢ on the set T = {term, formula} of
the category names of L defined by the following equations:

k-tuple k-tuple
——f— ———
Dm s = {(term,..., term)}, T¢(term,. .., term) = term.

The definitions of A¢ and T¢ imply that

DmAs ={(ar,...,ax) € L*: (T'ar,...,T'ax) € Dmy}
and that the following holds for each (ay,...,ax) € DmA¢:
' (Arlary ..y a)) = te(tar, .. Tak).

By definition, these two equations mean that v/ € L—T is a holomorphism (or
exact homomorphism) with respect to the operations A¢ and t¢ on L and T
respectively. Similar remarks apply to the formation rule for the formulas of L
(s. §3.4). Thus the formation rules give algebraic structures to L and T so that
the extended naming Tt/ € L—T is a holomorphism.

The concept of USAs may be derived from this example among others. An
algebra A is said to be sorted if it is equipped with an algebra T and a holo-
morphism 0 € A—T. The sorted algebra (A, T, o) is said to be universal if A
has a subset P which satisfies a certain universality condition similar to that on
the bases of a vector space. Theorem 3.1.5 shows that each triple (T,T,P) of
an algebra T, a set P and a mapping T € P—T yields a USA (A, T, 0,P) such
that olp = T and that it is unique up to homotypic isomorphism extending idp.
Theorems 3.1.6 and 3.1.7 show that the elements of A are uniquely formed by
induction on their ranks starting from the elements of P.

Thus the triple (T, T, P) underlying the definition of a formal language L
yields a USA (A, T, o, P). Moreover, if the definition is adequate in view of [3.1],
we may identify L with A by the uniqueness of A or because their elements
are formed by induction starting from the elements of P under the same rules.
Furthermore, we may identify T/ with o by virtue of Lemma 3.1.4 and so identify
the categories of L with the subsets o~ '{t} (t € T) of A.
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In another context, each operation in the algebraic structure of L is com-
monly assigned to a token or the formal product of a token and a variable. In
FPL, for example, it is assigned to a function symbol, a predicate symbol, a
logical symbol or the product of a quantifier and a variable.

Based on the above observations, I define a formal language as a USA
(A, T, 0, P) equipped with three sets C, X and I which satisfy a certain condition
(%) whose core is the following (s. §3.2.1).

() P is the direct union CII X, and the index set A of the algebraic structure
(Ta)aen of T is a subset of the free monoid (I'ITI X)* over the direct union
I' I X, that is, elements of A are formal products of elements of ' IT X.

Then A also has an algebraic structure (o )Jaca indexed by A, and the elements
of A are placed in the categories o~ '{t} (t € T).

The elements of the sets P, C, X and T" are called the primes, constants,
variables and tokens respectively. The indices in M = ANT* and A —M are
said to be invariable and variable respectively, that is, invariable indices are
products of tokens and variable ones are products of tokens and at least one
variable. Therefore, the latter half of (%) gives us room, for example, to extend
the formal language of FPL by furthermore assigning operations to products
f+ g, fog and Vxy of function symbols f and g, the arithmetic symbol +, the
composition symbol o, the quantifier V and variables x and y.

Finally, Theorem 3.1.5 shows that each sextuple (T, , P, C, X, ") of an algebra
T, sets P, C, X and T satisfying (x) and a mapping T € P—T yields a formal
language (A, T, 0,P,C,X,T) such that olp = T up to homotypic isomorphism
extending idp. Thus I call the sextuple the syntax of the formal language.

Now, semantics in logic may have been understood as the method of defining
the worlds which a given formal language is capable of denoting and the ways
the formal language denotes each denotable world (DW).

Since the formal language may well be defined as a USA (A, T, o, P) equipped
with certain sets, we should define the concept of DWs in terms of concepts
related to sorted algebras. Indeed, people implicitly do so.

In FPL, for example, they define each DW to be the disjoint union W = EUT
of a set E and the binary lattice T = {0,1}. Therefore, the elements of W are
placed in two categories E and T, whose elements are called the entities and
truth values respectively. Furthermore, they equip W with a certain algebraic
structure (w,)pem indexed by the set M of the invariable indices, i.e. function
symbols, predicate symbols and logical symbols. For example, the operation wy
assigned to each k-ary function symbol f is defined so that the following hold:

Dm ws = EX, Imwys C E.

We may also assign f the k-ary operation T; on the set T" = {entity, truth value}
of the category names of W defined by the following equations:

k-tuple k-tuple
/_A— /_/\—
Dmt}; = {(entity, ..., entity)}, T¢(entity, ..., entity) = entity.
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Let 7t be the mapping of W into T’ which associates each element of W with its
category name, that is, mw = entity for each w € E and mw = truth value for
each w € T. Then the above four conditions mean that

Dm ws = {(wr,...,w) € W*: (mwq,...,7mwyi) € DmT}}
and that the following holds for each (wq,...,wyx) € Dm wy:
m(we (Wi, ..., Wi)) = T4(rtwy, ..., WY ).

As before, these two equations mean that 1 € W—T’ is a holomorphism with
respect to the operations wy and Tf on W and T’ respectively. Similar remarks
apply to the predicate symbols and logical symbols (s. §3.4). Therefore, we
may give M-algebraic structures to W and T’ so that 7t is a holomorphism.
Furthermore, we may identify the M-algebra T’ with the M-reduct Ty of the
algebra T = {term, formula} of the category names of A by the M-isomorphism

entity — term, truth value — formula

of T" onto Tpy. Thus we obtain a sorted algebra (W, Ty, 7).

Based on the above observations, I define each DW for the formal language
(A, T,0,P,C,X,T) as a sorted algebra (W, Ty, 71) for the set M of the invariable
indices of the algebraic structure of T (s. §3.2.2). Then W has an algebraic
structure (w, ) em similar to the algebraic structure (&, )uem of the M-reduct
Am of A, and elements of W are placed in the categories 7w~ '{t} (t € T).

FEach way A denotes W should be described by a mapping which associates
each element a € A with the element of W which a denotes. Therefore, in order
to define the ways A denotes W, we only need to assign W a subset @y, of
A—W. What conditions should each element ¢ € @y, satisfy? Since Ay and
W are similar algebras categorized by the same algebra Tyy, it seems reasonable
to assume the following conditions on each way A denotes W:

(1) If an element a € A denotes an element w € W, then they belong to the
categories of the same name, that is, ca = 7tw.

(2) If elements aj,...,ax € A denote elements wy,...,wy € W respectively
and (ai,...,ax) € Dm oy, for an index p € M, then (w1,...,wx) € Dmw,,
and «,(ai,...,ax) denotes wy(wi,...,Wi).

The condition (1) means that o = 7t@, or @(o~'{t}) C v '{t} foreach t € T, that
is, @ is homotypic. The condition (2) means that ¢ is an M-homomorphism.
Since A is generated by P = CIIX, it seems reasonable to assume in addition
that (3) each @ € @y is determined by @|c and @|x. Therefore, I focus on
the mappings 8§ € C—W and v € X—W satisfying §(C N o~ '{t}) C 7 '{t} and
v(XNot}) € 7w {t} for each t € T, and call them the denotations of C into W
and the valuations of X into W respectively (s. §3.2.3). Let Ay and Yy, be the
sets of the denotations of C into W and the valuations of X into W respectively.
Then the condition (1) implies that @|c € Aw and @|x € Yw for each @ € Dyy.
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Thus, in order to define the ways A denotes W under (1)—(3), it is sufficient,
if not necessary, to assign W a family (@s,u)(5,0)cAawxry Of homotypic M-
homomorphisms @s., € A=W such that @s|lc = 0 and @s|x =v. In fact,
we may replace Ay with some nonempty subset according to our purposes.

Let (WYW Ty, p) be the Yy -power algebra over the DW (W, Tay, 7t) defined
in §3.1.6. Then Remark 3.1.8 shows that each family (@s5.v)(5,0)cAw xTw a5
above yields a family (8%)sca,, of homotypic M-homomorphisms & € A—W'w
defined by the following for each a € A and each v € Ty :

(d*a)v = @s,v0. (3.0.1)

Furthermore, their restrictions @s = 8%|p to P = C II X satisfy

da ifaeC,
= 3.0.2
(@sau {va ifaeX ( )

for each a € P and each v € Yy, because @s|c =0 and @s5,4|x = V.

Conversely, if (8%)sca,, is a family of homotypic M-homomorphisms &* €
A—WYW whose restrictions @5 = 5|p satisfy (3.0.2) for each a € P and each
v € Yy, then for each (8,v) € Aw X Yw, the mapping @5, € A—W defined by
the reverse of (3.0.1) for each a € A is a homotypic M-homomorphism because
@5, is the composite v,5% of 8¢ and the v-projection v, € WTW W (s. §1.5.2),
and satisfies @5lc = 0 and @5,,/x = v because of (3.0.2). Thus, in order to
define the ways A denotes W, it suffices to assign W such a family (8*)sca,, -

Assume that WYW is the M-reduct of a A-algebra W# and (W4, T,p) is a
sorted algebra, for the type T of A and the sorting p of WYW. For each & € Ay,
define a mapping @5 € P—WYW by (3.0.2) for each a € P and each v € YT
Then @5 € P—W*, and the universality of (A, T, o, P) enables us to extend @5 to
a homotypic A-homomorphism &* € A—W*, which consequently is a homotypic
M-homomorphism of A into WYW (s. §3.3.2). Thus, in order to define the ways
A denotes W, it is sufficient, if not necessary, to extend (WYwW,Tp,p) to a
sorted algebra (W%, T, p) so that WYW is the M-reduct of W#, i.e. to assign an
operation B on WYW to each variable index A € A—M so that p is a (A —M)-
holomorphism as well as an M-holomorphism. Such a family (fx)rea_m is not
unique in general, and what to pick depends on our purposes.

In order to deal with the purposes, I introduce the concept of interpretations
of A—M on W (s. §3.2.4). Each of them is a certain family (Aw)aea—m of
mappings Ayw € Vy—W for a certain set V. Moreover, I show in §3.3.1 how to
extend (WYW, Tm, p) to (WA T, p) by means of each interpretation of A—M on
W. The concept of interpretations was abstracted from treatment of variable
operations in certain specific branches of logic such as the quantifying ones Vx
and Jx in FPL and the nominalizers Vx in CL mentioned in §1.2.7. There is a
room for extending it, but I hope that it will widely serve our purposes.

Thus finally in §3.2.5, I define the semantics of the formal language (A, T, o,
P,C,X,T") as a triple (20, (Iw)wew, (Aw)wean) of a nonempty collection 20 of
DWs for A, a family (Iyw)wegqy of interpretations Iy of A—M on W € 25 and
a family (Aw )wegy of nonempty sets Ay of denotations of C into W € 2.
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3.1 Sorted algebras

Here I collect notation, terminology and basic concepts on sorted algebras.

3.1.1 Operations

For each set A, a (partial) operation on A is a mapping & of a subset D of A¥
into A for a positive integer k. If D = A¥, « is said to be total, and so the word
partial above in fact means not necessarily total. The set D is called the domain

of « and denoted Dm . The set D = {o(x7,...,%Kk) : (X1,...,Xk) € D} is
called the image of & and denoted Im «, and each its element a(xq,...,Xxx) is
called the image of (x1,...,%i) by « or the value of « at (x1,...,%xx). The

positive integer k is called an arity of &. If D # (3, & has a unique arity. If D = 0),
every positive integer is an arity of o, and o = () because §—A = {§#}.3-? If « is
unary, that is, if k = 1, its value ax is also denoted x&, x*, x, and so on, that
is, unary operation symbols may be postpositive, superscript, subscript, and so
on, as well as prepositive. If « is binary, that is, if k = 2, its value «(x,y) is
often denoted xoay, that is, binary operation symbols are often interpositions.
If a subset B of A satisfies «(B*ND) C B, we say that B is «-closed or that o
closes B, and we may regard the restriction 3 = &|gxqp as an operation on
B with Dm 3 = BX N D. The restriction  is sometimes also denoted «.

3.1.2 Algebras and quasialgebras

An algebra (or algebraic system) is a set A equipped with an (algebraic)
structure (o))aeca that is a family of operations ) on A indexed by a set
A. Thus an algebra is best described by the pair (A, (oa)aca) of a set and an
algebraic structure on it. We sometimes call it a A-algebra and abbreviate o,
to A for some A € A. The algebra is said to be total if «; is total for each A € A.
The elements of the set (J,., Im  are called the composites, while those of
the set A — U)\e/\ Im o, are called the primes, that is, an element a € A is a
prime iff it has no expression a = «x(a,...,ax) by an index A € A and an
element (aj,...,ax) € Dmoay. Two algebras A and B are said to be similar,
if their structures (ax)aca and (Ba)aca are indexed by the same set A and oy
and B have a common arity for each A € A. The similarity is intransitive.?-3
A quasialgebra is a set A equipped with a (quasialgebraic) structure
R that is an association on A, i.e. a relation between the free monoid A* over
A (s. Remark 3.1.14) and A. Thus a quasialgebra is best described by the pair

3-2The set A—B of the mappings of a set A into a set B is defined as the set of the elements
f of P(A x B) such that each element a € A has exactly one element b € B such that (a,b) € f
(the element b is denoted fa). If A = @, then A X B = () and the unique element @ of 30
obviously satisfies the condition. Thus §—B = {0} (s. [3.23]). In contrast, A—0 =0 if A # 0.

3-3The similarity is reflexive and symmetric, that is, each algebra is similar to itself, and if
an algebra A is similar to an algebra B, then B is similar to A. However, it is intransitive.
If A is similar to B and B is similar to an algebra C, then their structures (ax)aca, (Ba)raea
and (ya)aea are indexed by the same set A, but A is not necessarily similar to C, because it
is possible that a) and y, have no common arity iff Dm o # 0 # Dm<y, and Dm 3 = 0.
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(A,R) of a set and a quasialgebraic structure on it. Since the quasialgebraic
structure R is an association on A, some concepts in Chapter 2 are relevant to
the quasialgebra (A,R). For example, (A,R) and R are said to be singular,
if the R-core Ag = {x € A : ¢Rx} of A is empty (s. Remark 2.5.4). Here and
below in (3.1.1) and Theorem 3.1.1, we use part of the alphabet convention
introduced in §2.2, that is, ¢ denotes the identity element of A*, and x and y
with or without numerical subscripts denote elements of A.

Let (A, (aa)aea) be an algebra. Then we define an association Ro on A by

X1 Xk RAYy & oa(x1,...,xx) =y for some A € A (3.1.1)

as was mentioned in §1.2.4 34, Then the quasialgebra (A,RA) is singular. Its
converse is also true, that is, the following theorem holds, and has been used
particularly in §1.2.6 and Remark 2.5.4 (s. [1.14] and Remark 2.4.1).

Theorem 3.1.1 Let (A,R) be a singular quasialgebra. Then there exists an
algebra (A, (ota)aen) such that R = Rx.

Proof There exists a family (R;)icr of associations on A such that R = UW-L€I R;
and Rj is univalent for each i € I, that is, for each x7 - - - X}« € A* with k > 1 there
exists at most one element y € A such that x; - - - xx Ry y. For example, let [ = A
and define R; for each i1 € I by the following for each (x7---xk,y) € A* x A:

X1 Xk Riy & x1---xxRyandy =1.

Define A = I x N. For each (i,k) € A, let A k) be the set of the elements
(X1,...,%k) € AX for which there exists exactly one element y € A such that
X1 - Xk Riy, and define an operation o; 1) on A by Dm ot(; i) = Ai,k) and

Ak (X1, X)) =Yy &= x1--xRiy.

Assume x; - -xx Ry. Then k > 1 because (A,R) is singular, and there ex-
ists an element i € I such that x;---xx Riy because R = UiEI Ri. Further-
more (i,k) € A, and (x1,...,Xx) € A k) by the univalence of Ri. Therefore
ot(i k) (X1 ..oy X)) =Y. Conversely if o 1) (x1,...,%) =y for some (i,k) € A,
then x7---xx Riy and so x7 - - - xx Ry because Ry C R. Thus R = RAx.

3.1.3 Subalgebras, reducts, subreducts and closures

Let A be an algebra and (o )aca be its structure. Then its subalgebra is a
subset B of A which is ap-closed for all A € A and conventionally regarded as
an algebra equipped with the structure (Pa)aea consisting of the restrictions
Ba of o) to B for all A € A. Also, its M-reduct for a subset M of A is the
algebra (A, (a,)uem), which is often abbreviated to Apm. Its M-subreduct
(or M-subalgebra) is a subalgebra of Ay and so regarded as an M-algebra as

3-4There Rp was denoted Rg for O = (oty)aea-
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above. Its reduct is an M-reduct for a subset M of A, and its subreduct is
an M-subreduct for a subset M of A, i.e. a subalgebra of a reduct.3-?

Let RA be the association on A derived from the structure (xx)aca of A by
(3.1.1). Then a subset B of A is a subalgebra of A iff it is an Ra-subset of A as
defined in §2.4. Therefore, for each subset S of A, the Ra-closure [S]g, of S in A
is the smallest of the subalgebras of A which contain S. We call it the closure
of Sin A and denote it by [S]a, [Sla, [S], and so on®®. Then we may derive
the following descriptions of [S]A mentioned in §1.2.2 from Theorems 2.4.2 and
2.4.3, and in view of them, we also call [S]a the subalgebra generated by S.

Theorem 3.1.2 Let (A, (xa)aea) be an algebra and S be a subset of A. Then
[S]A is the union | J,,~ o Sn of the descendants S, (n =0,1,...) of S in A which
are inductively defined by So = S and the following for each n > 1:

A€ A, (ar,...,ax) € Dma, and
Sn =< aalar,...,ax): a; €Sn; (j =1,...,k) for some nonnegative
integers Mq,..., Ny such that n —1 = ZL] nj.

Remark 3.1.1 The definition of S;; (n > 1) implies J,~; Sn € Upep Im o,
and so Theorem 3.1.2 implies [S]x € SU U)\e/\ Im «,, although we had better
derive it from the fact that S U [J,., Imay is a subalgebra of A and regard
Theorem 3.1.2 as one of its refinements. The italicized condition on (as,..., ay)
in the definition is the ramification condition R(Sp,...,Sn—1) in (2.3.1).

Example 3.1.1 Suppose the algebra A in Theorem 3.1.2 is a semigroup as
explained in §3.6.1. Then its algebraic structure consists of an associative mul-
tiplication, hence it follows that the descendant S, of a subset S of A is equal
to the set S™*1 of all products of n + 1 elements of S and so [S]a = Unsq S™

Theorem 3.1.3 Let (A, (xa)aeca) be an algebra and S be a subset of A. Then
an element a € A belongs to [S]A iff there exists a sequence aj,...,an (N >1)
of elements of A which satisfies a,, = a and one of the following conditions for

each i € {1,...,n} (we call it an S/A-sequent or S/A-sqnt for a) 7.

(1) a; €S.

(2) There exist numbers ji,...,jx € {1,...,1—1} and an index A € A such that
((1]'1,...,(1jk) € Dm a) and O()\((lj”...,(ljk) = aj.

3-5Fach algebra is both its subalgebra and its reduct, and its subalgebras and reducts are its
subreducts. Moreover, subalgebras of its subalgebras are its subalgebras, reducts of its reducts
are its reducts, and reducts of its subalgebras are its subreducts. Therefore, subreducts of its
subreducts are its subreducts. Thus the concept of subreducts is the most comprehensive.

Its subreduct is not necessarily a reduct of its subalgebra. For example, regard Z as an
algebra with respect to addition + and subtraction —. Then N is a subalgebra of the reduct
Zy 4. However, it is not closed by — and therefore is not a reduct of a subalgebra of Z.

3:61t was denoted [S]p for O = (ay)aeca in §1.2.2.

3-TTt was called an S/O-sequent for O = (ax)ac in Remark 1.2.1 and elsewhere in §1.2.
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We may similarly derive another description of [S] from Theorem 2.4.4 on R-
deductions, but we should redefine A-deductions on the algebra (A, (o )acn)
in the following way. Let M = (ATIAIL{[,]})* be the free monoid over the direct
union A ITATI{[,]} of A, the index set A of the structure (xx)aca and the set
{[,1} of the left bracket [ and the right bracket ] (s. Remark 3.1.14). Then we
inductively define subsets D, (n =0,1,...) of M and an element c(d) € A for
each d € Dy by Dy = A and c(a) = a for each a € Dy and by the following for
each n > 1, where the italicized condition on (di,...,dy) is the ramification
condition R(Dy,...,Dn_1) in (2.3.1):

dj € Dn; (j =1,...,k) for some nonnegative
Dn =< [Ad;---di]: integers ny,...,ny such thatn—1= Z;{a n, ¢,

A€ Aand (c(dy),...,c(dy)) € Dmay.
c(Adq ---di]) = oalc(dy)y...,c(dy)) for each [Ad; ---dy] € Dy, as above.

Here c([Adq - - - di]) as well as Dy, is well-defined, because it inductively follows
from the definition of D; (i =0,...,n) that D; consists of trees of rank 1 whose
germs and nodes are elements of A and A respectively, and so Theorem 2.3.1
shows that D, N (Do U---UDp_7) = 0 and that each element d € D,, has a
unique expression d = [Ad; ---dy] by an index A € A and elements d; € Dy,

(j =1,...,k) such that n —1 = ZL] n; (and so the expression necessarily
satisfies (c(d1),...,c(dx)) € Dmay). We have thus defined a set D = (J,;>o Dn
and a mapping ¢ € D—A so that c|p = ida. B

We refer to the elements of D, Dy and | J,,~; Dn as A-deductions, prime
A-deductions and composite A-deductions on A respectively. We also refer
to the element c(d) € A for each A-deduction d as its conclusion, while we refer
to the mapping ¢ as concluding. Furthermore, we define the premise P(d) of
d as the set of the elements of A which occur in d (s. Example 3.1.8). Then
P(a) ={a} for a € Do and P(d) = Uy P(dj) for d = Ady -+~ di] € U, D
as above. Moreover, P(d) is equal to the germ G(d) defined in §2.3.

Under the above definitions, we have the following description of [S]A.

Theorem 3.1.4 Let (A, (xax)aca) be an algebra and S be a subset of A. Then
an element a € A belongs to [S] iff there exists a A-deduction d on A such that
P(d) C Sand c(d) = a (we call d an S/A-proof or S/A-pf of a). More precisely
in terms of Theorem 3.1.2, a € S, iff a has an S/A-pfin D, (n =0,1,...).

Proof We first show by induction on n that if a € S,, then a has an S/A-pf
in Dy. If n = 0, then a € S, and so a is an S/A-pf of a in Dy. Therefore
assume n > 1. Then a = aa(as,...,ax) with A € A, a5 € Sn; G=1,...,k%)
andn—1= Z;;I ny, and so a; has an S/A-pf d; € Dy, (j =1,...,k) by the
induction hypothesis. Thus [Ad; - -- dy] is an S/A-pf of a in Dy,.

We next show by induction on n that if a has an S/A-pf d € D, then
ae€S,. Ifn=0,thena=c(d) =d e P(d) CS=Sp. Therefore assume n > 1.

Then d = Ady -+~ di] with A € A, dj € Dy, (j=1,...,k), n—1 =Y n
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and a = ax(c(dy),...,c(dx)). Furthermore, d; is an S/A-pf of c(d;), and so
c(dj) € Sn; (j =1,...,k) by the induction hypothesis. Thus a € Sy.

Example 3.1.2 Let (A, (xa)aca) be an algebra and D = |J,,~, Dn be the set
of the A-deductions on A. Then we may regard D as an algebra by equipping
it with the structure (8x)xea defined by the following for each A € A:

Dm &\ ={(d1,...,dx) € Un—_; D™: (c(dy),...,c(dx)) € Dmoy},
5)\(d1,...,dk) = D\d] '~'dk} for each (d1,...,dk) € Dm 6,.

Notice that Dm &, C DX for an arity k of ox.?® If (dy,...,dx) € Dm8a, then
dj € Dy, for some nj (j=1,...,k) and Ady - di] € D forn =1+ .
Therefore, the operation 65 on D is well-defined. We call (D, (dx)aeca) the
deduction algebra on/of A.

We can show by induction on n that D,, (n = 0,1,...) is equal to the n-
th descendant An of A in D, and so D = {J,,~oAn = [A] by Theorem 3.1.2.
First, Do = A = Ay by definition. Therefore assume n > 1. In order to show
Dy = Ay, first assume d € Dyn. Then d = [Ad; ---di] with A € A, d;j € Dy,
G=T1,...,k,n—1=35 nand (c(d),...,c(dx)) € Dmay. Therefore
d = dx(dy,...,dk), and dj € An; (j = 1,...,k) by the induction hypothesis.
Thus d € A,. Conversely assume d € A,,. Then d = 65(dy,...,dy) with
AEA dj €Ay (j=T1,...,k)andn—1=3  n;. Therefore d =[Ad; - di]
with (c(d1),...,c(dx)) € Dmop, and dj € Dy, (j =1,...,k) by the induction
hypothesis. Thus d € D,.

Remark 3.1.2 Let (A, (xa)aea) and (B, (Bu)uem) be algebras. Then their
algebraic union is the algebra (C, (y+y)ven) defined by C = A U B and the
union (yv)ven of (aa)aca and (B,)uem regarded as algebraic structures on C,
that is, N=AIIM, vy = «, for v € A and vy = B+ for v € M. Then the two
parent algebras are subreducts of the algebraic union.

3.1.4 Holomorphisms and homomorphisms

Let (A, (aa)aen) and (B, (Pa)aca) be algebras with the structures indexed by
the same set A. Then a mapping f € A—B is called a homomorphism, if it
satisfies the following condition for each A € A.

¢ (Homomorphy) If (aj,...,ax) € Dm«, for a positive integer k, then
(f(l],...,f(lk) € Dm 3, and f(O(A((lh...,(lk)) = B)\(f(l],...,fak).

The existence of a homomorphism implies the similarity.3-° The mapping f is
said to be exact, if it satisfies the following condition for each A € A.

3-8If Dmay # @ then Dm &, C DX for a unique arity k of «y, while if Dmay =  then
Dm by = () C D¥ for any arity k of oc.

3-9Homomorphy implies that if Dm oy # @ then Dm By # @ and « and B have the same
unique arity. Therefore, if f € A—B is a homomorphism, then A and B are similar (s. [3.3]).
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e (Exactness) If (a7,...,ax) € A¥ and (faj,...,fax) € Dm B, for a pos-
itive integer k, then (aj,...,ax) € Dm ;.

A holomorphism is an exact homomorphism.

Remark 3.1.3 It follows from the above definition that the mapping f € A—B
is a holomorphism iff the following hold for each A € A:

Dmay ={(ai,...,ax) € Un_; A™: (fai,...,fax) € Dm B},
floa(ary ..., ax)) = Pa(faq,...,fay) for each (ajs,...,ax) € Dm x;.

These equations may be rewritten in the following way:

k _
Dm )y = U(bh...‘bk)EDmB;\ Hj:] f 1{b1‘}>
o ([T F7{b5}) € £~ {Ba(b1, ..., by)} for each (by,...,bx) € Dm By.

Thus, when identified with a partition (Ap)pep of A,310 the mapping f is a
holomorphism iff the following hold for each A € A:
k
Dm oy = U(b1 1o b )EDM Ba Hj:1 Ab;,
oc>\(]_[}<:1 Ab;) € A, (by,...,by) for each (by,...,by) € Dm ).
The three equations for Dm &, imply that Dm o, € A* for an arity k of By (s.
[3.8]). The latter two in effect mean that (H;(:1 1‘_1{b)-})(b1 nd

k -
(Hj:1 Abi)(bh...,bk)eDmB)\ are partitions of Dm o,.

..e,bi)EDmM B A a

Bijective holomorphisms are also called isomorphisms, while bijective ho-
momorphisms have no other names.

Let A be an M-algebra, B be an N-algebra and A be a subset of MNN. Then
homomorphisms of A into BA are also called A-homomorphisms of A into B
(particularly, homomorphisms of A-algebras are also called A-homomorphisms),
and likewise for holomorphisms and isomorphisms.

Remark 3.1.4 Holomorphisms are homomorphisms, and homomorphisms of
total algebras are holomorphisms. Composites of homomorphisms are homo-
morphisms, and likewise for holomorphisms. If f € C—D is a homomorphism
and A and B are A-subreducts of C and D respectively such that fA C B,
then the restriction f|a regarded as belonging to A—B is a A-homomorphism,
and likewise for holomorphisms. If f € A—E is a A-homomorphism and E is
a subreduct of an algebra B, then f regarded as belonging to A—B is a A-
homomorphism, and likewise for holomorphisms. Identity transformations ida

3-10T,et A and B be sets. Then if f € A—B, the family (f~'{b}),cp partitions A. Conversely if
(Ap)vep is a partition of A, then there is a unique mapping f € A—B such that f~1{b} = A,
for each b € B. Mappings are thus identified with partitions.
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on algebras A are holomorphisms. More generally, inclusion mappings of A-
subreducts into parent algebras are A-holomorphisms.3-11

Example 3.1.3 Let A be an algebra and D be its deduction algebra defined in
Example 3.1.2. Then the concluding ¢ € D—A is a holomorphism. To see this,
let (ota)aen and (8x)aea be the structures of A and D. Then the definitions
of 65 and ¢ show that if (dj,...,dx) € Dm b, then (c(dq),...,c(dy)) € Dm xp
and c(6x(dq,...,dx)) = c([Ady---dyx]) = ar(c(dy),...,c(dx)). Furthermore,
the definition of Dm 6, shows that c is exact.

Lemma 3.1.1 Let (A, (xa)aca), (A, (od)aca) and B be algebras, f € A—B

be a holomorphism and f’ € A’—B be a homomorphism. Assume (aj,...,ax) €
A A €A, (a],...,a]) € Dm«f, and (fay,...,fax) = (f'af,...,f'a}). Then
(a1y...,ax) € Dmay and f(oa(ar,...,ax)) =f'(xs(af,...,ar)).

Proof Let ) be the operation of B assigned to A. Then (fai,...,fax) =

(f'aj,...,f'a;) € DmPB, because f’ is a homomorphism and (aj,...,a;) €
Dm o). Therefore, (aj,...,ax) € Dm &, by the exactness of f. Since f is also
a homomorphism, we furthermore have f(o)(as,...,ax)) = pa(far,...,fax) =
Ba(f'aj,...,f'a;) =f'(x)(aj,...,a)).

3.1.5 Sorted algebras and homotypisms

A sorted algebra is an algebra A equipped with an algebra T and a holomor-
phism 0 € A—T. Thus a sorted algebra is best described by the triple (A, T, o)
of algebras A and T and a holomorphism o € A—T. We call T and o the type
and sorting of A. For each element a € A, we call oa the type of a. For each
subset S of A and each element t € T, we call 0‘|57]{t} = SN o 't} the t-part
of S and often abbreviate it to S¢. In particular, A¢ for each t € T consists of
the elements of A of type t. Each subset S of A is partitioned by (Si)teT.

Remark 3.1.5 Let (A, (aa)aca) and (T, (Ta)aca) be algebras. Let (Ay)iet
be a partition of A and identify it with a mapping o of A into T (s. [3.10]).
Then it follows from Remark 3.1.3 that (A, T, 0) is a sorted algebra iff the fol-
lowing hold for each A € A, where the former equation in effect means that
(Hl-{ Ay,) is a partition of Dm a,:

j=1" ) (ty,...,t )EDm T A

K
Dm oy = U(tl yeeey b JEDmM TA Hj:1 Atj‘
k
oc)\(l_[)-:1 At;) € Ax, iy, for each (tg,...,t) € DmTa.

3-11Conversely, if A is a A-algebra and B is an M-algebra such that A C M, A C B and the
inclusion mapping of A into B is a A-holomorphism, then A is a A-subreduct of B.

This fact is related to extension of the concept of numbers. The inclusion mapping of N
into Z is an inexact {—}-homomorphism. That of Z into Q is an inexact {-+}-homomorphism.
That of Q into R is an inexact homomorphism with respect to the infinitary operation limit.
Indeed, N is not a {—}-subreduct of Z, and likewise for the other inclusion mappings.
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Remark 3.1.6 Let (A, T,0) be a sorted A-algebra, and M be a subset of
A. Then if B and U are M-subreducts of A and T respectively such that
oB C U, then (B,U,olg) is a sorted M-algebra by Remark 3.1.4. In partic-
ular, (Am, Twm, 0) is a sorted M-algebra.

Example 3.1.4 Example 3.1.3 shows that the triple (D, A, c) of an algebra A,
its deduction algebra D and the concluding ¢ € D—A is a sorted algebra.

Let (A, T,0) and (B, T,t) be sorted algebras of the same type T. Then a
mapping f € A—B is called a homotypism or said to be homotypic, if f(A{) C
B¢ for all t € T. If (C, T,v) is also a sorted algebra of the same type T and both
f and g € B—C are homotypic, so also is their composite gf € A—C.

The following lemma gives equivalent definitions of homotypisms.

Lemma 3.1.2 Let (A, T,0) and (B, T, ) be sorted algebras of the same type T
and let f € A—B. Then f is homotypic iff fa € By for all a € A and iff ©f = o.
More generally, if S is a subset of A and ¢ € S—B, then @(S) C By for all
teTiff pa € Byq for all a € S and iff T = ols.

Proof First assume that @(S¢) € By for allt € T, and let a € S. Then
a € Sga, and so @a € Bgq. Next if @a € Byq for all a € S, then 1(@a) = oa
for all a € S, and so T@ = ol|s. Lastly assume T¢ = ols, and let t € T. If
a € Sy, then T(@a) = oa =t, and so @a € B;. Thus ¢(S;) C By.

Lemma 3.1.3 A homotypic homomorphism is necessarily a holomorphism.
More generally, if 0 € A—T is a holomorphism, T € B—T is a homomorphism

and f € A—B satisfies Tf = 0, then f is exact.

Proof The former half follows from the latter and Lemma 3.1.2. As for the

latter, let (o )aen and (Ba)aea be the structures of A and B. If (aj,...,ax) €
Ak and (fay,...,fax) € Dm B, for an index A € A, then since (cay,...,cay) =
(t(faq),...,t(fax)), (a1,...,ax) € Dmx, by Lemma 3.1.1. Thus f is exact.

Remark 3.1.7 Every total algebra A may be regarded as a sorted algebra
whose type is an arbitrary singleton {t} made into a total algebra similar to A
and whose sorting is the unique element of A—{t}. Conversely if (A,{t}, o) is
a sorted algebra and the type {t} is total, then A is total because the sorting
0 is exact. Furthermore, if A and B are similar total algebras, they may be
regarded as sorted algebras of the same total type {t}, and a mapping f € A—B
is & homomorphism iff it is a homotypic holomorphism.

3.1.6 Power algebras and projections

Let (A, T,0) be a sorted algebra and V be a nonempty set. Then we construct
a sorted algebra (AY,T, p) for the subset AV = Uier(V—=AL) of V=A and call
it the V-power algebra over (A, T, o). Since AY C V=A, each v € V yields
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the mapping @ — @v of AV into A, which is called the projection by v or v-
projection and denoted v, (s. §1.5.2). The following construction of (A, T, p)
is that which makes v, a homotypic holomorphism for each v € V.

Since A = [Jc1 At and V # 0, we have AV =], (V—Ay) (s. [3.2]), and
so we define the mapping p € AV —T by the following for each t € T (s. [3.10]):

p ' {t} = VAL (3.1.2)

Let (oa)aen and (Ta)aen be the algebraic structures of A and T respectively.
Then we equip AV with the following algebraic structure (Ba)aca. Let A be an
arbitrary element of A. Then, in view of (3.1.2) and Remark 3.1.5, we define

3
Dm ) = U(n stk JEDmM T Hj:] (V_>Atj ). (3.1.3)

Let (@1,...,@x) be an arbitrary element of the right-hand side. Then there is a
unique element (tq,...,tx) € Dm Ty such that (@1,...,0k) € H;<:1 (V=AY
Let v be an arbitrary element of V. Then (o(@1v),...,0(@xVv)) = (t1,...,t) €
DmT,, and so Lemma 3.1.1 applied to o and idt (s. Remark 3.1.4) shows that
(@1V,y...,0xV) € Dmay, and o(ap(@1vy...,@kV)) = Ta(t1,...,tx). There-
fore, we define Ba(@1,...,Px) € V=AL, (t;,....tx) DY

(Ba(@1y...y @)U = cta(@1V,..., @xV) for each v € V. (3.1.4)

We have thus equipped AV with an algebraic structure (Bx)aca which satisfies
(3.1.3) and the following for each A € A:

BA(H;{ﬂ (VHAtj )) € V=AL, (4y,...,1) for each (t1,...,t) € DmT,.

Thus (AVY,T,p) is a sorted algebra by Remark 3.1.5. Moreover, v for each
v € V is a homomorphism by (3.1.4), and since v,(V—A) C A foreacht € T,
it is a homotypic holomorphism by Lemma 3.1.3.

Remark 3.1.8 If elements @, € AV satisfy V@ = v for all v € V, then
@, € VoA and v =1 for all v € V, and so ¢ = 1.

Let C be a sorted algebra of type T and (fy,)vev be a family of homotypic
homomorphisms of C into A (s. Lemma 3.1.3). Then we can define a homo-
typism f € C—AY by (fc)u = fyc for each ¢ € C and each v € V, that is,
vpf = f, for each v € V. Let (ya)aca be the algebraic structure of C, and
assume (¢1,...,Cx) € Dmwy, for an index A € A. Then (fycy,...,fyck) =
(vp(fer)y...,vp(fek)) for each v € V. Therefore, (fci,...,fcx) € Dmpy
and Up(f('}/%(c] PR Ck))) =fy ('Y?\(C1 Yooy Ck)) = vp(ﬁ?\(f(:] PR ka)) for each
v € V by Lemma 3.1.1. Therefore, f(ya(c1,...,ck)) = Pa(fci,...,fck) by the
preceding paragraph. Thus f is a homotypic homomorphism.

Remark 3.1.9 Let V' be a nonempty set and f € V—V’. Then the V'-power

algebra AV’ is also constructed, and if ¢ € V/—A, for an element t € T, then
@f € V=A,. Therefore, we have a homotypism @ — @f of AV into AV, which
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we denote by fA. Then (f*¢@)v = @(fv) for each ¢ € AV’ and each v € V,
that is, v,fA = (fv), for each v € V. Let B4 be the operation of AV as-
signed to A € A and let (@1,..., k) € DmB}. Then ((fu)p@1,..., (fu)pex) =
(Vp(FA@1), ..., vp(fAeyx)) for each v € V, so (fAe1,...,f @x) € Dm B, and
Up(fA(B)/\((ph---)(Pk))) = (fU)p(Bﬁ(W,---»(Pk)) = vp(B?\(fA(ph---)fA(Pk))
for each v € V by Lemma 3.1.1, i.e. fA(B4(@1,---, 0x)) = Ba(fr@1,..., A ox).
Thus A is a homotypic holomorphism by Lemma 3.1.3.

Remark 3.1.10 Let M be a subset of A. Then (Am, Tm, 0) is a sorted algebra
by Remark 3.1.6. Therefore, the V-power algebra (Aa)Y is also constructed
as above, and comparing its algebraic structure with that of AV, we find that
it is equal to the M-reduct of AV, that is, (Am)Y = (AY)m. Its sorting is
equal to p. Suppose B is a subalgebra of A. Then (B, T, olg) is a sorted algebra
by Remark 3.1.6. Therefore, the V-power algebra BY is also constructed as
above, and comparing its algebraic structure with that of AV, we find that it is
a subalgebra of AV. Its sorting is equal to p|gv. Thus if B is a subreduct of A,
then BY is a subreduct of AV and its sorting is equal to plgv.

3.1.7 Universal sorted algebras

A sorted algebra (A, T, o) is said to be universal or called a USA (universal
sorted algebra) if it satisfies the following two conditions for a subset P of A.

e (Generativity) A = [P].

e (Universality) If (A’, T, 0’) is a sorted algebra and a mapping ¢ € P—A’
satisfies 0’ = olp, then @ is extended to a homotypic holomorphism
fe A-A'

We refer to P and ofp as the (universality) basis (s. Theorem 3.1.6) and the
basic sorting of (A, T, o) respectively. Then a USA is best described by the
quadruple (A, T, o, P) made of a sorted algebra (A, T, o) and its basis P.

Remark 3.1.11 Lemma 3.1.4 below shows that the generativity and the uni-
versality together imply the following.

¢ (Strong universality) If (A’, T, 0’) is a sorted algebra and a mapping ¢ €
P—A’ satisfies 0’¢@ = olp, then ¢ is uniquely extended to a homotypic
holomorphism f € A—A’.3-12

The same remark applies to UTAs below.

Lemma 3.1.4 Let A and B be algebras, and f € A—B and g € A—B be
homomorphisms. Assume f|s = gls for a subset S of A. Then fl|is; = gls;-

3-12The strong universality conversely implies the generativity (and the universality).
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Proof Let (oa)aen and (Ba)aeca be the structures of A and B. Define C =
{a € A:fa=ga} If A € Aand (aj,...,ax) € C*N Dma,, then since f
and g are homomorphisms, we have f(oy(as,...,ax)) = Pa(far,...,fax) =
Balgar,...,gax) = glaa(ar,...,ax)), and so op(as,...,ax) € C. Therefore
C is a subalgebra of A. Thus if S is contained in C, so is [S].

The two kinds of universalities of the USA (A, T, o, P) are illustrated by the
following diagrams, where i is the inclusion mapping.

P4 A P LA
¢l 1° °Lovr L0 (3.1.5)
Al — T Al — T
o’ o’

Lemmas 3.1.2 and 3.1.3 show that a mapping f € A—A’ is a homotypic holo-
morphism iff it is a homomorphism and satisfies 0 = o’f. Moreover, olp = ol
and flp = fi. Therefore, the (strong) universality means that if the left rect-
angular diagram is commutative for a sorted algebra (A’, T, 0’) and a mapping
@ € P—A’, then there exists a (unique) homomorphism f € A—A’ which makes
the two triangles in the right diagram commutative. For this reason, we call f
the triangulating homomorphism of the left diagram.

A total algebra A is said to be universal or called a UTA (universal total
algebra) if it satisfies the following two conditions for a subset P of A.

e (Generativity) A = [P].

e (Universality) If A’ is a total algebra similar to A and @ € P—A’, then
@ is extended to a homomorphism f € A—A’.

We call P the (universality) basis of A (s. Remark 3.1.17). Thus a UTA is
best described by the pair (A, P) of a total algebra and its basis.

Remark 3.1.12 The concept of USAs generalizes that of UTAs.

Let (A,P) be a UTA. Then the sorted algebra (A,{t}, o) made of a total
singleton {t} and the unique mapping o0 € A—{t} as in Remark 3.1.7 together
with P is a USA. As for its key universality, if (A’,{t}, ¢’) is a sorted algebra and
a mapping @ € P—A’ satisfies 0'¢@ = olp, then A’ is a total algebra similar to
A,313 and so ¢ is extended to a homomorphism f € A=A’ by the universality
of (A, P), and f is furthermore a homotypic holomorphism.

Conversely if (A,{t},0,P) is a USA and {t} is total, then (A,P) is a UTA.
As for its key universality, if A’ is a total algebra similar to A and ¢ € P—A’,
then (A’,{t},0’) is a sorted algebra for the unique mapping o’ € A’—{t} and
@ satisfies 6’ = olp, and so ¢ is extended to a homotypic holomorphism
f € A=A’ by the universality of (A,{t}, o, P), and f is a homomorphism.

The following theorem is of fundamental importance in this chapter.

3-13More generally, any two sorted algebras of the same type are similar by [3.9].
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Theorem 3.1.5 (Unique existence of USAs) Let T be an algebra, P be a
set and T € P—T. Then there exists a USA (A, T, o, P) such that ofp = . If
(A',T,0’,P) is also a USA such that o’|[p = 1, then there exists a homotypic
isomorphism of A onto A’ extending idp.

We refer to the triple (T, o|p, P) for a USA (A, T, 0,P) as its syntax. Then
Theorem 3.1.5 means that each triple (T,T,P) of an algebra T, a set P and a
mapping T € P—T yields a USA of syntax (T,T,P) and that it is unique up to
homotypic isomorphism extending idp. Thus, in order to construct a USA, we
only need to pick such a triple.>'4 Picking a mapping T € P—T is equivalent to
picking a partition (Py)tet of P (s. [3.10]), and the above key condition olp =T
means that O'|P71{t} =P, foreacht e T.

Remark 3.1.13 You will soon be convinced that Theorem 3.1.5 is true once
you compare the triple (T, T, P) therein to that underlying a common definition of
a formal language discussed in the introduction of this chapter, that is, T is the
set of the category names equipped with an algebraic structure derived from the
formation rules, P is the set of the prime elements and T associates each element
of P with its category name in T. You must empirically know that such a triple
uniquely determines a formal language and the category names of its elements,
especially as to a formal language abstracted from your native tongue (s. Remark
1.2.2). Theorem 3.1.5 formulates and establishes the empirical knowledge.

Remark 3.1.14 (Free monoid) The concept of USAs is one of the mathe-
matical concepts characterized by some universality conditions such as those of
free monoids, free groups, polynomial rings and tensor products of modules (s.
§3.6.1 for the concept of monoids). For example, a monoid A is said to be free
over its subset P if it satisfies the following generativity and universality .

e A is generated by P and its identity element e, that is, A = [P U{e}]a.

e If A’ is a monoid and @ € P—A’, then @ is extended to a homomorphism
f € A=A’ which associates e with the identity element of A’.

For each set S, we let S* denote the set of all formal products xj---x, of
elements x1,...,Xn of S of finite length n > 0. Then S* is a monoid with respect
to the multiplication defined by (x1 -+ Xm)(Y1 - Yn) = X1 -+ XmYy1 -+ -Yn for
each (X1 Xm, Y1 Yn) € S*xXS* with x1,...,Xm,Y1,...,Yyn € S. Its identity
element is the formal product of length 0 and denoted e. Furthermore, S* is free
over S. Therefore, as in the first paragraph of the proof of Theorem 3.1.5 below,
it follows from the above two conditions that idp is extended to an isomorphism
of A onto P* which associates e with ¢, that is, we may identify A and e with
P* and & respectively, hence A —{e} = PII (A —{e})? = [P]a = [Tsq P™ (s
Example 3.1.1). Consequently, a monoid is free over at most one subset.

3-14The proof of Theorem 3.1.5 below naturally uses another method of constructing USAs,
but it should never be used elsewhere, because USAs can be analyzed by means of Theorems
3.1.6 and 3.1.7 more neatly than by means of the construction in the proof.

152



Proof of Theorem 3.1.5 The latter half is a routine consequence of the
definitions. Let i and i’ be the inclusion mappings of P into A and A’ respec-
tively. Then oi = olp =T = 0’|p = 0’1/, and so the universality of A and A’
shows that 1’ and 1 are extended to homotypic holomorphisms f € A—A’ and
f’ € A’—A respectively, hence f'flp = f'i’ = f’|p = 1 = ida|p and similarly
ff'|p = ida|p. Moreover, A = [P]a, A’ = [P]a+ and all of f'f, ida, ff’ and ida-
are homomorphisms by Remark 3.1.4. Therefore f'f = ids and ff’ = ida/ by
Lemma 3.1.4, and thus f is a homotypic isomorphism extending idp.

As for the former half, we construct a USA (A, T, 0,P) such that olp = T,
generalizing the construction of deduction algebras in Examples 3.1.2-3.1.4.

Let (Ta)aen be the algebraic structure of T and M = (PIIAII{[,]})* be the
free monoid over the direct union P IT A II{[,]} of the set P, the index set A of
(Ta)aen and the set {[,]} of the left bracket [ and the right bracket ] (s. Remark
3.1.14). Then we inductively define subsets A,, (n = 0,1,...) of M and an
element oa € T for each a € A, by Ag = P and o0a = ta for each a € Ay and
by the following for each n > 1, where the italicized condition on (as,...,ax)
is the ramification condition R(Ag,...,An_1) in (2.3.1):

a; € An, (j =1,...,k) for some nonnegative

An =< [Aaq---ay]: integers Ny, ..., Ny such thatn—1= Z;;] nj, 7,
A€ A and (oaj,...,ocax) € DmT,.

oAay - ax]l = ta(oay,...,o0ax) for each [Aa; --- ax] € A, as above.

Here o[Aaq --- ai] as well as A, is well-defined, because it inductively follows
from the definition of A; (i =0,...,n) that A; consists of trees of rank 1 whose
germs and nodes are elements of P and A respectively, and so Theorem 2.3.1
shows that A,, N (AgU---UAn_7) = 0 and that each element a € A,, has a
unique expression a = [Aaj ---ax] by an index A € A and elements a; € Ay,
(j =1,...,k) such that n —1 = Z;;] n; (and so the expression necessarily
satisfies (oay,...,0ax) € DmTy). Thus we have defined a set A = J, 50 An
and a mapping 0 € A—T so that olp = 1. B

We regard A as an algebra by equipping it with the algebraic structure
(ata)aen defined by the following for each A € A:

Dmay ={(ai,...,ax) € Un_; A™: (0ai,...,0ax) € DmTy},
on(ar,y...,ax) =[Aag - - - ay] for each (ag,...,ax) € Dm .
Notice that Dm oy € A¥ for an arity k of Ty (s. [3.8]). If (aj,...,ax) € Dmay,
then q; € Ay, for some n; (j = 1,...,k) and [Aay---ax] € Ap forn =1+
Z}(ﬂ n;. Therefore, the operation ) on A is well-defined. Furthermore, the
definitions of «; and o show that if (aj,...,ax) € Dm «, then (caj,...,cay) €
DmTy and o(ax(aq,...,ax)) = olAa; - - ax] = Ta(0aq,...,0ax). Therefore o

is a homomorphism. Moreover, the definition of Dm &, shows that o is exact.
Thus o is a holomorphism and so (A, T, ¢) is a sorted algebra.

We argue by induction on n that A, (n = 0,1,...) is equal to the n-th
descendant P,, of P in A. First, Ag = P = Py by definition. Therefore assume
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n > 1. In order to show A, = P, first assume a € A,,. Then a = [Aaj --- ax]
with A € A, a5 € An, (j=1,...,k), n—1=3° njand (cay,...,0m) €
Dmty. Therefore a = xx(ar,...,ax), and a5 € Pn; (j = 1,...,k) by the
induction hypothesis. Thus a € P,,. Conversely assume a € P,,. Then a =
an(ar,...,a) with A € A, 5 € Py (G =T,...,k andn—1 =Y n
Therefore a = [Aay --- ai] with (oas,...,0ax) € DmT,, and a5 € An; (=
1,...,k) by the induction hypothesis. Thus a € A,,.
Here we interrupt the proof by the following.

Remark 3.1.15 The descendants P,, (n = 0,1,...) of P in A satisfy the fol-
lowing two conditions.

(al) Each element a € A has a unique nonnegative integer n such that a € Py,.

(a2) Each element a € P, (n > 1) has a unique expression a = oy (aq, ..., ax)
by an index A € A and an element (a,...,ax) € Dm «, which satisfies
the ramification condition R(Pg,...,Pn_1) in (2.3.1), that is,

a; € Pn; (j =1,...,k) for some nonnegative
) K (3.1.6)
integers mny,..., Ny such that n — 1= Zj:1 nj.

Indeed P, = A (n =0,1,...), hence A = J,,>o Pn, and as was noted right
after the definitions of A,, and o, P, consists of trees of rank n whose germs and
nodes are elements of P and A respectively (n =0,1,...). Thus Theorem 2.3.1
shows that (al) holds. The theorem together with the definitions of (ox)aen
and the descendants in Theorem 3.1.2 shows that each element a € P, (n > 1)
has a unique expression a = ax(aj,...,ax) by an index A € A and an element
(a1,...,ax) € Dm oy and it necessarily satisfies (3.1.6). Thus (a2) holds.

Therefore, the proof will be complete once we prove the following.

Lemma 3.1.5 Let (A, T, 0) be a sorted algebra and P be a subset of A. Assume
that the descendants P, (n =0,1,...) of P in A satisfy the conditions (al) and
(a2) given in Remark 3.1.15 for the algebraic structure (ox)aea of A. Then
(A, T, 0,P) is a USA.

Proof The condition (al) and Theorem 3.1.2 imply A = [P], that is, (A, T, o, P)
satisfies the generativity. In order to show that it also satisfies the universal-
ity, let (A’,T,0’) be a sorted algebra, and assume that ¢ € P—A’ satisfies
o'@ = olp. Let (aj)aea be the structure of A’. Then we inductively de-
fine an element fa € A’ for each a € P, (n = 0,1,...) so that o/(fa) =
oa. First if n = 0, then a € P and therefore we define fa = @a, hence
o'(fa) = o'(pa) = oa as desired. Therefore assume n > 1. Then a has a

unique expression a = aj(ar,...,ax) with qj € P, j=1,...,k)Jand n—1=
Z}(ﬂ ny, and (o’(fay),...,o'(fay)) = (oay,...,0ax) by induction. Therefore
(far,...,fax) € Dmxj and o’(x}(fas,...,fax)) = o(xa(as,...,ax)) = oa by

154



Lemma 3.1.1. Moreover, P, N (PoU---UP,_1) =0 by (al). Therefore we define
fa = &} (fas,...,fayx), hence o’'(fa) = oa.
We have thus defined a mapping f € A—A’ so that flp = @ and o'f = 0.

If A € A and (aj,...,ax) € Dmay, then aj € Py, for some ny (j = 1,...,k)
and o (aq,...,ax) € P form =1 —i—Z;{:] ny, and so (fas,...,fax) € Dm &y
and f(ap(ar,...,ax)) = & (faq, ..., fax) by the definition of f. Therefore f is

a homomorphism. Thus (A, T, o, P) also satisfies the universality.

Example 3.1.5 Let A be an algebra, and replace (T, T, P) in the proof of The-
orem 3.1.5 with (A,ida, A). Then the resultant USA is equal to (D, A,c,A) for
the deduction algebra D on A and the concluding ¢ € D—A. Thus D and c
may also be defined as the USA of syntax (A,ida,A) and its sorting.

3.1.8 Bases, rank and universality
Here we consider algebras closely related to USAs.
Definition 3.1.1 Let (A, (xx)aea) be an algebra and P be a subset of A. As-

sume that the descendants P, (n =0,1,...) of P in A satisfy the following two
conditions given in Remark 3.1.15.

(al) Each element a € A has a unique nonnegative integer n such that a € Py,
(we call n the rank of a and denote it by rk a).

(a2) Each element a € P, (n > 1) has a unique expression a = «(ay,..., ax)
by an index A € A and an element (aj,...,ax) € Dm «, which satisfyies
(3.1.6), i.e. the ramification condition R(Py,...,Pn_1) in (2.3.1).

Then we call P a (generativity) basis of A or say that A is based on P or
that (A, P) is a based algebra.

The following two theorems are indispensable in the analysis of USAs, and
together with Remark 3.1.16, give other definitions of the concept of USAs.

Theorem 3.1.6 Let (A, T, 0) be a sorted algebra and P be a subset of A. Then
(A, T, 0,P) is a USA iff (A, P) is a based algebra, that is, P is a universality basis
of (A, T, o) iff it is a generativity basis of A.

Theorem 3.1.7 Let (A, (xax)aca) be an algebra and P be a subset of A. Then
P is a basis of A iff it satisfies the following three conditions.

(b1) A = [Pl.

(b2) P consists of primes of A, that is, no element a € P has an expression a =

axr(ag,...,ax) by an index A € A and an element (aj,...,ax) € Dm x,.
(b3) Each element a € A — P has a unique expression a = ax(aj,...,ax) by
an index A € A and an element (aj,...,ax) € Dma, (we call it the

ramification of a for the reason to be clarified in [3.15]).
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If P is a basis of A, then the ramification a = «)(aj,...,ax) of each element
a € A—P satisfies tka—1=Y ¥ | rka;.

Some remarks and corollaries are in order before proving the theorems.

Remark 3.1.16 The conditions (b2) and (b3) together imply the following
condition where P does not occur.

(b4) Each element a € A has at most one expression a = «p(ay, ..., ax) by an
index A € A and an element (aj,...,ax) € Dm ;.

Remark 3.1.1 shows that (bl) implies A —P C [Jycp Im ). Therefore (b1)
and (b4) together imply (b3). Thus, under (bl) and (b2), (b3) is equiva-
lent to (b4). The condition (bl) also implies A — [JycpImon € P, while
(b2) means P € A — [Jycp Imoxy.  Therefore (b1) and (b2) together imply
P = A —Uren Imain. The condition (b4) is violated iff A satisfies a relation
oar(ar,...,ax) = oy(br,...,br) for some distinct tuples (A,aq,...,ax) and
(L, b1,...,b1), and so an algebra satisfying (b4) is said to be relation-free.
Thus Theorems 3.1.6 and 3.1.7 show that a (sorted) algebra A has a (univer-
sality) basis iff A is generated by primes and relation-free and also show that if
A has a basis, then it is equal to the prime set of A.

Remark 3.1.17 Let A be a total algebra and P be a subset of A. Then A may
be regarded as a sorted algebra (A,{t}, o) for a total singleton {t} by Remark
3.1.7, and (A, P) is a UTA iff (A,{t}, o, P) is a USA by Remark 3.1.12. Therefore,
Theorem 3.1.6 implies that (A, P) is a UTA iff (A, P) is a based algebra, that
is, P is a universality basis of A iff it is a generativity basis of A.

Example 3.1.6 The set N of all positive integers together with its element 1
and the successor function f is characterized by the following three conditions,
the first of which is the principle of (mathematical) induction.

(cl) If a subset P of N satisfies 1 € P and fa € P for all a € P, then P =N.
(c2) fa#1 for all a € N.
(c3) If a and b are distinct elements of N, then fa # fb.

The conditions (c1), (¢2) and (¢3) mean that the algebra (N, {f}) and the subset
{1} of N satisfy the conditions (bl), (b2) and (b4). Therefore (N,{f},{1}) is a
based algebra by Remark 3.1.16 and Theorem 3.1.7, and therefore is a UTA by
Remark 3.1.17. The set Z of all integers equipped with the successor function f
is a relation-free algebra, and not a based algebra because fZ = Z.

Corollary 3.1.7.1 Let A be a based algebra and B be its subreduct. Then B
is based on its prime set.
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Proof Let (xp)aea be the structure of A. Then B is an M-subreduct for a
subset M of A, and so its structure consists of the restrictions 3,, of x, to B
for all p € M. Remark 3.1.16 shows that A is relation-free, and therefore so is
B, and thus it suffices to prove B = [R]g for the prime set R of B. By way of
contradiction, assume B D [R]g, and pick an element b € B — [R]g so that its
rank rk b in A is minimal. Then since b € B—R, we have b = ,(b1,...,bx) =
oy (b1y...,by) for some p € M and (by,...,bx) € DmB, = BN Dmay.
Therefore tkb — 1 = Z?:] rkb; by Theorem 3.1.7, and so b; € [R]g for all
j € {1,...,k} by the minimality of rkb. But then b = B,(b1,...,bx) € [R]s,
which is a contradiction.

Remark 3.1.18 Continuing the proof of Corollary 3.1.7.1, we have that an
element (a7,...,ax) € Dma, (A € A) satisfies ap(a,...,ax) € B—RiffA e M
and at,...,ax € B. Indeed, if A € M and a1,...,ax € B, then o (aq,...,ax) =
Balar,...,ax) € B—R by (b2) for B. Conversely if aj(aj,...,ax) € B—R,
then (b3) for B and (b4) for A show that A € M and ay,...,ax € B. Moreover,
a prime of A belongs to B iff it belongs to R.

Suppose we have an algorithm for determining whether a given element
a € A belongs to R or not. Then the above fact together with Theorem 3.1.7
shows that we also have an algorithm for determining whether a given element
a € A belongs to B or not. Thus the questions about the possible ability of the
PU are not challenging, as was mentioned in §1.2.6.

Corollary 3.1.7.2 Let (A, (xa)aca) be an algebra and M be a subset of A.
Then the following hold on the M-reduct Anq of A.

(1) If (A,P) is a based algebra, then so is (Anm, P UUrcp_m Imor).
(2) If (A, T,0,P) is a USA, then so is (Am, Tm, 0, PUUrcp_p Im o).

Proof (1) is a consequence of Corollary 3.1.7.1 because A = PII ], Im oy
by (b2) and (b3). (2) is a consequence of (1) and Theorem 3.1.6 because
(Am, Tm, 0) is a sorted algebra by Remark 3.1.6.

Corollary 3.1.7.3 Let (A,P) be a based A-algebra, M be a subset of A, and
Q be a subset of P. Then ([Q]lm, Q) is a based M-algebra.

Let (A, T, 0,P) be a universal sorted A-algebra, M be a subset of A, Q
be a subset of P, and U be an M-subreduct of T such that cQ C U. Then
([QIm, U, ol(q1» Q) is a universal sorted M-algebra.

Proof The former half is also a consequence of Corollary 3.1.7.1 because Q is
the prime set of [Q]m by (b2) and Remark 3.1.1. The latter half is a consequence
of the former and Theorem 3.1.6 because ([Q]m, U, ol(q),,) is a sorted M-algebra
by Lemma 3.1.9 below and Remark 3.1.6.
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Example 3.1.7 Let D be the deduction algebra on an algebra A and c be its
concluding. Then (D, A,c,A) is a USA by Example 3.1.5, and so (D, A) is a
based algebra by Theorem 3.1.6. Furthermore, Example 3.1.2 shows that the
rank and ramification of each element of the based algebra D are equal to its
rank and ramification as a tree.3-?

Proof of Theorem 3.1.7 Assume that P is a basis of A. Then (bl) holds
by (al) and Theorem 3.1.2. Assume that an element a € A has an expression
a = ax(ar,...,ax) with A € A and (aj,...,ax) € Dmay. Then a; € Py
(5 =1,...,k) for some nj by (al), and a € Py, for n =1 +Z;<:1 ny > 1, and so
a € A—P by (al). Thus (b2) and rka—1 = 221 rk a;j hold. Assume that a also
has an expression a = &y (aj,...,a;,) with 7\'] € Aand (ay,...,a;,) € Dmoay:.
Then aj € Pnj/ (j=1,...,k') for some nj, and a € Py for n’ =1 +Z;<:’1 n’.
Therefore n = n’ by (al), and so A = A" (hence k = k') and a5 = af (j =
1,...,k) by (a2). Thus (b4) holds, and so does (b3) by Remark 3.1.16.

Conversely assume (bl)—(b3). Then A = J,,~,Pn by (bl) and Theorem
3.1.2. Therefore, in order to prove (al), we only need to show P, NPy, = ()
for each pair n,n’ of distinct nonnegative integers. If min{n,n’} = 0, then
PnNPr € PN UpcaImon = 0 by the definition of descendants and (b2).
Therefore we may argue by induction on min{n,n’}. Assume a € P,, NPy for
integers n,n’ such that min{n,n’} > 1. Then there are expressions

a=ox(ay,...,ax) (qj€Pn; G=1,...,k), n—1 :Z;(a n;),

azo‘)\’(a{)'--»a{d) (a]/ epn].’ (J :]»-'-»k/)> n'—1 :Z?:1 TL]./),

and a € A —P. Therefore A = A’ (hence k = k') and a; = a] € Py, N P
(j=1,...,%) by (b3), and sonj =nj (j =1,..., k) by the induction hypothesis,
hence n = n’. Thus we have proved (al). In order to prove (a2), assume
n =n' for the above two expressions. Then A = A’ (hence k = k') and aj = a

j
(3=1,...,%) by (b3). Thus (a2) holds.

Theorem 3.1.6 will be proved in a series of basic lemmas.

Lemma 3.1.6 The inverses of isomorphisms of algebras are isomorphisms.3-16

Proof Let f be an isomorphism of an algebra (A, (o )aen) onto an algebra
(B, (Ba)aen). Let A € A and (by,...,bx) € Un_; B™. Then (by,...,by) =
(f(f'01),...,f(f "by)), and so Lemma 3.1.1 applied to holomorphisms idg
and f shows that (by,...,by) € Dmfy iff (f 'by,...,f 'by) € Dm «, and that
if (b], .. .,bk) € Dm 35 then ‘3)\(b1 yoo .,bk) = f(O()\(fihb] yoo .,f71bk)) and so
f 1 (Ba(br,...,bx)) = axr(f "by,...,f'by). Thus f~' is an isomorphism.

3-151f A is a based algebra, then it can be embedded in D by a mapping which preserves the

ranks and ramifications, hence the term ramification for based algebras (s. Theorem 3.1.7).
3-16The inverses of bijective homomorphisms are not necessarily homomorphisms.
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Lemma 3.1.7 Let f € A—B be a holomorphism of algebras. Then the images
by f of subalgebras of A are subalgebras of B.3-17

Proof Let (ax)aca and (Ba)aca be the structures of A and B, and C be a
subalgebra of A. Assume (bq,...,by) € (fC)* N DmPBx. Then (by,...,by) =

(fcy,. .., fcy) for some (cq,...,ci) € C*, and since f is a holomorphism, we have
(c1y...,¢x) € Dmay and Ba(bi,...,bx) = f(aa(ct,...,cx)). Moreover, since
C is a subalgebra of A, we have a(c1,...,cx) € C. Therefore fA(b1,...,bx) €

fC. Thus fC is a subalgebra of B.

Lemma 3.1.8 Let f € A—B be a homomorphism of algebras. Then the inverse
images by f of subalgebras of B are subalgebras of A.

Proof Let (oa)aca and (Ba)aca be the structures of A and B, and D be a

subalgebra of B. Assume (aj,...,ax) € (f'D)* N Dmay. Then since f is a
homomorphism, we have (fa,...,fax) € D*NDm By and f(ox(ar,...,ax)) =
Ba(far,...,fax). Moreover Ba(fas,...,fax) € D because D is a subalgebra of

B. Therefore aa(arg,...,ax) € f'D. Thus f~'D is a subalgebra of A.

Lemma 3.1.9 Let f € A—B be a homomorphism of algebras and S be a subset
of A. Then f([S]a) C [fS]g. If f is a holomorphism, then f([S]A) = [fS]g.3-'®

Proof Since f~'([fS]g) is a subalgebra of A by Lemma 3.1.8 and S C f~1(fS) C
f=1([fS]g), we have [S]a C f'([fSlg), and so f([S]a) C [fS]g. If f is a holo-
morphism, then f([S]a) is a subalgebra of B by Lemma 3.1.7, and so since
f([SIa) 2 fS, we have f([S]a) D [fS]s.

Lemma 3.1.10 Let f € A=A’ be an isomorphism of algebras and assume that
A’ is based on a subset P’. Then A is based on f~'P’.

Proof Let (oa)aca and (oj)aea be the structures of A and A’. Theo-
rem 3.1.7 shows that (A’,P’) satisfies the conditions (bl)—(b4). Therefore
A = f 1A’ = f1[P/] = [f'P] by Lemma 3.1.6 and Lemma 3.1.9, that
is, (A,f~'P’) satisfies (b1). If an element s € f~'P’ has an expression s =
ar(as,...,ax), then P’ 5 fs = aj(fas,...,fax), which contradicts (b2) for
(A, P’). Therefore (A, f~1P’) satisfies (b2). If ax(ar,...,ax) = au(b1,...,b1),
then oy (far,...,fax) = o« (fby,...,fb1), and so A = p (hence k = 1) and
fa; = fb; (j = 1,...,k) by (b4) for (A’,P’), hence aj = b; (j = 1,...,k).
Therefore (A, f~"P’) satisfies (b4). Thus A is based on f~'P’ by Theorem 3.1.7
and Remark 3.1.16.

3-17Tmages by homomorphisms are not necessarily subalgebras (s. [3.11] for examples).
3-18This does not necessarily hold for homomorphisms (s. [3.11] for examples).
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Proof of Theorem 3.1.6 If (A,P) is a based algebra, then (A, T,0,P) is a
USA by Lemma 3.1.5. Conversely assume that (A, T, o,P) is a USA. Construct
a USA (A, T,G,P) such that 6lp = o|p by the method of the proof of Theorem
3.1.5. Then (A, P) is a based algebra by Remark 3.1.15. Moreover, there exists
an isomorphism f € A—A such that flp = idp by the latter half of Theorem
3.1.5. Thus (A, P) is a based algebra by Lemma 3.1.10.

3.1.9 Occurrences for based algebras

Throughout this subsection, we let (A, (ca)aeca) be an algebra. We will soon
make two assumptions on it italicized below.

It goes without saying that every mathematical concept should be explic-
itly defined and dealt with by rigorous deduction, and so should be those of
occurrences here and substitutions in §3.1.10, however intuitively obvious they
may appear. Indeed, I have seen that people intuitively deal with them without
explicit definitions and some draw erroneous conclusions about them.

If elements a and b of A satisfy a = ax(...,b,...) for an index A € A, we
say that b immediately occurs in a or write b < a. Moreover, if there exists
a sequence (bi)i—o,...n (n > 0) of elements of A such that by = a, b, = b
and either by < b;_7 or by = by_7 for each i € {1,...,n}, then we say that b
occurs in a or write b <X a, and call the sequence an occurrence of b in a.
Furthermore, for each element a € A and each subset B of A, we define

B*={beB:b<Xa} (3.1.7)
Notice that a € A® for all a € A, that is, the relation < is reflexive.

Example 3.1.8 Let A be a free monoid P* over a set P (s. Remark 3.1.14).
Then its algebraic structure consists of an associative multiplication. Therefore,
an element b € A immediately occurs in an element a € A iff a =bc or a =¢cb
for an element ¢ € A, and so the identity element of A occurs in every element of
A. Moreover, each element a € A is the product xj - - - X, of a unique sequence
X1y...yXn (M > 0) of elements of P. Therefore, a non-identity element b € A
immediately occurs in a iff b =x7 ---x; or b =% ---x for some i € {1,...,n},
and so b occurs in a iff b = x;---%; for some i,j € {1,...,n} such that i <}j.
Thus, an element b € P occurs in a iff b = x; for some 1 € {1,...,n}, and so
we also call such x; an occurrence of b in a. We have used the concept of
occurrences in this sense in Remark 2.2.8, §2.3, §2.4 and §3.1.3.

Henceforth in this subsection, we assume that A has a basis P. Then
A® ={a} (aeP) (3.1.8)
by Theorem 3.1.7. See the proof of the following lemma for A® for a € A —P.

Lemma 3.1.11 For each element a € A, A® is a finite set.
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Proof We argue by induction on r = rka. If r = 0, that is, if a € P, then
A% ={a} by (3.1.8). Therefore assumer > 1,i.e. a € A—P. Then Theorem 3.1.7
shows that its ramification a = ax(ag,...,ax) satisfies r—1 = 2;11 rk aj, and
so A% is a finite set for all j € {1,...,k} by the induction hypothesis. Therefore
it suffices to show A® —{a} C U;(:1 A% (in fact, A® = {a}HU};1 A%). Assume
b € A® —{a}. Then there exists an occurrence (bi)i=o,....n of b in a. Since
bn = b # a = by, there exists an integer i € {1,...,n} such that b; < a, and so
bi = aj for some j € {1,...,k} by Theorem 3.1.7. Therefore (b;,...,by) is an
occurrence of b in aj, and so b € A%. Thus A® —{a} C U;<:1 A% as desired.

Henceforth in this subsection, we furthermore assume that the index set A
of (oa)aen satisfies the following condition for a set T and a subset X of P:

A C (TIIX)*. (3.1.9)
Then if A € A, since A € (T'II X)* and X C (T'II X)*, we may consider the set
XP={beX:b=xA (3.1.10)

defined by (3.1.7) for (I' IT X)*, that is, we may consider the occurrences of
elements of X in A discussed in Example 3.1.8.

Let a and b be elements of A. Then an occurrence (bi)i—o,...n of b in a is
said to be free, if {bg,..., b} NImaxy = () for each A € A such that b € X*. If
there exists a free occurrence of b in a, we say that b occurs free in a or write
b <X¢ a. For each element a € A and each subset B of A, we define

BE ={beB:b =<y al. (3.1.11)

Then Af C A® for all a € A. Furthermore, Theorem 3.1.7 shows that a € Af
for all a € A, because the occurrences of a in a are the sequences (a,...,a) of
a of arbitrary length, and if a € X for some A € A, then a € X C P and so
{a}NIm o, = @. Therefore

Ag ={a} (a€P) (3.1.12)

by (3.1.8). See the following lemma for A2 for a € A —P.

Lemma 3.1.12 If a = ax(a1,...,ax) € A, then A% —{a} = U;;1 Ap — XA
Kk - k ,

(therefore, Af, = {a}II (U;_, Ag —X*)) and PE = U= Pal — XM,

Proof The latter conclusion follows from the former because a € A — P by
Theorem 3.1.7. As for the former, first assume b € Ay’ — X* for some j €
{1,...,k}. Then since b € Ay, there exists a free occurrence (bi)i—1, .. (N>
1) of b in aj. Define by = a. Then since b; = aj, we have b; < bg, and so
(bi)i—o,...,n is an occurrence of b in a. Assume b € X* for some pu € A. Then
since (bi)i=1,...n is a free occurrence of b in a;, we have {bs, ..., bn}NIm &, = 0.
Furthermore, since b € X*—X*, we have 1 # A, and so since by = a € Im «,, we
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have by ¢ Im «,, by Theorem 3.1.7. Therefore, (bi)i—o,...n is a free occurrence
of bin a, and so b € Af. Moreover, since tkb =1kb,, <--- <rkb; =rka; <
rk a by Theorem 3.1.7, we have b # a. Thus [J_; Ay} —X» C Ag —{a).

Next assume b € Afl —{a}. Then there exists a free occurrence (bi)i—o,...,n
of b in a, and so since by = a € Im «y, we have b ¢ X*. Furthermore, since
bn = b # a = by, there exists an integer 1 € {1,...,n} such that b; < a, and so
bi = a; for some j € {1,...,k} by Theorem 3.1.7. Therefore, (bs,...,bn) is an
occurrence of b in aj. If b € X* for some p € A, then since (b;)i—o,... n is a free
occurrence of b in a, we have {bg,...,bn}NIme, = 0, and so {by,..., by} N
Ima,, = 0. Therefore, (by,...,byn) is a free occurrence of b in a;, and so
be Ay — X Thus Ag —{a} € U, A — XM

Definition 3.1.2 Let a, b and ¢ be elements of A. Then an occurrence (by,...,
bn) of b in a is said to be free from c, if {by,...,bn} N Im o, = 0 for each
A € A such that (XM)§ # 0. Furthermore, we say that b is free from c in a,
if every free occurrence of b in a is free from c.

Lemma 3.1.13 Let a = ax(aj,...,ax), b and ¢ be elements of A. Assume
that b is free from c in a and b %y a. Then (X*)¢ = () and b is free from c in
qj for all j €{1,...,k}

Proof Since b <, a, there exists a free occurrence (bi)i—o,...n of b in a, and
so since it is free from ¢ and by = a € Im ay, we have (X)§ = (. Moreover,
since a ¢ X» by Theorem 3.1.7, we have b ¢ X by Lemma 3.1.12.

Now let (bi)i—1,...n (n > 1) be a free occurrence of b in a; for some j €
{1,...,k}. Then defining by = a and arguing as in the proof of Lemma 3.1.12,
we have that (bi)i—o,...,n is a free occurrence of b in a, and so it is free from c.
Therefore if (X")§ # 0 for some p € A, then {bg,...,bn}NIma, =0, and so
{b1,...,bn}NImx, = 0. Thus b is free from ¢ in a; for all j € {1,...,k}.

Lemma 3.1.14 Let a = x(aj,...,ax) € A, bc A—X" and ¢ € A. Assume
that b is free from ¢ in a. Then b is free from ¢ in aj for all j € {1,...,k}.

Proof Letj e {1,...,k}. If b 4, aj, then obviously b is free from ¢ in a;.
If b <5 aj, then b < a by Lemma 3.1.12, and so b is free from ¢ in a; by
Lemma 3.1.13.

3.1.10 Substitutions for universal sorted algebras

Throughout this subsection, we let (A, T, 0,P) be a USA and (ap)aca be the
structure of A, and assume that the index set A of (ax)aea satisfies (3.1.9) for
a set I and a subset X of P. Then (A, P) is a based algebra by Theorem 3.1.6,
and so we can apply Theorem 3.1.7 and the concepts in §3.1.9 to it.

Let by,...,by (n > 0) be distinct elements of P and let (cq,...,cn) €
Agb, X -+ X Agp,. Then for each element a € A, we will define an element
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bi,...,b
a <M> € A satisfying

Cly.eeyCn
byy...,b
0'<C1 (1”“)> =oa (3.1.13)
Cly.eeyCn

by induction on n and r = rk a arranged in lexicographical order.
bi,...,b

“Dern ) — g hence (3.1.13).
Cly...yCn

Assume n > 1. First if r =0, that is, if a € P, then we define

First if n = 0, then we define a

a<b1»---’bn>={q A A SR T)

Cly...yCn a ifa%{bh...,bn}.
This definition is possible and meets (3.1.13) because by,..., b, are distinct
and oc; = ob; for alli e {1,...,n}

Next assume r > 1, iie. a € A —P. Then a has a unique ramification
a = ax(ary...,ax) by Theorem 3.1.7. Let {bi,,...,bi,} = {b1,..., b} —X*
with 11 <--- < iy and 0 < v < n. Then we define

by,...,b bi,y..., b4 bi,y..., bi
a (“’") = oy <a1 (”””) yeeny Qi (”””)) . (3.1.15)
Cly...yCn Ci;y.-+yCiy, Ci;yeeeyCiy

bi,y..., bi
Since 1 — 1 = 2;21 rk a; by Theorem 3.1.7, af = aj M) has al-

Ciyy--yCiy
ready been defined and satisfies ca/ = oa; for all j € {1,. ] ., k} by induction.
Since (aj,...,ax) € Dmay, (af,...,a;) € Dma, and o(aa(af,...,ay)) =
o(aa(ar,...,ax)) = oa by Lemma 3.1.1. Therefore, the definition (3.1.15) is
possible and meets (3.1.13).
Thus we have defined a homotypic transformation

<b1 ey bn>

a—a| ——mm—

Cly..eyCn

on A, which we call the (simultaneous) substitution of ¢q,...,cy, for by,..., by

bi,...,b
and denote by <c1’)cn)’ or by (by,...,bn/c1,...,¢cn) especially when
Tyeeny

mn
n = 1. The lemmas below deal with it.

bi,...,b
Remark 3.1.19 The simultaneous substitution (ch)cn> is not always
Tyeeohln

b b
equal to the one by one substitution (;) e (cn) If any of by,..., b, does
1 n
not occur free in ¢;_7 for each 1 € {2,...,n}, then they are equal.

Remark 3.1.20 Suppose X» = () for all A € A, that is, A satisfies the condition
A C T stronger than (3.1.9). Define ¢ € P—A by ¢b; =c¢; (i=1,...,n) and
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@a = a for each a € P—{by,...,by}. Then o = olp, and so @ is uniquely
extended to a homotypic homomorphism f € A—A by the universality of A.

biy,...,b
The uniqueness together with (3.1.14) and (3.1.15) shows f = <C]”Cn>
Tyeeoyln

Remark 3.1.21 We may similarly define substitution for the free monoid A =
P* over a set P (s. Remark 3.1.14). Let by, ..., by, (n > 0) be distinct elements of
P and cqy,...,cn be elements of A. Define ¢ € P—=A by ¢bi =c¢; (i=1,...,n)
and @a = a for each a € P —{by,...,bn}. Then ¢ is uniquely extended to a
homomorphism f € A—A such that fe = ¢. We define f to be the (simultaneous)
substitution of cq,...,cy for by,...,by in A. Each element a € A is a
product X7 - - - X, of elements x1,...,xm of P, and since f is a homomorphism
extending @, we have fa = (@x7) -+ (@Xx). Thus fa is obtained by replacing
all occurrences of by,..., by in a with cy,..., ¢y respectively (s. Example 3.1.8).

Lemma 3.1.15 If a € Im &, and b; € X for some i € {1,...,n}, then
a(b1,...,bn> :a(b1,...,bi_1,bi+1,...,bn>'
Cly...yCn Cly..eyCi—1yCitT1y.++yCn

Proof Since {by,...,bn}—X* ={by,...,bi_1,bis1,...,bn} — X, this holds
by (3.1.15).

Lemma 3.1.16 Assume a € A and by £, a for some i € {1,...,n}. Then

a (bh--')bn) —a <b1»'--abi1»bi+1)"'»bn>
Cly.++sCn €1y s Ci—1,Ci+15--+4Cn .
Proof We argue by induction on n and r = rka as in the definition of the
substitutions. Assume r =0, i.e. a € P. Then since b; =<, b; by (3.1.12) and
b; £, a by our assumption, we have a # b, and so (3.1.14) gives the desired

result for n =1,2,.... Therefore assume r > 1, i.e. a € A — P. Then Theorem
3.1.7 shows that its ramification a = ax(aq,..., ax) satisfies r—1 = 2;21 rk aj.

Since a € Im ), we assume by ¢ X in view of Lemma 3.1.15. Then b; ﬁfr qj
for all j € {1,...,k} by Lemma 3.1.12, and so

<b1)--')bn)_ <b1>-'-)bi1>bi+1»--->bn>

Q| — | =qj

Cly...yCn Cly.eeyCi—1yCit1y.++yCn

by the induction hypothesis, and (3.1.15) gives the desired result provided that

{by,...,b}NX* = . Therefore assume by, € X* for some h € {1,...,n}. Then
h #£ 1, hence n > 2, and so the proof is complete if n = 1. If h < i, then

a<b1,...,bn> :a<b1,...,bh_1,bh+1,...,bn>
C1y.-+yCn €1y +5Ch—15Ch+15--+5Cn
:a<b1)“')bh—hbh—o—h'")bi—1>bi+1)*'~>bn>
Cly-+ s Ch—1yCh+1y--+yCi—1,Ci41y..+yCn
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_a(bl)--->bi—1)bi+1a~--)bn>
ClyeeesCi—1,Ci+1y.-+yCn

by Lemma 3.1.15 and the induction hypothesis, and likewise for the case i < h.

Lemma 3.1.17 If b; = ¢; for some i € {1,...,n}, then
(bh--')bn) _ <b1a---)bi1abi+h---)bn>
Cly.-+sCn ClyeeesCi1,Ci41y. .+ Cn .

bi,...,b biy...,bi_1,bi41,...,b
Proof We will prove thata(m) —a( Dy i Tl e e n)

Cly...yCn ClyeeeyCi—1yCit1y.++yCn
for all a € A by induction on v = rka. Assume r = 0, i.e. a € P.

b,...,b
a = b; for some j € {1,...,i—1,i+1,...,n}, then a(m> =c =

Cly..eyCn

bi,...,bi1,bit1,...,b bi,...,b
(1( Ty++-y0i—1,Dit1y..., n) by (3.1.14). If a = by, thena(h’n>
Cly---yCi—1,Cit1y...5Cn Cly-.+HCn

b1y..oybi1,bit1,..0,b
ci=bi=a=aqa—2 DL I ) bo (3114). If a & {by,...,bn),
€1y s Ci—1,Cit1y..+,Cn

by,...,b biy...,bi—1,bir15...,b
thena<]”n> —q=oq-n b D n)by (3.1.14). There-

—
o)

ClyeeesCn Clye ey Ci—1,Ci+1y...yCn
fore assume v > 1, i.e. a € A — P. Then Theorem 3.1.7 shows that its rami-

fication a = ax(ai,...,ax) satisfies r —1 = Z;(:1 tkaj. Let {bi,,...,bi,} =
{b1,..., b }=X* withi; < --- < i, and 0 < v < n. Since a € Im «,, we assume
b; ¢ X* in view of Lemma 3.1.15. Then b; = b;, for some h € {1,...,v}, and
since by,...,by are distinct, we have i = iy, and hence b;, = ci,,. Therefore

oy (Bl ) g (P Vo B e e g, g

Ciyyeeey Ciy CiyyeeeyCiy 15 Ciy gy Ciy
by the induction hypothesis. Furthermore, {bi,,...,bi,_,,bi, 1y...,bi,} =
. . b1,...,b
{b1,...,bi_1,bi41,...,bn} — X because iy, = i. Therefore a [ ——2" | =
C1y yCn

a<b1»-'-)bi1>bi+1»--->bn

by (3.1.15).
c1,...,ci_1,ci+1,...,cn> Y( )

3.2 The concept of logic systems

The purpose of this section is to define the concept of logic systems in a series of
short subsections 3.2.1-3.2.5 as was outlined in the introduction of this chapter.

3.2.1 Formal languages as universal sorted algebras

A formal language is a USA (A, T, 0,P) equipped with three sets C, X and T
which satisfy the following two conditions on the type T and the basis P.

e P is the direct union C IT X of C and X, and X # (.3-19

3-19You may remove the condition X # (), if you like.
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e The index set A of the algebraic structure (Ta)aca of T is a subset of the
free monoid (I' IT X)* over the direct union I'II X (s. Remark 3.1.14).

We refer to the elements of C, X and I' as the constants, variables and tokens
respectively. Moreover, in view of the inclusion AUT* C (T'IIX)*,3-20 we define

M=ANT* (3.2.1)

and refer to the elements of M and A — M as the invariable indices and
variable indices respectively. Furthermore, we say that the operation T of T
is invariable or variable according as A € M or A € A — M, and likewise for
A and other algebras whose structures are indexed by A.

In order to classify the indices in A, especially the variable indices, we let X®
denote the subset of X* which consists of all formal products x; - - - x,, of distinct
elements x1,...,xn of X of finite length n > 0; for example, X and the formal
product ¢ of length 0 are obviously contained in X®. Then since A C (I' II X)*,
we may assign each index A € A the formal product &, = x7---xn € X® of
all distinct elements x1,...,%, of X that occur in A (s. Example 3.1.8) and
are picked from the right to the left, that is, x; occurs in A on the right-hand
side of all occurrences of x1,...,xi—1 in A (i = 2,...,n);>?! for example, if
A = azyxyzb for elements a and b of I' and distinct elements x, y and z of X,
then &) = xyz, while if A = ab, then &) = . We call &, the variable qualifier
in A. Conversely, we assign each element & € X® the subset

As=AeN: &=
of A. Then we have
A= ngX@ AE.) M = AE) A—M= H£€X®—{£} /\g. (322)

Thus we classify the indices according to variable qualifiers in them.

Extending the syntax (T, o|p, P) of the USA (A, T, o, P), we refer to the sextu-
ple (T, olp, P, C, X, T") for the formal language (A, T, o, P, C, X, T) as its syntax.3-22
The above two conditions and both (3.2.1) and (3.2.2) have been described in
terms of the syntax. Theorem 3.1.5 shows that each sextuple (T,t,P,C,X,T") of
an algebra T, four sets P, C, X and T satisfying the above two conditions and
a mapping T € P—T yields a formal language of syntax (T,t,P,C,X,T") up to
homotypic isomorphism extending idp. Thus, in order to construct a formal
language, we only need to pick such a sextuple (s. [3.14]).

Example 3.2.1 In the most usual case that A is contained in the subset ' UT'X
of (I X)* as in FPL and CL, we have A =M = ANTX =[], .x(ANTx) and
ANTx = Ay for each x € X (notice here that X C X® — {¢}). In FPL (s. §3.4),
A NTx ={Vx, Ix} for quantifiers V and Fin " (x € X). In CL (s. Chapters 4-6),
ANDTx C{vx} for a token V €T (x € X).

3.20Jf Y is a set and Z is its subset, Z* is naturally embedded in Y*, so that '™ C (I'II X)*.
3-21This definition of &) presupposes that every variable operation symbol is prepositive.

322 Any USA of syntax (T,t,P) with P # @ (s. [3.19]) may be regarded as a formal language
of syntax (T,t,P,0, P, A) for the index set A of the algebraic structure of T.
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3.2.2 Denotable worlds as sorted algebras

Let (A, T,0,P,C,X,T) be a formal language as defined in §3.2.1. Then a deno-
table world (DW) for it is a sorted algebra W whose type and sorting satisfy
the following two conditions described in terms of its syntax (T, olp, P, C, X, T').

e The type of W is the M-reduct Typy of T for the set M of the invariable
indices (3.2.1) of the algebraic structure of T.

Under this first condition, since Tpy = T as sets, the implicit sorting of W
partitions it into the t-parts Wy (t € T), which concern the second condition.

e W, £ () for each t € oP, that is, for each t € T such that Py # 0.
We call it the P-denotability. It implies W # () because P = [ o1 Pt # 0.

Remark 3.2.1 Let (Ta)aem be the algebraic structure of Tpy. Then Remark

3.1.5 shows that a DW for A may also be defined as an algebra (W, (wa)aem)

equipped with a partition W = ] [, .+ W which satisfies the P-denotability and

the following for each A € M, where the former equation in effect means that
k . .

(Hj:1 Wti)(t1,...,tk)eDmT>\ is a partition of Dm wj:

k
Dmw) = U(t1,...,tk)EDmT7\ Hj:] Wtj’

iy (3.2.3)
wﬂHiZ] Wi,) € We, (4h,...t,) for each (t1,...,tx) € DmT,.

The implicit sorting T € W—Tpy is defined by 7 '{t} = W, for each t € T.

Example 3.2.2 Let (W, T, 7t) be a sorted algebra of the same type T as A. Then
(Wm, Tm, ) is a sorted algebra by Remark 3.1.6. If W, moreover satisfies the
P-denotability, that is, if Wy is a DW for A, we call W a signifiable world
for A. For example if P C W and olp = mlp, then Py C W; for each t € T,
and so Wy, satisfies the P-denotability. In this particular case, we call W a
transferable world for A. For example, A itself is a transferable world for A,
and therefore we particularly call it the self-world for A. Henceforth, we will
delete the subscript M of the DWs Wy, for the signifiable worlds W for A.

3.2.3 Prime denotations and valuations

Let W be a DW for the formal language (A, T, 0, P,C,X,T") as defined in §3.2.1
and §3.2.2. Then a denotation of C into W is a mapping & € C—W which
satisfies §(C¢) C W, for each t € T (s. Lemma 3.1.2). There exists at least
one denotation because the P-denotability of W shows that Wy # () whenever
Ci¢ £ 0. If C = 0, then since )—W = {0} by [3.2], 0 is the unique and formal
denotation. Likewise, a valuation of X into W is a mapping v € X—W which
satisfies v(Xy) € W; for each t € T. We denote the set of the valuations of X
into W by Yw or Vx w:

Yw =Txw={veX=-W:v(Xy) C W, for each t € T}
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Then Yw # 0 because the P-denotability of W also shows that W, # () whenever
Xt # (. Moreover Yy, # {0}, because X # @) by definition.

Example 3.2.3 Suppose W is a transferable world for A as defined in Example
3.2.2. Then since Py C W, for each t € T, the inclusion mappings of C and X
into W are a denotation and a valuation respectively.

3.2.4 Interpretations of the variable indices

Let W be a DW for the formal language (A, T, 0,P,C, X,T") as defined in §3.2.1
and §3.2.2. Then its algebraic structure (wx)rem is indexed by the set M of
the invariable indices (3.2.1) of the algebraic structure (Ta)aea of T. In other
words, each invariable index A € M is assigned an operation wy on W.

Here we consider assigning each variable index A € A — M a mapping Aw €
VA—W for a certain set Vi by means of the operation T, the partition W =
[{ict Wr given by the implicit sorting of W and the variable qualifier &y =
X1 Xn in A (henceforth, the expressions like this imply that X1,...,%Xn are
distinct elements of X). Since A € A — M, we have &, # ¢, that is, n > 1 by
(3.2.2). However, we also consider the case A € M, where &) = ¢, that is, n = 0.

For each element & = x7 ---x, € X® (n > 0), we define

Wee = [T Wen,. (3.2.4)

Then Wy # 0, because if & # ¢ then n > 1 and Wy, # 0 for each i € {1,...,n}
by the P-denotability of W, while if & = & then n = 0 and Wy¢ = {§}.3-2
A significance of A € A on W is a mapping

k
)\W € (U(h ooyt JEDmM T, Hj:] (WO'EA _)Wtj ))_>W (325)

which satisfies the following condition for each (ty,...,tx) € DmTy:
Aw (T Woe, =W, )) € Wa, (1) - (3.2.6)

Therefore, VA = U, .t )eDmy H;(:1 (Wee, —Wy, ).

An interpretation of A—M on W is a family (Aw)aea_m of significances
Aw of the variable indices A € A — M on W. Thus, interpreting A —M on W
means assigning each variable index A a significance on W.

Remark 3.2.2 If & = ¢ in (3.2.4), then W4z = {0}. Therefore if A € M,
then Wy, =Wy, in (3.2.5) and (3.2.6) may be identified with Wy, for each

je{l,...,k},>** and so Vi may be identified with {J, ty)eDm H}(:1 Wy,

3.23The direct product ]—I;{:] Sk of k sets S1,..., Sk may be defined as the set of the mappings
fof K={1,...,k}={j e N: 1 <j <k} into U};] S; :Ujeksj such that fj € S; for each j € K.
If k =0, then K =0 (also U;ci S = @) and so ]_[;{:] Sk = {0} by [3.2]. Thus we denote f by
the tuple (f1,...,fk) understanding that if k = 0 then it is 0.

3-24Fach mapping f of a singleton {s} into a set T may be identified with its value fs € T at s
(s. [1.32]). The identification will be referred to as {s} convention.
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Therefore, we may regard the significances of each A € M on W as the operations
Aw on W which satisfy the following:

k
DmAw = U(n,...,tk)eDmn H5:1 Wtj’
}\W(H};I Wtj) - WT)\(t1 yeerti) for each (t1 Yo ’tk) € Dmm,.

Therefore, Remark 3.2.1 shows that the algebraic structure (wx)aem of W is
nothing but a family of significances of the invariable indices A € M on W.
Thus, defining Ay = wy for each A € M, we may extend (Aw)rea_m to the
family (Aw)aea and call it an (extended) interpretation of A on W.

Example 3.2.4 Let (W, (wa)aca) be a signifiable world for A as defined in
Example 3.2.2. Then we may define a significance Ay, of each index A € A on W
by the following equation for each (tj,...,tx) € DmT, and each (fy,...,fx) €
n}(:1 (Woe, —>Wt]- ):

Aw (fry .o fi) = walfr(viixr, .., Vinxn)y oo f(LkI X, -0y VienXn ),
where £y =x71---xn and v (i=1,...,n, j =1,...,k) are arbitrary elements
of Yyw. Thus Aw = w, for each A € M as in Remark 3.2.2.

This definition is possible and meets (3.2.6), for

(Ujlxl Yoo )vjnxn) € H?:] vji(XO'Xi) c H?:1 ch-l = WG&y\ (] = ]) .. ')k))
(f] (U]]X] Yoo ,U]an), .. .,fk(vkwq yoon ,vknxn)) c H]k:] Wt].,
[T Wy, € Dmwy and wa (T We,) € We, (41, t0)-

If W is a transferable world for A, then Example 3.2.3 shows that the inclusion
mapping of X into W belongs to Yy, and so we may replace the above with

Aw (Fry ey i) = WA (F1 (X175 e e ey Xn)y e ooy T (X150 v ey X)) (3.2.7)

Example 3.2.5 In the usual case as in FPL and ICL that A C ' UTX and
every variable index A is unary and satisfies Dm Ty = {¢} for an element ¢ € T,
we have A — M = [ cx(ANTx) by Example 3.2.1, and the significance of
AeANTx (x € X) on W can be an arbitrary mapping

}\W € (WUX_>W¢)_>WT)\¢- (328)

In FPL, A = Vx or Jx for quantifiers V and 3 in T, Wy is the subset W,
of the entities, Wy is the set T = {0,1} of the truth values, and TAxp = ¢.
Therefore, the significance Ay belongs to (We—T)—T, and is defined by

(3.2.9)

Ao f — inf{fw:we Web  if A =Vx,
Wi sup{fw:w e W¢} if A =3x

for each f € W.—T, so that the variable operations Vx and 3x of A signify for
all and for some respectively. The details will be given in §3.4.
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In ICL, A = Vx for a token V € T, Wy is the subset W, of the basic entities,
Wg = T and Wq, g = We—T (s. [1.55]).325 Therefore, the significance Ay
belongs to (W.—T)—(W—T), and is defined as the identity transformation
on W¢—T, so that the variable operation Vx of A works as the nominalizer
mentioned in §1.2.7. The details will be given in §4.1.3.

3.2.5 Logic systems as formal languages with semantics

A logic system is a pair of a formal language (A, T, o, P, C, X, T") as defined in
§3.2.1 and a triple (20, (Iw)wea, (Aw)weag) of

e a nonempty collection 2J of DWs for A as defined in §3.2.2,

e a family (Iw)weqy of interpretations Iy on W € 20 of the set A — M of
the variable indices of the algebraic structure of T as defined in §3.2.4 and

e a family (Aw)weay of nonempty sets Ay of denotations of C into W € 20
as defined in §3.2.3.

The triple is called the semantics of the logic system and of the formal language.
Since the formal language is determined by its syntax (T, olp, P, C,X,T") up to
homotypic isomorphism extending idp and since the semantics can be described
in terms of the syntax, the logic system may be regarded as the pair of the
syntax and the semantics.

3.3 Basic analysis of logic systems

Throughout this section, we let £ = (A, T, 0, P, C, X, 20, (Iw ) weaw, (Aw)wem)
be a logic system as defined in §3.2.5. Here we relate its seemingly unrelated
components and derive further concepts from them in a series of subsections
3.3.1-3.3.6 part of which was mentioned in the introduction of this chapter.

3.3.1 Metaworlds derived by the interpretations

Throughout this subsection, we let W € 20. Then since W is a DW for the
formal language (A, T, 0,P,C, X,T") as defined in §3.2.1 and §3.2.2, W is a sorted
algebra whose type is the M-reduct Tapq of T for the set M of the invariable
indices (3.2.1) of the algebraic structure (ta)aca of T. Moreover, the set Yy of
the valuations of X into W is nonempty as was noted in §3.2.3. Therefore, the
sorted algebra (WYw,Tm, p) called the Yw-power algebra of W is constructed
as in §3.1.6, that is,
wWYw = UteT(YWHW‘t)

and the algebraic structure (Ba)aem and the sorting p of WYW satisfy the
following four equations for each A € M, each v € Yy, and each t € T, where

3-251n fact, ¢ in ICL is replaced with 0.
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w, is the operation of W assigned to A:

Dm B ={(@1,-..,0x) € Un_; (W)™ : (p@1,...,p@i) € DmT,},
P(BA(@1y..., @K)) = TAlp@1,...,pex) for each (@1,..., @) € Dm B,
(Bal@1y--+y @)V = wal@1v, ..., @xV) for each (@1,..., k) € Dm f3;,

p 't} = Yw—W,. (3.3.1)

The first implies that Dm B35 € (WYW)¥ for an arity k of T» (s. [3.8]), and
the first two for all A € M together mean that p is an M-holomorphism (s.
Remark 3.1.3). The third and (3.3.1) for all A € M and all t € T together
with Lemma 3.1.3 imply that the v-projection v, € WYW W is a homotypic
M-holomorphism. Moreover, p~'{t} # () for each t € oP by (3.3.1) and the
P-denotability of W. Thus WYW is a DW for A. We call it the power world
derived from W.326 The index set M of the algebraic structure of WYW is in
general smaller than the index set A of the algebraic structure of T.

Here we assign each variable index A € A — M an operation 5 on WYW by
means of the interpretation Iy of A—M on W given by the logic system £, and
extending the structure and type of WYW from (Ba)rem and Ty to (Ba)aea
and T, we construct a sorted algebra (WY W, T p). It plays the title role here.

The construction takes three steps. First, let & = x7---xn € X® and
(Wiy..oyWn) € Woe, where W = [ Woy, as in (3.2.4). Then for each

XiyeeeyX
valuation v € Ty, we define a valuation v 1”“) € Yw by

Wiy.eooyWn

(v ( X1y.eeyXn >) .= wy %fx = x4 for some i € {1,...,n}, (3.3.2)
WiyeeoyWn vx ifxeX—{x7,...,xn}
for each x € X. It is a well-defined element of X—W because x1,...,Xx, are
distinct elements of X. It belongs to Yw because w; € Wy, for alli e {1,...,n}
and v € Yy (s. Lemma 3.1.2). Thus we have defined a transformation
b b ( X1yeneyXn )
Wiy.eoyWq

on Yy/. We call it the transvaluation of x1,...,x, by wy,...,wy and denote

X1yeneyX
it by <1”n) or by (X1,...,%Xn/W1,...,Wn) particularly when n = 1.
WiyeooyWn

Next, for each triple (@, v,&) of @ e WYW v e Yy and & =x7 -+ xn € X®,
we define a mapping
e(v(&/0)) € Woe =W (3.3.3)

by the following for each (wq,...,wn) € Woe:

(@(O(&/T)) W1y ey wa) = @ (v (""‘“)) 3349

Wiy.eooyWn

3-26The power world WYW may be defined even if the DW W does not belong to 23. Moreover,
WYW may not belong to 20 even if W € 20, and likewise for the metaworld W# below.
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XlyeooyX XlyeooyX
Herev (1”“> € Yw has been defined above and ¢ (v <w>>
WiyeooyWn Wiy.eooyWn

as well as @V belongs to W,,, because @ € p~{pe} = Yw—W,, by (3.3.1).
Lastly, we assign each variable index A € A — M an operation fy on WW,
Similarly to the case A € M, we define

Dm B ={(@1,...,¢x) € Un_;(WW)™: (p@1,...,pex) € DmTy).

Then Dm By € (WYW)¥ for an arity k of Tp (s. [3.8]). Let (@1,...,9x) €
Dm 5. Then (p(p1,...,p(pk) € Dm T, and

(@1 (0(EA/D)); .-, @(V(EA/D))) € [Ty (Woe, = Woo,)
for each v € Yy by (3.3.3), and so (3.2.5) and (3.2.6) show that

AW(@] (v(‘i?\/lj))» RS @k(U(EA/D))) S WT)\(p(P1 ey P@K)

for the significance Ay of A on W in the given interpretation Iy of A —M on
W. Therefore, we define Ba(@1,...,0x) € YW—=Wx, (pe,,....00.) DY

(Bal@1y .-y @i)Jv = Aw (@1 (v(Ex/DD)), ..., @r(VL(EA/DD)))

for each v € Yw. Then Br(@1,..., k) € p~ {Talp@1,...,p0x)} by (3.3.1).
Thus we have assigned each variable index A € A — M the operation 3 on
WYw _ which satisfies the following for each (@1,...,@x) € Dm Bj:

P(BA(@1y. -y 1)) = TAlPP1y. .0y PPY).

This equation and the definition of Dm 3, together mean that p is a (A — M)-
holomorphism as well as an M-holomorphism.

Thus we have constructed the sorted algebra (WYW T p). We denote it by
(WH, T, p) in order to distinguish it from the power algebra (WYW, Ty, p). Then

W=yt (Yw—Wy) (3.3.5)

and its sorting p satisfies (3.3.1) for each t € T. Moreover, W* is a signifiable
world for A because its M-reduct is the power world WYw. We call W* the
metaworld derived from the DW W € 2. The algebraic structure (fa)aca of
W! satisfies the following three equations for each A € A and each v € Yyy:

Dm B ={(@1,...,0x) € Un_; (W)™ : (p@1,...,pex) €DmTr}, (3.3.6)

PBA(@1y-+ -y 1)) = TalP@1,. ., PO, (3.3.7)

(Bal@1y--vy@r))V

_{w;\((mv,...,@kv) ifAeM, (3.3.8)
Aw(@1(V(EA/D))y ..., @i (V(EA/O))) ifAE€A-M.

(3.3.6) implies that Dm B C (W¥)* for an arity k of Ta (s. [3.8]). (3.3.6) and
(3.3.7) for all A € A together mean that p is a A-holomorphism. Moreover,
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they together with (3.3.1) show that the following hold for each A € A, where

the former equation in effect means that (H}‘Zl (Yw—Wy, )) (t) is

..ot )EDm T,
a partition of Dm B, (s. Remark 3.1.5):
Kk
Dmfy = U(h yeer tk)EDmM T szl (YW_)WtJ‘ )’
AT (Yw— W) € Yw—Wa, (11,0 (3.3.9)
for each (t7,...,t) € DmTy.
Remark 3.3.1 If § = ¢, that is, if n. = 0, in (3.3.4), then v [ 2" ) —y
Wiy.eooyWp

and Wesg = {0} by [3.23] and so Wz —W, in (3.3.3) may be identified with
W, by the {0} convention (s. [3.24]). Therefore, we may regard (3.3.4) as
defining @ (v(e/0)) to be the element v of W,,. Thus, using the extended
interpretation (Aw )aca of A on W defined in Remark 3.2.2, we may unite the
two equations in (3.3.8) for A € M and for A € A — M into one for all A € A:

(Bal@1y .oy @o1))v = Aw (@1 (V(EA/OD), ..., i (V(EA/D))).

Example 3.3.1 In the usual case as in Example 3.2.5 that A C ' UTX and
every variable index A is unary and satisfies Dmt) = {¢} for an element ¢ € T,
we have A —M = [ .x(ANTx), and it follows from (3.3.8) and (3.3.9) that
the operation B of the metaworld W# assigned to A € ANTx (x € X) satisfies

Dm B)\ = Yw—)Wd,, Im B)\ g YwéWT)\(b
and the following for each ¢ € Yw—Wj and each v € Tw:
(Br@)v =Aw(@(v(x/0))).

Here Aw € (WUX_>W¢)_>WT;\¢ by (328), (p(v(x/D)) S WGX—)Wq) by (331)
and (3.3.3), and (@ (v(x/0)))w = @(v(x/w)) for each w € Wy by (3.3.4).
In FPL, Wy, is the set T of the truth values and tTa$ = ¢. Therefore

Dm ﬁ)\ = YwﬂT, Im B)\ - YwﬁT

Moreover, Wy is the subset W, of the entities. Therefore, @ (v(x/0)) € W—T
for each @ € Yw—T and each v € Y. Moreover, A = Vx or Ix for quantifiers
Vor Jin T, and Ay € (W—T)—=T is defined by (3.2.9). Thus, abbreviating
Ba to A, we have the following for each ¢ € Yyw—T and each v € Yyy:

(Vx @)v = inf{@(v(x/W)) : w € W},

(HX (p)‘l) = Sup{(P(U(X/W)) ‘wE We} (3310)

In ICL, A = Vx for a token V € I', Wy, = T and W,y = W—=T for the
subset W¢ of the basic entities. Therefore, abbreviating fvx to Vx, we have

Dm vx = Yw—T, Imvx C Yw—(We—T).
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Moreover Wy = We. Therefore, @(v(x/0)) € W—T for each ¢ € Y\w—T
and each v € Y. Moreover, Ay € (We—T)—(We—T) is defined as the
identity transformation on W—T. Thus

(Vx@u)w = @(v(x/w)) (3.3.11)

for each @ € Yyw—T, each v € Ty and each w € W,. Identifying W.—T with
P(We), we have (Vx @)v ={w € We : @(v(x/w)) =1} (s. [1.55][3.25]).

3.3.2 Full denotations derived by the universality

Throughout this subsection, we let W € 20 and 6 € Ay, that is, W is a DW for
the formal language (A, T, 0,P, C,X,T") and 6 is a denotation of C into W both
given by the semantics (20, (Iw )we, (Aw)wean)-

In §3.3.1, we have derived the metaworld (W% T, p) from W by the inter-
pretation Iy. Here we derive a homotypic holomorphism &% € A—W?* from &
by the universality of the USA (A, T, 0,P). Then since W8 = WYW as sets by
(3.3.5), we may consider the composite v,8% € A—W of & and the projection
v, € WYW W by each valuation v € Y. It plays the title role here.

In view of the partition P = CIIX, we define a mapping @s of P into Yyw—W
by the following for each a € P and each v € Yy (s. (3.0.2)):

(sa)v = da ifa€eC,
®e ~ Jva ifaeX.

Then since 8(Cy) € W, and v(Xy) € W, for each t € T, we have @s(Py) C
Yw—W, C W# by (3.3.5) for each t € T. Therefore, we may regard ¢s as
belonging to P—W?*, and it satisfies pgs = olp by Lemma 3.1.2 and (3.3.1).
Thus the universality of (A, T, 0, P) and Remark 3.1.11 show that @5 is uniquely
extended to a homotypic holomorphism of A into W%, It is denoted & and
called the metadenotation of A derived from 9.

Since & is homotypic, Lemma 3.1.2 and (3.3.1) show that

§'a € Yw—Weq (3.3.12)

for each a € A. Since &% is a holomorphism, the algebraic structures (o )aca
and (Ba)ren of A and W# satisfy the following equations for each A € A:

Dmoy ={(ar,...,ax) € Us_; A™: (8%ay,..., 8 ax) € Dm Bal,
8 (ar(ar, ..., ax)) = Ba(d¥as, ..., 8%ay)

(3.3.13)
for each (aj,...,ax) € Dma,.

The former implies that Dm oy C A for an arity k of B (s. [3.8]).
Now let v € Yw. Then, since W = WYW as sets, we may consider the
composite 5 € A=W of 8 € A-WF and the v-projection v, € WYW —W:

05 = v, (3.3.14)
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It is called the (full) denotation of A derived from (8, v). It plays the principal
role in GL and MN in that it is intended for the mapping ¢ ., considered around
(3.0.1) and for a model of a PERCEPTION as explained in §1.2.6 and moreover
it yields a logic space on part of A as in §3.3.3 and functional expressions of
elements of A as in §3.3.6. The remainder of this subsection deals with its values

¢3a=(6fa) (ae A). (3.3.15)
First, (3.3.12) shows that the following holds for each a € A:
®5a € Weq. (3.3.16)

Thus @3 is homotypic by Lemma 3.1.2. Since @5 = v,6, this may also be
derived from the homotypicity of &% and Vp.
Next, since &% is an extension of @3, the following holds for each a € P:

da if C
(St =4°¢ NTaE> (3.3.17)
va ifaeX
Because of (3.3.15), this means
Qolc =38, @Slx = v. (3.3.18)

Since P = C I X, the united mapping 6 Uv € P—W is defined to be equal to o
and v on C and X respectively. Thus

eSlp =8 Uv. (3.3.19)
Therefore assume a € A —P. Then a has a ramification a = «, (aq, ..., ax)
for some A € A and (aj,...,ax) € Dm ) by Theorems 3.1.6 and 3.1.7, and so

8 (on(ary...,ax)) = Ba(d*ar, ..., 6%ax)

by (3.3.13). Remark 3.3.1 shows that the following holds for the significance
Aw of A on W under the extended interpretation (Aw)aca of A on W:

(8*(an(ary ..y a)))o = Aw((8%ar) (L(Ex/D)); ..., (i) (L(Ex/D))). (3.3.20)

Therefore, if A belongs to the set M of the invariable indices (3.2.1) of the
algebraic structure of T, then

(8*(ea(ar, ..., a))v = wa((8*ar)v, ..., (6*ar)v)
for the operation w, of W assigned to A, that is,
oS (onlar,...,ax)) = waleSar, ..., edax). (3.3.21)

Thus ¢ is an M-homomorphism. Since @3 =v,8% and M C A, this may also
be derived from the homomorphy of 8% and v, by Remark 3.1.4.
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We cannot relate the right-hand side of (3.3.20) in general to ¢35, and so
&% plays the principal role instead of @3 in part of GL. However, we can do so
in FPL and ICL, for example. The counterparts of (3.3.20) in them may be
derived from (3.3.10) and (3.3.11) in Example 3.3.1 and (3.3.13), that is,

(8 (Vx a))v = (Vx (6%a))v = inf{(6'a)(L(x/W)) : w € W},

(8*(Ix a))v = (Ix (6%a))v = sup{(6¥a)(L(x/wW)) : w € W},
((8*(vx a))u)w = ((vx (8% a))v)w = (8%a)(v(x/W))

for each a € Ay, each v € YTy and each w € W (s. [1.55][3.25]). Thus

(pf’) (Vxa) = inf{(pﬁ(x/w)a tw e Wl
(pi(EIx a) = sup{(pi(x/w)a tw e W,
(03 (Tx a)Jw = 0

Identifying W, —T with P(W,) for the last equation, we have

(pi(an) ={weW.: (pf’)( ya=1} (3.3.22)

x/w

as was illustrated by (1.2.3) (s. §4.1.3).

Remark 3.3.2 The following diagram illustrates the process of constructing
@%, although the 3D diagram with the sorting 7t of W added is desirable.

X =X p L oA
Sl AUV TN
W o— W5 T
Vp P
Here ic, ix and j denote the inclusion mappings of C, X and P respectively.
We defined @5 so that vp@s/c = 6 and vp@s|x = v. Therefore, Vo @sic = 0
and v, @six =V, that is, the left square is commutative for  and v. Moreover,
p = TV, 0 = 0lc and mv = o|x by Lemma 3.1.2. Therefore, p@slc = p@sic =
MU, Psic = 7d = olc and p@sIx = pPsix = MV, @six = T = o|x. Thus
p@s = olp, that is, the right square is commutative, and &% is its triangulating
homomorphism (s. (3.1.5)). Uniting v, to 8%, we obtain @.

3.3.3 Logic spaces for logic systems with a truth type

Here we link the logic system (A, T, o,P, C, X, 20, (Iw)wea, (Aw)weay) to a
logic space under the following condition.

e There exists an element ¢ € T for which the ¢-part Ay of A is nonempty
and the ¢-part Wy, of each DW W € 20 is a nontrivial bounded lattice.3-27

3-27The lattice operations A and V of Wy, are not assumed here to be the restrictions of
operations in the algebraic structure of W as a DW for A, but so are they in practice.
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We call ¢ a truth type®?® and refer to the elements of Ay, and Wy as the
¢-declaratives and the ¢p-truth values respectively.

Let D be the set of the triples (W, d,v) of W € 20, 6 € Aw and v € Y.
Then for each such triple, the denotation @ defined by (3.3.14) is a homotypism
(and an M-holomorphism) of A into W. In particular, it satisfies 5A¢ C Wy,
and so we may regard its restriction

0.6 = Pl (3.3.23)
to Ag as belonging to Ay —Wy. Therefore, defining
Fw ={93 4 : (,v) € Aw x Tw} (3.3.24)

for each W € 20, we obtain a Wg-valued functional logic space (A4, Fw). Let
(Ag, Bw) be its associated logic space, and define B = [ J,y/cqy Bw, that is, B
consists of the following subsets A¢ w50, of Ag for the quadruples (W, 5,v,b)
consisting of (W, 8,v) € D and b € Wy,:

Apw,sob ={a€Ap: @S ya>Dbl (3.3.25)

Then (Ag,*B) is a logic space. We call it the ¢-logic space derived from the
IOgiC system (A) T) 0, P» C) X) r) QD» (IW)WGQﬂ) (AW)WG‘JB)
In particular, if Wy, is equal to a lattice B for all W € 20, then defining

T =Uwew ITw ={93 4 : (W,8,v) € D), (3.3.26)

we obtain a B-valued functional logic space (A4, J), whose associated logic space
is equal to (Ag,B). We call (Ay,TF) the ¢p-functional logic space derived
from the logic system.

Remark 3.3.3 (The functional logic space in CL) In CL as well as FPL
(s. §3.4), there exists a truth type ¢ such that Wy = T for all W € 20, and
so we obtain the ¢-functional logic space (A, F). In CL, however, there also
exist truth types 1 such that Wy, is a complete lattice Sy, —T for some set Sy
varying with 1, and they together yield a T-valued functional logic space (H, G)
which is an extension of, and more worth studying than (A, F).

Example 3.3.2 (Generalized PL as a degenerate logic system) Here
we consider the logic system (A, T, o, P, C, X, I} 20, (Iw )weaw, (Aw)wesy) whose
syntax (T, olp, P, C, X, I') satisfies the following three degeneracy conditions.

(1) The type T is a singleton, say {¢}, and a total algebra.
(2) The index set A of the structure of T is contained in I'*.

(3) C=0, that is, P = X.

3:28 A truth type was simply called a truth in the introduction of [1.5].
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The condition (1) means that (A, P) is a UTA as was noted in Remark 3.1.12.
The condition (2) means M = A as to (3.2.1). Therefore, the DWs for A are
the nonempty total algebras similar to A as was noted in Remark 3.1.7 and,
since A —M = (J, we have nothing to do with the interpretations Iy of A — M
on W € 2. The condition (3) means that () is the unique denotation of C into
W and so Ay = {(J} for each W € 20.

Thus the logic system satisfying (1)—(3) may be identified with the triple
(A,P,20) for a UTA (A, P) with P # 0 (s. [3.22]) and a nonempty collection 20
of nonempty total algebras similar to A. It may look general in some lights, but
it is degenerate in light of GL (general logic).

Let W € 20. Then W =W, and P =X =Xy by (1) and (3), and so Yw =
P—W. If v € P>W, then the denotation (p% € A—W is a homomorphism, and
®%lp = v by (3.3.18) and (3). Conversely, if f € A=W is a homomorphism,
then its restriction v = flp belongs to P—W, and since (A,P) is a UTA, v
is uniquely extended to a homomorphism of A into W, hence f = (p%. Thus
{@? :v € PoW} is equal to the set of the homomorphisms of A into W.

Assume that the logic system (A, P,20) has a truth type. Since T = {¢} and
A # (), it means that each member W € 20 is a nontrivial bounded lattice (s.
[3.27]). Since T ={¢} and Ay = {0}, the set Fi defined by (3.3.24) is equal to
the set {(p?, :v € P>W} of the homomorphisms of A into W.

In particular, if 20 consists of a single nontrivial bounded lattice B, then the
set F defined by (3.3.26) is equal to the set of the homomorphisms of A into
B, and since T = {¢}, (A,F) is the ¢-functional logic space derived from the
degenerate logic system (A, P,20).

A typical example is the logic system on PL (hence the title of this example),
where (A, P) is a UTA with respect to operations x Ay, x Vy, x® and x =1y on
A and 2 consists only of the binary lattice T whose algebraic structure as a
DW for A consists of the Boolean operations A\, V, ¢ and = (s. [1.79][2.18]).

3.3.4 Regular extensions of logic systems and logic spaces

Let (A, T,0,P,C, X, 20, (Iw)wea, (Aw)weas) be a logic system with a truth
type ¢. Then, in studying the ¢-logic space derived from it in §3.3.3, we
sometimes need its extensions defined below (s. Remark 3.5.2).

Let (A/> TI» O—I» Pla C/a XI) r/» QU/, (IIW’)W’GQﬂ/a (A/W’ )W’G‘Jﬂ’) be another
logic system with a truth type ¢’. Then the latter is called a regular extension
of the former provided that they satisfy the following eight conditions (1)—(8),
where A and A’ are the index sets of the algebraic structures of T and T,
and M = ANT* and M’ = A’ NT'" are the sets of the invariable indices of
the structures of T and T’. The first four conditions concern their syntaxes
(T) O-‘P) P) C»X> r) and (T/» 0J|P’) P/» C/) X/) r/)

(1)C§C’,X§X’andF§F’.
(2) AC A

is equal to the A-reduct T'A o .
(3) T is equal he A-red T’ fT/
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(4) A is a A-subreduct of A’ and olp = 0’[p.

Some remarks are in order before stating the remaining conditions (5)—(8).

Remark 3.3.4 The condition (3) and the former half of (4) make sense because
of (2). The latter half of (4) makes sense because P = CUX C C'UX’' =P’
by (1) and T = T’ as sets by (3) and so both olp and ¢'|p belong to P—T.
Moreover, (1)—(4) have the following five consequences among others.

(a) oP C 0’P’ and 0 = 0’|a.

(b) M C M’ (and so (c¢) and (d) make sense).

to the sorting of W/, and Yw/,, ={v'[x : v’ € Yw} as to the valuations of
X and X’ into W'p and W’ respectively, and likewise for the denotations
of C and C’ into W’/ and W’ respectively.

(&) A—MC A — M’

The former half of (a) holds because oP = ¢’P by (4) and P C P’ by (1).
The latter half of (a) follows from Lemma 3.1.4, because ¢ and ¢’|ao are ho-
momorphisms of A = [P] into T and olp = o'lp = (¢’|a)lp by (3), (4) and
Remark 3.1.4. The condition (b) holds because of (1) and (2). The condition
(¢) holds because Tm = (T'A)m = T'm = (T'm/)m by (3) and (b). Let W/
be a DW for A’. Then since W’ is a sorted algebra of type T'pm/, W/nm is a
sorted algebra of type Ty with respect to the sorting of W’ by Remark 3.1.6
and (c¢). Since W’ satisfies the P’-denotability, W'n, satisfies the P-denotability
by (a). Thus the former conclusion of (d) holds. As to the latter, T = T’ as
sets by (3), and if t € T, then X¢ C X’ by (1) and (4), and W'y = (W'm)¢
because W’ and W’y have the same sorting. Therefore if v/ € Yy, then
v'(Xe) CU/(X't) C Wy = (Wm)e for each t € T, and so v'|x € Ywry,-
Conversely if v € Ywr,,, then v(X¢) C (W m)r = W'y for each t € T and the
P’-denotability of W’ shows that W'y # @) whenever X; C X'y, and so we can
extend v to an element of Yy /. The same argument applies to the denotations
of C and C’ into W’p and W' respectively. Since A C (IT'IIX)*, A— M consists
of the elements of A which are products of elements of I and at least one element
of X. Likewise, A’ — M’ consists of the elements of A’ which are products of
elements of ' and at least one element of X’. Thus (e) holds by (1) and (2).

Remark 3.3.5 We can extend any formal language (A, T, o, P, C, X, ") to plenty
of formal languages (A, T’, 0/, P/, C', X', T"’) satisfying (1)-(4) by the following
five-step process.

e Pick a set Q and a mapping p € Q—T such that PNQ = (). Decompose Q
into a disjoint union DUY. Define P/ = PUQ, C' = CUD and X’ = XUY.
Define T € P’=T by t’|p = olp and t’[q = p.

Then PC P/, CCC/,XCX',P'=C'IIX" and X’ # ().
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e Pick a set I'" such that ' C T,
Then M CT"" and A—M C (T" LI X')* —T"* similarly to (e).

e Pick sets M’ and N’ such that M C M/ C I"*" and A—M C N’ C
(T II X")* —=T'*. Define A’ = M’ UN".
Then ACA' C(MIOX)*, A'AT* =M’ and A’ =M’ =N’.

e Assign each element A € A’ — A an operation Ty on T. Let T’ be the
algebra obtained by extending the algebraic structure (Tpa)aca of T to
(Ta)aen’. Then T is equal to the A-reduct T’ 5 of T'.

e Let (A’,T’,0’,P’) be the USA of syntax (T’,t’,P’). Define B = [P]a~,.
Then (B, T, 0'|g,P) is a USA by Corollary 3.1.7.3 and may be identified
with (A, T, 0, P) by Theorem 3.1.5 because (0'|g)lp = o'|p = (0'|p/)lp =
T'|p = olp and so they have the same syntax.

Thus (A’,T',;¢’,P’/,C’,X’,T’) is a formal language satisfying (1)—(4).

The conditions (5)—(8) on the logic systems can now be stated by virtue of
the conditions (1)—(4) and their consequences (d)—(e). They concern the seman-
tics (2, (Iw)weaw, (Aw)wear) and (27, (I'w )wrean’, (A'wr)wrew’) and the
truth types ¢ and ¢’ of the logic systems.

(5) W={W'm: W 0’}

(6) Awr,, = Aw- for each A € A—M and each W' € 2J".
(7) Awry, =1{8|c : 8" € A'\y/} for each W' € 20,

(8) d=1¢"

Remark 3.3.6 The condition (5) is based on (d), and so for each W' € 20/,
W'\ € 20 is implicitly supposed to have the same sorting as W'.

Denote W’p in (6) by W. Then W € 20 by (5), and Ay is the significance
of A on W under the given interpretation Iy of A — M. Likewise, A € A’ — M’
by (e), and Ay is the significance of A on W’ under the given interpretation
I'w: of A”—M'. Assume A € Ag (& =x1--xn € X® —{¢}) in view of (3.2.2)
for A. Then Ay belongs to the set

k
(Um yeeesti JEDmM T Hj:] (W05—>Wti ) =W

by (3.2.5). Here Wqe = []i_; Wox, by (3.2.4) and T, is the variable operation
of T assigned to A. Likewise, Ay belongs to the above set by (3.2.5), and so (6)
makes sense. Indeed, A € A’ — M’ by (e), A€ A'g ({=%x1-+xn € X'® —{e})
as to (3.2.2) for A’ by (1) and (2), T = T’ as sets and T, is also the variable
operation of T’ assigned to A by (3). Moreover, ox; = 0'x; foreach i € {1,...,n}
by (4), W = W’ as sets and W has the same sorting as W’ by (5). Thus
Woe =11 Wox, = W oe and Wy, = W'y, for each j € {1,...,k}.

The condition (7) is based on (d). In particular if Ay, and A’y consist of
all denotations of C and C’ into W and W' respectively, then (7) holds by (d).

8
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Suppose C = C’ and M = M'. Then (5) means 20 = 20’, and (6) and (7)
mean Iy = (I'w)la_m and Ayw = A’ respectively for each W € 20.

Finally, the conditions (5)—(7) give us a process of extending the semantics,
and together with the process of extending the syntaxes given in Remark 3.3.5,
it shows that any logic system has plenty of regular extensions.

Remark 3.3.6 completes the definition of the concept of regular extensions
of logic systems with truth types. Our purpose here is to prove the following.

Theorem 3.3.1 Assume that (A, T, o, P, C, X, 20, (Iw)we, (Aw)weay) and
(A/) Tl) OJ» P,a C/) Xl) r/a QII/) (I/W’)W’EQU/) (A/W/)W/EQU’) are IOgiC systems
with truth types ¢ and ¢’ respectively and that the latter is a regular extension
of the former. Then the ¢'-logic space (A’¢/,B’) is an extension of the ¢-logic
space (Ag,B).

Proof Since Ay C Ay, by (4), (a) and (8), it suffices to prove the following.

(f) Assume that triples (W, 8,v) and (W', 8',v’) for W € 20, 6 € Aw, v € Yw,
W' e 0', 6 € A'w: and v’ € Yy satisfy W = W', 6 = §’|c and
v = U/|x. Then W¢ = WI¢/ and (pg#b = (Pgiy¢/|Ad, as to (3323)

Indeed, its conclusion implies that A¢ w,5,v,6 = A'¢/,w7,5/,07,b N Ag for each
be Wy =Wy as to (3.3.25). Thus B =B'NAg by (5), (7) and (d).

The proof of (f) is as follows. Since W and W’ have the same sorting as was
noted in Remark 3.3.6, Wy, = W',/ by (8).

Associating each v/ € Yy, with v/|x is a mapping of Yw- onto Yy by (d),
and so Remark 3.1.9 shows that there exists a homotypic holomorphism f of the
power algebra WYV into the power algebra WY w’ which satisfies the following
for each @ € WYW and each v/ € Yy :

e(VIx) = (fo)v'. (%)

The definition of the metaworld W# in §3.3.1 shows that WYW is the M-reduct of
WE. Since W = W', Remark 3.1.10 shows that WYw’ is the M-reduct of the
power algebra W/"%’ which is the M'-reduct of the metaworld W’*. Therefore,
WYw’ is the M-reduct of W'*. Thus f is a homotypic M-holomorphism of W*
into W’* by Remark 3.1.4.

Let a € P. Then the following holds for each v/ € Yy by (%) and (3.3.17):

5a:6’a:(6’ua)v’ if a € C,
WVix)a=va= (6’ua)v’ if a € X.

(f(EFa)v' = (8Fa)(v'Ix) = {

This means (f6!)|p = é'ﬂ\p. Therefore, if f is a (A — M)-homomorphism of W*
into W'ﬁ, then fo! = 6'ﬁ|A by Lemma 3.1.4, because both are A-homomorphisms
of A = [P]A into wt by (3.3.13) and Remark 3.1.4. Moreover, (8*a)(v'|x) =
(f(8%a))v’ = (6’a)v’ for each a € A and v/ € Yw-. In particular 0 pa =
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(pv ¢afor each a € Ay, and therefore (pv > = (pv ¢,|A¢ Thus it suffices to

prove that f is a (A — M)-homomorphism of W# into W’ 3

Let A € A—M and assume A € Ag (§ = x1 -+ xn, € X® —{¢}) in view of
(3.2.2) for A. Then A € A’z (£ =x1---xn € X'® —{e}) and Wye = W/gig as
0 (3.2.2) for A’ as was shown in Remark 3.3.6. Furthermore, we find that the

following holds for each v/ € Yy and each (w1,...,wy) € Wqe:
XlyeooyX XlyeeoyX
(V/|X)( Ty >n>_<v/< 1y »n)) ,
WiyeooyWn WiyeooyWn X
XlyeeoyX
where [ =222 ) o the left-hand side denotes the transvaluation on Yw,

WiyeooyWn
while it on the right-hand side denotes the transvaluation on Yy, /. Therefore,

o () - (v ()

for each @ € W* by (x). Moreover, Wy, = W/,/(4,) for the sortings p and

p’ of W# and W’ﬁ, because W and W' have the same sorting and p’f = p by
Lemmas 3.1.2. Therefore, (3.3.3) and (3.3.4) show that

e((VIx)(&/0)) = (fo)(v'(£/0)). (*)

for each @ € W# and each v/ € Y. Let B and B’, be the operations of W*
and W' assigned to A, and let (@1,..., @) € Dm . Then (p@1,...,p0x) =
(P (fP1)y.-.,p'(fox)), and so (f@1,...,fEx) € DmB’, by Lemma 3.1.1, and
the following holds for each v/ € Yy /:

(F(BA(@1y -y @)V

= (Bal@1y.- -, @1))(V'Ix) (by (x))
=Aw(e1((VIx)(&/0)), ..., ex((V'[x)(&/0))) (by (3.3.8))
=Aw((fer)(v(&/0)),..., (fer)(v'(&/0))) (by (%))
=Aw ((fo1)(v (E/D)) s (fer) (v/(&/00))) (by (6))

= (B'A(f@1,..., for)v' (by (3.3.8))

Therefore, f(Ba(@1,y...,0%)) = B'A(fo1,...,fox). Thus f is a (A — M)-
homomorphism of W# into W’ 3

3.3.5 Denotations vs transvaluations and substitutions

Throughout this subsection, we let W € 20 and 6§ € Ay. Here we prove two
theorems on the denotations @3 € A—W for the valuations v € Yy,. The
former theorem is necessary for the proof of the latter.

In the proofs, we let (0 )aca, (Ba)aea and (wa)aem be the algebraic struc-
tures of A, W# and W and let (Aw)aena be the interpretation of A on W given
by Iw and then extended as in Remark 3.2.2.
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We also apply the concepts and results in §3.1.9 and §3.1.10 to A. We are
allowed to do so, because (A, T, 0,P) is a USA by definition, (A,P) is a based
algebra by Theorem 3.1.6 and () )aca satisfies A C (I'IIX)* which is the basic
assumption (3.1.9) of the subsections. In particular, the following holds as to
(3.1.10) for A € A:

XY ={x1,...,Xm} for the variable qualifier X1 - - - Xm in A. (3.3.27)

Here if m =0, then x7 ---xm = € and {X1,...,Xm} = 0.
The former theorem concerns (3.1.11) and transvaluations. In particular, it

shows that if x € X does not occur free in a € A then @5a = (pi(x/w)a for all

w € Wey. Obviously, it implies that if a satisfies X& = () then @2 a does not
depend on v € Y.

Theorem 3.3.2 Let a € A and assume that valuations v,v’ € Yy satisfy
vx =v'x for all x € X¢. Then @3a = @3, a, that is, (8¥a)v = (s¥a)v’.

Proof We argue by induction on r =rka. Assumer =0,i.e.a € P=CUX. If
a € C, then (8%a)v = da = (8%a)v’ by (3.3.17). If a € X, then since a € X¢ by
(3.1.12), we have (8*a)v =va =v’a = (8*a)v’ by (3.3.17) and our assumption.

Therefore, assume r > 1, i.e. a € A — P. Then Theorem 3.1.7 shows that its
ramification a = ax(ai,...,ax) satisfiesr—1 = 2}21 rkaj. Let E=x%1 - xm
be the variable qualifier in A. Then

(8*a)v = Aw (8% ;) (v(&/0)), ..., (8*ax) (v(£/00))
by (3.3.20), and likewise for v’. Therefore, it suffices to prove
(8%;)(v(E/0)) = (8%a;)(v/(&/00)

for all j € {1,...,k}. By definition, (3.3.3) and (3.3.4), this equation means that
the following holds for each (wq,...,wn) € Wse = Hln:] Wy, :

(5ﬁaj) (U ( X1yeeeyXm >) _ (61:1(1],) <vl < X1y.e ey Xm )) )
WiyeeoyWip WiyeooyWip
This follows from the induction hypothesis, because
<v < X1yeenyXm ))X_ (v' < X1yeenyXm ))x
WiyeeoyWim WiyeooyWm
for all x € Xg'. Indeed, if x € {x1,...,%m}, this holds by (3.3.2). If x ¢
{X1,...yXm}, then x ¢ X* by (3.3.27), and so x € X& by Lemma 3.1.12, and

s ( (m)) = vx = v'x = ( (m)) X by (3.3.2) and
WiyeeoyWipy WiyeooyWip

our assumption.

The latter theorem in addition concerns Definition 3.1.2 and substitutions.
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Theorem 3.3.3 Let yj,...,yn be distinct variables of A, and c¢y,...,cq and
a be elements of A (n > 0). Assume that oy; = oc; and y; is free from ¢; in a
for each 1 € {1,...,n}. Then

5 5
(pv(a(y1)' . .,yn/C1,.. ')Cn)) = (pv(yh...,yn/(pgcl,...,(pgcn)a

for each v € Yy, that is,

# Yiy--yYn _ (st Yiy--HyYn
() r=eo (w2 bas))

Proof Deﬁneb:a<M> andu:v( EARRERRR-L ) Our
Cly...yCn (8fcq)v,..., (8fcn)v

goal is to prove (8'b)u = (8%a)u. We argue by induction on n and r =rka as
in the definition of the substitution y1,,yn)
Cly...yCn

If n =0, then b = a and u = v, and (5*b)v = (5%a)u obviously holds.
Therefore assume n > 1.

Furthermore assume v = 0, iie. a € P = CUX. If a € C, then a ¢
{Y1,...,Yn}, and so (8¥b)v = (8%a)v = da = (8%a)u by (3.1.14) and (3.3.17). If
a =y; for some i € {1,...,n}, then (8*b)v = (8%ci)v = uy; = ua = (8fa)u by
(3.1.14), (3.3.2) and (3.3.17). If a € X —{y1,...,Yn}, then similarly (§*b)v =
(o'a)v =va =ua = (§fa)u.

Therefore, assume r > 1, i.e. a € A — P. Then its ramification

a=on(a,...,ax)

satisfies v — 1 = Z};1 rk aj by Theorem 3.1.7.

Suppose yi #;, a, i.e. yi € X§ for some i € {1,...,n}. Then

(6ﬁb)v _ (611 ((1 (Uh...,yi—1,yi+1,...,yn>>) v
ClyeeeyCi—1yCit1y.++yCn
by Lemma 3.1.16, and

(6*a)u = (§%a) (v( Y- Yi-HhYitly .- Yn ))

(8%ct)vy ..., (Bfci1)v, (Bfcip1)v, ..., (8fcn)U

by Theorem 3.3.2. Therefore, (8!b)v = (8%a)u by the induction hypothesis.
Therefore, assume that y; € X for all i € {1,...,n}. Then

Xxﬁ{gh...,yn}:(l)

by Lemma 3.1.12. Therefore, defining
b)‘ — q <y1)---’yn>
Cl1y...yCn
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for each j € {1,...,k}, we have
bZOLx(b],...,bk)

by (3.1.15). Furthermore, since y; is free from c¢; in a = ap(aq,...,ax) by
assumption and y; ¢ X for each i € {1,...,n}, y; is free from c; in a;j for each
ie{l,...,n} and each j € {1,...,k} by Lemma 3.1.14.

Let & = x1 - - - X, be the variable qualifier in A. Then since b = a, (b1, ..., by)
and a = o (aq,..., ax), we have

(8"b)v = Aw ((8"b1) (v(E/0D), ..., (8%by) (v(E/0)),
(8 a)u = Aw((8%ar)(w(&/0)), ..., (8 ai) (u(&/0)))
by (3.3.20). Therefore, it suffice to prove
(8%b;)(v(&/0)) = (8%a;)(u(£/0))
for each j € {1,...,k}. By definition, (3.3.3) and (3.3.4), this means that

o) (v (e ) ) = wa) (u (e )

for each (Wy,...,Wn) € Wqe = H?l] Wy, . Its proof is as follows.
We are assuming that y; € X§ for all i € {I,...,n} and hence it has
followed that y; is free from c; in a; for each i € {1,...,n}. Furthermore,

b; = qj Y- Un ) Therefore, defining v’ = v X Xm
Cly...yCn

(5°b;) (v (H)) = (8%b; v’

el , Yly--+yYn
= (%ay) <U <(5ﬁc1)v/)--->(5ﬁcn)vl>>

by the induction hypothesis. Furthermore, since y; is free from c¢; in a =
ox(ar,...,ax) and y; € Xg for each i € {1,...,n} by assumption, (X5 =0
for each 1 € {1,...,n} by Lemma 3.1.13 and so, since X*» = {x1,...,Xm} by
(3.3.27), xn ¢ X{! for each h € {1,...,m} and each i € {1,...,n}. Therefore,
(8%ci)v’ = (8%ci)v for each i € {1,...,n} by Theorem 3.3.2. Since y; € X&
for each i € {1,...,n}, it has also followed that X* N {y1,...,yn} = 0, that is,
{x1,- oy xm}tN{y1,...,ynt = 0. Therefore,

UI Y1y.-+yYn — (v X1yeeoeyXm Yi1y.-+yYn
(8fcy)vy ..., (8fcn )V’ Wiy vy Wi (8fcy)v, ..., (8fcn)v
— (v Y1y.-+yYn X1yeooyXm —u X1yeooyXm
(8fcq)v, ..., (8tcn)v Wiy eery, Wi Wiy ey Wi )

Thus (8%bj) <U (w)) = (8%qy) (u (M“>) as desired.
Wiy.eooyWipy WiyeooyWip

, we have
WiyeooyWip




3.3.6 Functional expressions and denotable functions

Throughout this subsection, we also let W € 2J and & € Ay,. Our purpose here
is to show that 6 assigns each element of A a function on W. Then a function
on W is said to be 6-denotable if § assigns it to an element of A.

Let a € A. Then since X¢ is a finite set by Lemma 3.1.11 and X§ C X<,
there exist a tuple (x1,...,xn) of distinct variables of A which satisfy

Xt C{x1ye oy Xnt (3.3.28)

We call it a (free variable) basis of a. Each element of A has at least two bases
unless X is a singleton. Any finite elements of A have a common basis.
We assign a a function

aé(xl y o 'axn) € (H?:1 chi)_)wo‘a)

and call it the functional expression of a under & with respect to the basis

(X1,...,xn) of a. Its definition is as follows.
Let (wy,...,wy) € H?:1 Woi«,. Then since x1,...,%X, are distinct, there
exists a valuation v € Yy, which satisfies vx; = w; for each i € {1,...,n}.

Although such v € Yy may not be unique, Theorem 3.3.2 shows that @3a does
not depend on the choice of such v € Yy,. Moreover, (pﬁa € Wgq by (3.3.16).

Therefore, we define the value of a®(x1,...,xn) at (wy,...,Wwy) by
(aé(xh' ot )Xn))(wb-- . )Wn) = (pga
with such v € Yy, and abbreviate the left-hand side to a®(wq,...,Wy).

Suppose n = 0 in the above definition. Then (3.3.28) means X = (). More-
over, [Ti-; Wox, = {0} by [3.23], and therefore we identify ([T{_; Wox;)=Woa
with Weq. Then a®(x1,...,Xn) is an element of Wo,.

Now that a®(x1,...,%n) is defined, every valuation v € Yy gives its values
a®(wi,...,wy) for all (wi,...,wy) € []{2; Wox, by the equation

aé(wh' .. )Wn) = (p?)(x],...,xn/wh...,wn)a
_ (sta) (v(x1,...,xn )) (3.3.29)
WiyeeoyWn

. X1yeeeyXn
Therefore, since v [ ——2"T_ ) =,
UX1y...yUXn

a®(vxy,...,Uxn) = (pf’,a = (8*a)v.
These two equations together show that two elements a and b of A satisfy
8fa = &b iff a®(x7,...,xn) = b®(x1,...,%,) for any/some of their common

basis (X1, ...,%n ). Thus the metadenotation &% may be regarded as categorizing
the elements of A according to their functional expressions.
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Example 3.3.3 Suppose a € C. Then since X = 0 by (3.1.12), an arbitrary
tuple (x1,...,%xn) of distinct variables is a basis of a, and so a has a functional
expression a®(x,...,xn) € (ITZ Wox, )= Weq. It is of constant value da by
(3.3.18) and (3.3.29).

Suppose x € X. Then since X§ = {x} by (3.1.12), an arbitrary tuple
(X1,...,%xn) of distinct variables such that x € {x1,...,xn} is a basis of x, and so
if x = x{, x has a functional expression x®(x1,...,%Xn) € (H]-n:1 Wox; )= Wox, -
It is the i-projection (wry,...,wyn) — w; (s. §1.5.2) by (3.3.18) and (3.3.29).

Functional expressions help us understand or explain the intention of the
definition of the semantics (20, (Iw )weaw, (Aw)weas) in specific branches of
logic (s. §3.4 on FPL and Chapters 4-6 on CL).

Since 6-denotable functions are pertinent to the incompleteness theorem
3.5.1, it seems important to know about d-denotable functions. Example 3.3.3
has given the basic d-denotable functions. The following theorem shows how
other 8-denotable functions are generated by the basic ones.

Theorem 3.3.4 Let (op)aen and (wx)aem be the algebraic structures of A
and W € 20, and extend Iy to an interpretation (Aw)xea of A on W as
in Remark 3.2.2. Assume that an element a € A has a ramification a =
ar(ar,...,ax) and let (yi,...,yn) be a basis of a. Let & = x7 -+ %,y be the
variable qualifier in A and define

{yh'*')yn}_{xb"')xm}:{yi1)'~')yiv}) (11 <"'<i\/)0§‘vgn)-

Then (Yi,,...,Yi, X1,...,Xm) is a basis of a; for all j € {1,...,k}, and the
functional expressions a®(y1,...,yn) and af (Yi,y-- -, YiysX1y- -, Xm) of a and
a; (j =1,...,k) satisfy the following for each (w1,...,wn) € [T1; Woy,:

aé(wl)"wwn)

& &
:Aw((l1(Wi1,...,WiV,Dh...,Dm),...,ak(wi1,...,Wiv,D1,...,|:|m)),

where aj6 (Wi, ..o, Wiy, 01, ..., 0m) is the mapping of Wqg = [[1%; Wox, into

Woq; defined by the following for each (ViyeeyVm) € H?; Wiy,

5 5
(Clj (Wi1,...,WiV,D],...,Dm))(\)1,...,vm) =4 (Wh,...,WiV,V],...,Vm).

Remark 3.3.7 This implies that if A € M then (yj,...,yn) is also a ba-
sis of a; for all j € {1,...,k}, and the functional expressions a®(Yry...yYn)
and af (Y1y..-,yn) of a and a5 (j = 1,...,k) satisfy the following for each

(Wiy.oty,Wn) GH?:] Wﬁyi:
aé(wh...,wn):wy\(a?(wh...,wn),...,aﬁ(wh...,wn)).
Proof Since X = {x1,...,xm} by (3.3.27), X&' C {Yty--eyYnyX1y--yXm}

by Lemma 3.1.12, and s0 (Yi,y..+,Yi,yX1,.+.,Xm) is & basis of a; for all j €
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{1,...,k}. Let v € Yy and define v/ = v <M) Then (3.3.20) and
WiyeooyWn
(3.3.29) show that the following holds:
(16 (Wl yoeoe )Wn) = (&ia)v/ = }\W((éﬁ(h )(U/(E/D))) (RS} (Bﬁak)(vl(((—'/‘:l)))
Therefore, it suffices to show that
(éﬁaj)(v’(E/D)) = af(wh,...,in,Dh...,Dm)

for each j € {1,...,k}. Its proof is as follows.
First, (8%a;)(v/(&/0)) € Woe—Weq, by (3.3.3), (3.3.1) and (3.3.12). Next,
(3.3.4) shows that the following holds for each (vi,...,vn) € Woe:

((6a;) (0 (£/0))) Wny . vm) = (62t (v' <"‘"‘“>) .

ViyeeeyVim

This is equal to (153 (Wiyyeeey Wi,y Viy. .oy Vim) by (3.3.29), because

<U<X1><m>) _ (U<y1»--.,yn )) <X1,-.-,xm>
ViyeeeyVm WiyeeoyWn ViyeeoyVm
_v(yi”--.,yiv,X],...,Xm)
Wijyeeey Wiy V1yee ey Vim

Thus (8%a;)(v/(&/0)) = af (Wi, wi,, Oy, Oy as desired.

Example 3.3.4 Suppose W is the self-world for A as defined in Example 3.2.2
and the significance Ay of each A € A —M is defined by (3.2.7). Assume that
b is the inclusion mapping of C into W. Let a € A and let (y1,...,yn) be a

basis of a. Then the functional expression a®(yi,...,yn) of a satisfies
a®(wiy...,wn) =a <yh'“’yn >
WiyeooyWn

for each (w1,...,wn) € [[i_; Woy,. The following proof is due to Takaoka.
We argue by induction on r = rka. Assume r =0,ie.a € P=CUX. If
a € C, then a®(wq,...,wy) =da=a=a (M> by Example 3.3.3,
WiyeooyWp
our assumption on 6 and (3.1.14). If a € X, then a = y; for some i € {1,...,n},
Yoo esUn by Example 3.3.3 and (3.1.14).
WiyeeoyWn
Therefore assume r > 1, i.e. a € A — P. Then Theorem 3.1.7 shows that its
ramification a = «x(as,...,qx) satisfies r —1 = 2;21 rkaj. Let x7---xm be
the variable qualifier in A and define {y1,...,yn}—{x1,-- -y Xm} ={Yi,,-- -, Yi }
(i1 <+ <iy,0 <v <n). Then

and af’(wh...,wn):wi:a(

aé(wl)“')wn)

) )
:AW(a1(Wi1a~--)WiV)Dh-'->Dm)a~-')ak(wi1)-~-)WiV>D1>-~~aDm))
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_ 3 &

=0 (A7 (Wigyee ey Wiy X1y e ooy Xam)y ooy Qp(Wipye ooy Wiy X1ye ey Xm))
i7yeee ivy XTyeeoyXm i1yees ivy X1yeeoeyXm

:(x)\((h(yn y Yivy X1y » N Yiy) y Yivy X1y »
Wipyee oy Wiy X155 Xm Wigyee s Wiy X100y Xm
i1yeeeyYi i1yeeeyYi

:M(m(yn ,yv>).__)ak<y], y))
Wiy y Wi, Wipyeeoy Wi,

_a<yl»--->yn>

WiyeooyWn

by Theorem 3.3.4, (3.2.7), the induction hypothesis, Lemma 3.1.17 and (3.1.15),
because X = {x1,...,xm} by (3.3.27).

3.4 First-order predicate logic as a prototype

The purpose of this section is to illustrate the GL in §3.1-3.3 by means of its
earliest prototype FPL. In particular, FPL is reformulated in terms of the GL,
and the formulation will be used for embedding FPL in ICL (s. §1.3.2).

FPL is defined as a logic system (A, T, o, P, C, X, [, 2, (Iw )wea, (Aw)wean)
whose syntax (T, o|p, P, C, X, ') and semantics (20, (Iw )weag, (Aw )weay) satisfy
the following conditions (1)—(3) and (4)—(6) respectively. I refer to them as the
FPL syntax and FPL semantics.

The definition of the FPL syntax The FPL syntax (T, olp,P,C,X,T") is
characterized by the following conditions (1)—(3) on I, T and olp.

(1) The set T" of tokens is the direct union ® ITTTIT{A,V, ,=}II1{V,3} of a
set @ of function symbols, a nonempty set IT of predicate symbols, the set
{A\,V, 0, =} of the Boolean symbols (s. [1.79]) and the set {V, 3} of quanti-
fiers.

(2) The type T is a set {e, ¢} of distinct elements e and ¢ equipped with an
algebraic structure (Ta)aea, which is indexed by the subset A = ® UTTU
NV, 0, =1 U{vx,3x 1 x € X} of (IT'IT X)* and consists of the operations
defined by the following, where T, is abbreviated to A, f and p are arbitrary

elements of ® and TT respectively and k denotes the arities of T¢ and Tp:

k-tuple
—
Dmf ={(%,...,€)},
k-tuple
—
Dmyp = {(6, LK) 6)},

DmA=DmV =Dm=={(p,d)},
Dm ¢ = Dm Vx = Dm Ix = {¢p},

k-tuple
—
f(ey...,€) = ¢,
k-tuple
—
p(ew-'ae) = d)v

PANP=0Vd=0p=>0¢ =0,
0 =Wxd = Ixd = ¢.

Thus the binary Boolean operations /\, VV and = are interpositions, the
unary Boolean operation ¢ is superscript and the others are prepositive.

(3) The basic sorting o|p satisfies ca = € for all a € P.
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Theorem 3.1.5 shows that the FPL syntax (T, olp,P,C,X,I") yields a for-
mal language (A, T, 0,P,C,X,T") and it is unique up to homotypic isomorphism
extending idp. I call it the FPL language.

The definition of the FPL semantics Before stating the conditions (4)—
(6) on the FPL semantics (20, (Iw)weaw, (Aw)weas), remarks are in order on
implications of the conditions (1)-(3) on the FPL syntax.

As to the collection 20 of DWs for A, the conditions (1) and (2) show that
A CTUTX, and so the set (3.2.1) of the invariable indices satisfies M = ANT =
O UTTU{A,V,0,=}. Thus the conditions (2) and (3) together with Remark
3.2.1 show that an algebra W is a DW for A iff it is the disjoint union W, UWy,
of its subsets We # 0 and Wy, and its structure consists of the operations wy
(A € M) which satisfy the following, where w, is abbreviated to A, and f and p
are arbitrary elements of @ and TT respectively:

Dm f = W.* for the arity k of Ty, Imf C W,
Dmp = W, for the arity k of Tp, Imp C Wy,
DmA=DmV =Dm==Wg x W3, ImAUImVUIm=>C W,
Dm ¢ = W, ImO C Wy,

The first line shows that W, is a ®-subreduct of W. The second line implies
Wy # 0 because TT # ) and We # 0. By virtue of the last two lines, we may
regard /\,V, { and = as total operations on Wj,.

As to the family (Iw )wegy of interpretations Iy on W € 27 of the set A—M
of the variable indices, we have A—M = ANTX = [ [ .x{V¥x, 3x}, as was noted in
Example 3.2.1. Therefore, each A € A — M satisfies Dmt) = {¢} and tTad = b
by the condition (2). Moreover, ox = € for each x € X by the condition (3).
Thus (3.2.8) shows that the significance of A on W € 20 under the interpretation
Iw can be an arbitrary mapping Aw € (We—=Wy)—>Wy.

The set Ay of denotations of C into W € 2J can be an arbitrary nonempty
subset of C—W,, because C = C. by the condition (3) (likewise, the set Yy of
the valuations of X into W is equal to X—Wk).

The conditions on (20, (Iw)wean, (Aw)wesy) can now be stated.

(4) 20 consists of the DWs W for A such that Wy is the binary lattice T and
the operations /A, V, { and = of W regarded as total operations on Wy, are
the meet, join, complement and cojoin respectively on T (s. §1.5.2).

(5) The significance Ay € (We—Wy) =Wy, of each variable index A € {Vx, 3x}
(x € X) on each W € 20 under the interpretation Iy, is defined by the
following for each f € W, =Wy, as was noted in Example 3.2.5:

Auf — inf{fw:w e We}t  if A = Vx,
Wi sup{fw:w e W} if A =3x,

where inf and sup are taken with respect to the usual order on W¢, = T.

(6) Ayw = C—W, for each W € 20.
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The FPL language The structure of the FPL language A may be clarified
by means of the concepts in §3.1, especially Theorems 3.1.6 and 3.1.7.

First of all, since (A, T, 0) is a sorted algebra, the condition (2) together
with Remark 3.1.5 means that A is the disjoint union Ac UAg, of its e-part A
and ¢-part Ay and that its algebraic structure consists of the operations oy
(A € A) which satisfy the following, where «, is abbreviated to A, and f and p
are arbitrary elements of @ and TT respectively:

Dmf = A" for the arity k of Ty, ImfC A,

Dmp = A.* for the arity k of Tp, Imp C Ay, (3.4.1)
DmA=DmV =Dm=>=A4p xAp, ImAUImVUIm=> C Ay, o
Dm ¢ =DmVx =Dm3Ix = Ay, ImQUImVxUImIx C Ag.

By virtue of the last two lines, we may regard /\,V, ¢,=,Vx and Jx as total
operations on Ay (we may also regard @ as a set of total operations on Ag).

The conditions (3) and (3.4.1) show that A contains P and is a ®-subreduct
of A. Therefore, defining B to be the closure [Plg of P in the ®-reduct Ag, we
have B C A.. Define R = Upen Imp and K ={/\,V,0,=,Vx,Ix: x € X}. Then
(3.4.1) shows that Ay contains R and is a K-subreduct of A. Therefore, defining
D to be the closure [R]x of R in the K-reduct Ak, we have D C Ay. Furthermore
since Ae NAgp =0, we have (BUD)NA. =B and (BUD)NAg =D.

It also follows from (3.4.1) that BUD is a subalgebra of A. In order to prove
it, assume (ay,...,ax) € (BUD)*NDm ay for A € A and let a = o (aq, ..., ax).
First if A € @, then aq,...,ax € (BUD)NA. = B, and since B is a ®-subreduct
of A, we have a € B C BUD. Next if A € K, then a1,...,ax € (BUD)NA =D,
and since D is a K-subreduct of A, we have a € D C BUD. Lastly if A € TI,
then a €e RC D CBUD. Since A = ® UITUK, we have shown that BUD is a
subalgebra of A. Moreover, since A = [P] and P C B C BUD, we have A = BUD.
Thus Ac = (BUD)NA=B=1[Plp and A, =(BUD)NAg, =D = [Rlk.

Since (A, T, 0, P) is a USA, (A, P) is a based algebra by Theorem 3.1.6. There-
fore, since Ac = [Plop, (A, P) is a based ®-algebra by Corollary 3.1.7.3. More-
over, (Ak, P U (Uscp Im ) UR) is a based algebra by Corollary 3.1.7.2, and so
since Ay = [Rlk, (Ag,R) is a based K-algebra also by Corollary 3.1.7.3.

Theorem 3.1.7 applied to the based ®-algebra (A, P) shows that each el-
ement a € Ac — P has a ramification a = f(aq,...,ax) for some f € ® and
ary...,ax € Ac. The theorem applied to the based K-algebra (Ag,R) shows
that each element a € Ay — R has a ramification a = a3 Aaz, a = a1 Vay,
a=a=>a,a= b<>, a = Vxb or a = Ixb for some aj,az,b € Ay and
x € X. Each of the ramifications is one in the based algebra (A,P). Each el-

ement a € R = Upen Imp obviously has a ramification a = p(as,...,ax) in
(A,P) for some p € T and aj,...,ax € Ac. Theorem 3.1.7 also shows that
every ramification a = ap(aj,...,ay) satisfies tka—1 = Z?:] rk a;. Thus the

elements of A can be enumerated by induction on their ranks starting from the
elements of P, as was noted in the introduction of this chapter.
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Functional expressions in FPL The intention of the condition (4) on each
DW W € 20 may be understood by means of functional expressions of elements
of A under denotations &6 € Ay of C into W. For example, assume that an
element a € Ay has a ramification a = ay A ay with aj € Ay (j = 1,2). Let
(Y1y.--,Yn) be a basis of a. Then Theorem 3.3.4 together with the condi-
tions (3) and (4) shows that (yi1,...,Yn) is also a basis of a; and a, and that
the functional expressions a®(y1,...,Yn), a1°(y1,...,yn) and a2®(yi,...,yn)
belong to W."—T and satisfy the following for each (wq,...,wn) € W™

aé(wh--wwn) = alé(wh--~»Wn)/\a26(w1a~-~)wn))

that is, a®(wq,...,wy) = Tiff a;®(wq,...,wyn) =1 and az®(wq,...,wy) =1.
Similar remarks apply to ramifications a = a; V az, a = b® and a = a; = a,.
Thus the operations /\,V, { and = of A signify and, or, not and imply.

The intention of the condition (5) on each Iy (W € 20) may also be un-
derstood by means of functional expressions of elements of A under § € Ayy.
For example, assume that an element a € Ay has a ramification a = Vxb
with x € X and b € Ag. Let (yr,...,yn) be a basis of a and assume
x € {Y1,..-,Yny. Then Theorem 3.3.4 together with the conditions (3) and
(4) shows that (yi,...,Yn,x) is a basis of b and that the functional expres-
sions a®(y1,...,yn) and b®(y1,...,yn,x) belong to W™ =T and W 1T
respectively and satisfy the following for each (wq,...,wn) € W™

a®(wi,...,wn) = Aw(b®(wr,...,wy,0)),
where A = Vx and b®(wy,...,wn,0) is the mapping of W, into T defined by
(0% (W1,...,wn, 0))w = b2 (Wr,..., Wn, W)
for each w € W,. Therefore,
a®(wr,...,wn) =inf{b®(wi,...,wn,w) : w e W}
by the condition (5). This means
a®wi,...,wn) =1 & b (wi,...,wn,w) =1 for all w € W,.

Likewise, if an element a € Ay has a ramification a = Ixb with x € X and b €
Ay, and if (y1,...,Yn) is a basis of a with x € {y1,...,yn}, then (y1,...,yn,x)
is a basis of b and the functional expression b®(y1,...,yn,x) of b satisfies

a®wi,...,wn) =1 & b (wi,...,wn,w) =1 for some w € We.

Thus the operations Vx and 3x of A signify for all and for some respectively, as
was mentioned in Example 3.2.5.

The FPL functional logic space The condition (4) also shows that the logic
system FPL has a truth type ¢ and the set Wy of the ¢-truth values of each
DW W € 20 is the binary lattice T. Therefore, it yields the ¢-functional logic
space (Ag,JF) defined by (3.3.23)—(3.3.26). Moreover, the conditions (4) and
(3.3.21) show that (A4, F) is a binary logic space with respect to the operations
A\, V, & and = regarded as total operations on Ag.
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3.5 An incompleteness theorem

The purpose of this section is to prove a so-called incompleteness theorem for
a certain logic system (A, T, o, P, C, X, 20, (Iw)wew, (Aw)weay) and thereby
illustrate the GL in §3.1-3.3 and Chapter 2.

We assume that the logic system satisfies the following conditions (1)—(4).

(1) There exists a truth type ¢ € T, and the set W, of the ¢-truth values of
each DW W € 20 is the binary lattice T.

Under this first condition, the ¢-functional logic space (A4, F) is defined on the
¢d-part Ay of A by (3.3.26) and (3.3.23), which concerns the second condition.

(2) There exists a unary operation ¢ in the algebraic structure of A such that
Ag is a O-closed subset of Dm ¢ and the restriction of ¢ to Ay, which is a
total unary operation on Ay, is an F-complement (s. Theorem 2.8.9).

(3) There exists an element € € T—{¢} such that the e-part X of X is nonempty
and the subset Ay 1 ={a € Ay : Xi € Xe, #X§ < 1} of Ay and the subset
Ac,o ={b € Ac: X2 = 0} of the e-part A of A satisfy #A¢,1 < #Ac0.

(4) There exists a subset @ of the set M of the invariable indices (3.2.1) of the
algebraic structure of T such that A is equal to the closure [P¢]g of the
e-part P of the basis P in the @-reduct Ag of A and such that the e-part
W, of each DW W € 25 is a ®-subreduct of W.

Before stating the incompleteness theorem, a few definitions and remarks
are in order on the conditions (a) and (b) in the theorem.
The ¢-functional logic space (Ag,F) is defined by

F={¢5 41 (W,;8,0) € D}, 906 =Pola,-

Let (Ag,B) be the associated logic space and Q be the largest B-logic on Ag.
Then B = {@ {1} : @ € F}U{A4} because Wy, = T for each W € 20 by the
condition (1), and each subset U of Ay has its Q-closure [U]g in Ag,.

The condition (3) implies that there exists an injection a — @ of Ay 1 into
A0, which we call an A o-coding of Ay 1. Let a € Ag,1. Then since Xe # 0,
the definition of Ay, 1 implies that there exists a basis xq € X¢ of a. Moreover,
for each element b € A, we can apply the substitution (xo/b) to obtain an
element a(xq/b) € Ag. In particular a(xq/a) € Ag, and so the condition (2)
allows us to apply the operation ¢ to obtain an element a(xq/@)? € Ag (as
usual, the operation symbol ¢ is superscript henceforth).

The condition (4) implies that A¢ and W, for each W € 20 are ®-algebras.

Example 3.5.1 The logic system CL as well as FPL satisfies the conditions (1),
(2) and (4) by its definition. As for FPL, see §3.4 and Theorem 2.8.10. They
satisfy the condition (3) if every set involved in the syntax of A is countable
and A o is countably infinite,>?? for example.

3.29A set S is said to be countable if there exists an injection of S into the set N of positive
integers, and it is said to be countably infinite if there exists a bijection of S onto N.
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Now we can state the incompleteness theorem.

Theorem 3.5.1 Let U be a subset of Ay, and assume that it has a nontrivial

B-model (pf)‘d;]ﬂ} ((8,v) € Aw X Yw, W € 203) which satisfies the following
two conditions. Then U is F-incomplete.

(a) The e-part A of A is a @-subreduct of W, and & and v satisfy ¢ = ¢ and
vx = x for all ¢ € C and all x € X, respectively.

(b) There exists an A¢ o-coding a — @ of Ay 1 such that the function fy €
W.—Wy, defined by the following for each w € W is 8-denotable:

fuw =1 & w =1 for an element a € Ay 7 such that a(xq/a)® Uq.

Remark 3.5.1 The latter half of the condition (a) is reasonable because C. U
Xe € We by the former half. The function fy is well-defined because Wy =T
by the condition (1) and {a@:a € Ag,1} C Ac,o0 € We by the former half of the
condition (a).

Remark 3.5.2 Assume moreover that (Ag,J) belongs to the class 2. Then if
U is an J-consistent subset of Ay, it has a nontrivial B-model by Corollary
2.8.12.1. Moreover, we can expect to construct a nontrivial B-model satisfying
the condition (a) by means of a regular extension of the logic system (s. §3.3.4).
Therefore, this theorem for the class 2 logic systems in practice shows that an
JF-consistent subset U of A, is F-incomplete provided that fy is 6-denotable for
some A o-coding of Ay 1.

Remark 3.5.3 If there exists a specific F-complete deduction system (R, D)
on Ay, as is the case with CL as well as FPL, then the closure [U]Q in the
definition of fi; may be replaced by [UU D]g by virtue of Theorem 2.7.1, which
will help us verify that the condition (b) is satisfied.

Remark 3.5.4 The A o-coding of Ay 1 for MN is a model of self-perception
(s. Remark 1.2.12) in contrast to its prototype®3? for metamathematics. It is
assumed to be injective, which means that the self-perception is clear.

Lemma 3.5.1 The denotation @3 € A—W satisfies 3b =1 for all b € A..

Proof The condition (4) shows that both A, and W, are ®-algebras and
moreover A. = [P¢lg. Since ® C M and (pf’, is a homotypic M-homomorphism
of A into W by (3.3.16) and (3.3.21), @3|a. is an ®-homomorphism of A into
W,. The former half of the condition (a) shows that the inclusion mapping f
of A¢ into W¢ is also an ®-homomorphism, while the latter half and (3.3.18)
show @5|p_ = flp.. Therefore, @5|x. = f by Lemma 3.1.4.

3-30Kurt Godel, “Uber formal unentscheidbare Sitze der Principia mathematica und ver-
wandter Systeme I (On formally undecidable propositions of Principia mathematica and re-
lated systems I),” Monatshefte fiir Mathematik und Physik 38 (1931), 173-198.
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Proof of Theorem 3.5.1 By way of contradiction, assume that U is -
complete, that is, B-complete. Then since cpf)’d;]{]} is a nontrivial B-model
of U by our assumption, we have [U]q = cpﬁ‘d;]«ﬂ} by Theorem 2.8.1.

The condition (b) shows that there exists an element ¢ € Ag 1 such that
fu = c®(x¢), and it satisfies the following for all a € A,

(pf,(c(xc/ﬁ)) = (pf,(xc/q,gﬁ)c for the reason below)

(
= (pi(xc/a)c (by Lemma 3.5.1)
=c®(q) (by (3.3.29))
=fya (since fu = c®(x¢)).

Here notice that @ € A¢ o € W, by the condition (a). The first equality follows
from Theorem 3.3.3 because X{ = () by the condition (3), hence (X*)& = {) for
each A € A, and so x. is free from @ in c.

Let a be an arbitrary element of Ay 1. Then it follows from the above two
paragraphs that a satisfies c(x./a) € [U]q iff fua=1.

Moreover, a satisfies fua = 1 iff a(xq/@)® € [Ulg. Indeed, if a(xq/a)® €
[Ulg, then since @ € Ac o € We and obviously @ = @, we have fya =1 by the
definition of fy. Conversely if fya = 1, then the definition of fy; shows that
a = b for some element b € Ay, 1 such that b(xy/b)¢ € [U]q, and so since the
A o-coding is injective, we have a = b, and so a(xq/@)? € [Ulq.

Furthermore, Corollary 2.8.7.1 shows that a satisfies a(xq/@)? € [Ulq iff
a(xq/a) ¢ [Ulg, because ¢ is a B-complement by the condition (2). Thus a
satisfies c(x./@) € [U]q iff a(xq/a) € [Ulg. But then, since a is an arbitrary
element of Ay 1 and ¢ € Agy,1, it follows that c¢ satisfies c(x./c) € [Ulq iff
c(xc/c) ¢ [U]g, which is a contradiction completing the proof.

3.6 Quantity, ratio and measure

Here we abstract algebraic concepts from our notion of quantity such as length,
volume, weight and degree. They will be used throughout Chapters 46 on CL.

3.6.1 Quantitative sets and qualitative sets

Recall that a semigroup is a set P equipped with a binary operation * which
is associative, that is, a * (b xc) = (a * b) * ¢ for all (a,b,c) € P3. The
operation x is called a multiplication and a * b is called the product of a and b
especially when the symbol * is omitted as usual. Recall also that the semigroup
is called a monoid if it has an identity element, i.e. a unique element e such that
axe =exa = a for all a € P. Thus a semigroup and a monoid are best
described by the pair (P, *) and the triple (P, %, e) which satisfy these conditions
respectively. If a subset Q of P satisfies a x b € Q for all (a,b) € Q?, then
Q is a subalgebra of the algebra (P,*) and (Q,*) is also a semigroup, and so
Q is called a subsemigroup of the semigroup (P,x). If the subsemigroup Q
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furthermore contains the identity element e of P, then (Q, *, €) is a monoid, and
so Q is called a submonoid of the monoid (P, #,e). The symbols * and e are
conventionally replaced by + and 0 if the operation * is commutative, that is, if
axb =bxa forall (a,b) € P2. The operation + is called an addition and a+b
is called the sum of a and b. The commutativity, as well as the associativity, is
inherited by subsemigroups and submonoids.

A qualitative set is a commutative monoid (P, 4, 0) equipped with an order
< on P which satisfies the following two conditions.

e 0 < a for all a €P, that is, 0 = min P.
e If elements a,b € P satisfy a < b, then a+c¢ <b+c¢ for all c € P.

Thus a qualitative set is best described by the quadruple (P, +,0, <) made of a
commutative monoid (P, +,0) and an order < on P which satisfies the two con-
ditions. The latter condition is called the monotonicity (of the transformation
x = x+c on P for all ¢ € P) and is equivalent to the following.

e If elements a,b,c,d € P satisfy a < b and ¢ < d, then a+c¢ < b+ d.

The qualitative set is said to be linear or called a quantitative set if the order
< is linear, and is said to be bounded (from above) if max P exists.

Remark 3.6.1 Every qualitative set (P,+,0, <) satisfies the following condi-
tions, which will be used below without notice.

ea<a+bandb<a+b forall (a,b) € P2,
e la<Tla<2a<---forall aeP.
e If elements a,b € P satisfy a < b, then na <nb (n=1,2,...).

e If Q is a submonoid of the monoid (P, +,0), then (Q, +,0, <) is a qualita-
tive set, and if (P, +,0, <) is linear, then so is (Q,+, 0, <).

Remark 3.6.2 Let (P, +,0, <) be a qualitative set and m € P. Define addition
+m on P by the following for all (a,b) € P2:

a+b ifa+b<m,
a+mb= ]
m otherwise.

Then (P,+,,) is a commutative semigroup. In proving its key associativity
(a+mb)+mc=a-+m(b+mc), we may assume that either (a +,, b) +c < m
or a+ (b+mc) < m. In the former case, (a +m b) +mc = (a+mb)+c =
(a+b)+c=a+(b+c) =a+(b+mc) = a+m (b+mc) because every el-
ement x € P involved here satisfies x < m, and likewise for the latter. More-
over, the downward closed interval («m] of P (s. Remark 2.1.4) is a subsemi-
group of (P,+y,), and ((«m],+m,0,<) is a bounded qualitative set, which
is called the m-cut of (P,+,0,<). As for its key monotonicity, if elements
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a,b € («m] satisfy a < b, then a+c¢ < b+c for all ¢ € («+m], and either
a+mc=a+c<b+c=b+pcorat+pc<m=b+,c If (P+0,<)is
linear, then so is the m-cut and a +,, b = min{a + b, m} for all (a,b) € P2.

Example 3.6.1 The set R>¢ of all nonnegative real numbers is a quantitative
set with respect to its usual addition +, zero 0 and order <, and likewise for
the set Z>o of all nonnegative integers. More generally, if P is a submonoid
of (R>o,+,0), then (P,+,0,<) is a quantitative set, which is called a real
quantitative set. For each positive integer n, the (n—1)-cut Z,, ={0,1,...,n—1}
of Z>¢ is a bounded quantitative set of n elements with respect to the addition
a+n_1b=min{a+b,n—1}, 0 and < (s. §1.3.7). Any singleton {e} is a trivial
bounded quantitative set with respect to a unique triple (+, e, <).

Example 3.6.2 Suppose (P, <) is an ordered set and each subset X of P such
that #X < 2 has its supremum in P. Then P has min P = sup§ (s. [1.97]), and
P is a qualitative set with respect to the addition a + b = sup{a, b}, min P and
<. In particular, the power set BS of an arbitrary set S is a qualitative set
with respect to the set-theoretic addition U, empty set () and inclusion C, and
likewise for its equivalent S—T for T = {0,1},3-3! and more generally, the set
S™ T of all n-ary relations on S (n =1,2,...). They are linear iff #S < 1.

Remark 3.6.3 Let (Pi,+4,0i, <i) be qualitative sets (i = 1,2). Then we can
extend the additions +; and orders <; (i = 1,2) to the addition + and order
< on the direct union Py II P, so that a; + a2 = a +a; = a3 and a7 < ay
for each (aj,az) € Py x P2. Moreover (Pq II P2, 4,07, <) is a qualitative set,
which is called the extension of (Pq,+1,07,<7) by (P2,+2,02,<2). It is linear
iff (P, +4,0i,<i) (i = 1,2) are linear, and it is bounded iff (P2, +2,02,<3) is
bounded. In particular, every qualitative set can be extended to a bounded one
by a singleton regarded as a bounded quantitative set, and the unique element
of the singleton is the largest element of the extension and therefore is usually
denoted oo in advance (s. §1.3.10).

Mizumura [1.91] has shown that the following theorem is of value for the
study of semantics and deduction on CL. Recall that a well-ordered set is
an ordered set (A, <) such that every nonempty subset of A has the smallest
element. Well-ordered sets are necessarily linear. Recall also that a subalgebra
of an algebra A is said to be finitely generated if it is generated by a finite
subset of A, that is, if it is the closure [S]a of a finite subset S of A.

Theorem 3.6.1 Let (P, +,0, <) be a quantitative set and Q a finitely generated
subsemigroup of the semigroup (P,+). Then (Q, <) is a well-ordered set.

Proof Let {q1,...,qx} be the finite subset of P generating Q and argue by
induction on k. Since < is linear, we may assume q; < q1 (j = 2,...,k). If

3.31 A quality is an attribute, which is a unary event, and mathematically defined as an element
of S—T for a set S (s. §1.2.3 and §1.2.4). This explains the name of qualitative set.
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k = 1, then there exists an increasing mapping n — ngq; of N onto Q, and
since N is well-ordered, so is Q. Therefore assume k > 1, and let Q' be the
subsemigroup of P generated by {q2,...,qx}. Then Q' is well-ordered by the
induction hypothesis. Thus Q' U{0} is well-ordered.

Since Q is linearly ordered, we only need to show that every downward closed

interval («7] of Q is well-ordered. There exist nonnegative integers nj,...,ny
such that r = njqy + -+ + nkqx (and at least one of nq,...,ny is positive).
Define ng = ny + -+ + ng. Then v < npqi. Suppose q € (+71]. Then
q =ndqj +q’ for a nonnegative integer n and an element q’ € Q' U{0}. We may
assume n < ngp, because if ng < n then q <r <noqs <nqi1 <ngi1+q’' =4
and so ¢ = noqy. Therefore, defining Q/ ={nq1 +q’:q’ € Q' U{0}} for each
n €{0,...,n0}, we have («1] C [J°, Q},. Since the mapping q’ — nqq + q’
of Q" U{0} onto QJ, is increasing, Q. is well-ordered for each n € {0,...,no},
and so is [J2, Q/ because < is linear. Thus («1] is well-ordered.
Remark 3.6.4 If (P,+,0,<) in Theorem 3.6.1 is a qualitative set, Q is not
necessarily well-ordered, even if its generators are linearly ordered. To give an
example, the set N of all positive integers is a qualitative set with respect to its
usual multiplication x, one 1 and the divisibility |, that is, elements a,b € N
satisfy a | b iff a divides b. Let Q be the subsemigroup of N generated by {2, 6}.
Then {2, 6} is linear with respect to the order |, whereas {4, 6} is a subset of Q
and does not have the smallest element with respect to |.

3.6.2 Unital quantitative sets and real quantitative sets

A quantitative set (P, +, 0, <) is said to be strict if it satisfies the following two
conditions which are equivalent and stronger than the monotonicity condition
on qualitative sets. The former condition is called the strict monotonicity.

e If elements a,b € P satisfy a < b, then a+c¢ < b+ c for all c € P.

e If elements a,b,c,d € P satisfy a < b and ¢ < d, then a+c <b+d.

Remark 3.6.5 Every strict quantitative set (P,+,0, <) satisfies the following
conditions, which will be used below without notice.

e If an element a € P satisfies 0 < a, then b < a+ b for all b € P.
e If an element a € P satisfies 0 < a, then Qa< Ta<2a < ---.
e If elements a,b € P satisfy a < b, then na <nb (n=1,2,...).

e If Q is a submonoid of the monoid (P,+,0), then (Q,+,0,<) is a strict
quantitative set.

A (quantitative) unit of a strict quantitative set (P, 4,0, <) is an element
e € P which satisfies the following unitarity condition.
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o If elements a,b € P satisfy a < b, then there exist positive integers m,n
such that na < me < nb.

The condition na < me < nb is satisfiable because if a < b then na < nb
(n=1,2,...) by the strictness. The strict quantitative set is said to be unital
if it has a unit. Thus a unital quantitative set is best described by the quintuple
(P, +,0, <, e) made of a strict quantitative set (P, +,0, <) and its unit e.

Example 3.6.3 Any singleton {e} is a trivial unital quantitative set with re-
spect to a unique quadruple (+, e, <, e), because it has no elements a,b such
that a < b. Any real quantitative set (P, +, 0, <) is unital, and if it is nontrivial,
that is, if P # {0}, every element of P — {0} is its unit, because the set Q of all
rationals is dense in the set R of all real numbers. Therefore if 1 € P, then
(P, 4,0,<,1) is a unital quantitative set.

The (n—1)-cut Zy, of Z>( is strict only if n = 1. More generally, a bounded
quantitative set is strict only if it is trivial. There exists a quantitative set which
is strict and not unital (s. Remark 3.6.8).

Remark 3.6.6 Here I explain background of the concept of unital quantitative
sets. Notice that I use the auxiliary verb will indicating likelihood because I
talk about empirical knowledge and not about mathematically proved facts.

Let P be the totality of the (spatial) line segments. Regard the points as
line segments and identify any two line segments that can be superposed on
each other. Then all points will be identified and so may be denoted by the
single symbol 0. When connected straight, any two line segments a and b
will make a line segment c, which we denote by a + b. The definition of the
sum a + b will be consistent with the identification of any two line segments
that can be superposed on each other, that is, if a and b are superposed on
line segments a’ and b’ respectively and a’ and b’ make a line segment c’,
then ¢ will be superposed on ¢’. Moreover, the addition + for line segments
will be commutative and associative, that is, each combination {aj,...,ax} of
line segments will make a unique line segment irrespective of how they all are
connected straight. Thus (P, +,0) will be a commutative monoid.

Suppose we try to superpose two line segments and fail. Then we will find
that one of them, say b, protrudes from the other, say a, when we write a < b.
The definition of the relation a < b will be consistent with the identification of
any two line segments that can be superposed on each other, that is, if a and
b are superposed on line segments a’ and b’ respectively, then b’ will protrude
from a’. Moreover, the relation < will be transitive, that is, if a line segment
b protrudes from a line segment a and a line segment ¢ protrudes from b, then
¢ will protrude from a. Therefore < will be extended to a linear order < on P,
that is, a < b iff b protrudes from or is superposed on a (s. [1.98]). Then 0 will
be the smallest element of P and + will be strictly monotonic with respect to
<, that is, if a line segment b protrudes from a line segment a, then b + ¢ will
protrude from a + ¢ for any line segment c¢. Thus (P,+,0, <) will be a strict
quantitative set.
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Let e be an arbitrary line segment which is not a point. For each line
segment a and each positive integer n, any n copies of a make a line segment
na when they are connected straight. Therefore, if a line segment b protrudes
from a line segment a, then the line segment nb will protrude from na for any
positive integer n, and moreover as n increases, the protrusion of nb from na
will increase and eventually protrude from or is superposed on e. Then nb will
protrude from or is superposed on na + e, that is, na + e < nb. Moreover,
there will exist the smallest positive integer m such that the line segment me
protrudes from na, that is, na < me, and so na protrude from or is superposed
on (m — 1)e, that is, (m — 1)e < na. Therefore na < me = (m—1)e+e <
na+ e < nb. Thus (P,+,0,<,e) will be a unital quantitative set (s. Remark
3.6.9). This paragraph is illustrated by Fig. 3.1, where every line segment is
given visible width.

Figure 3.1: Line segments e, a, b such that na < me <nb for m;yn € N

nb |
na | e |
(m—1)e \

To cut the above explanation short, a unital quantitative set (P,+,0, <,e)
will underlie the process of connecting line segments straight and comparing the
connected line segments by trying to superpose them.

Generally speaking, a unital quantitative set (P,+,0, <, e) will underlie the
real or imaginary process of connecting some entities in some manner and com-
paring some attribute of the connectives by some means. Moreover, although
P consists of some geometrical or physical entities such as line segments, ar-
eas, bodies, particles and their connectives, and the process seemingly involves
no numbers other than the positive integers, yet the following theorem shows
that (P,+,0, <, e) is realizable, that is, it can be identified with a unital quan-
titative set (P, +,0,<,1) made of a real quantitative set (P, +,0, <) such that
1 € P. The realizability means that the attribute in question is representable
by numbers.

Theorem 3.6.2 Let (P,+,0, <,e) be a nontrivial unital quantitative set. Then
there exists a unique mapping f of P into R>o which satisfies the following three
conditions (f is called the e-realization of (P,+,0,<,e) or of P).

e Each element (a,b) € P? satisfies f(a + b) = fa + fb.
e If elements a,b € P satisfy a < b, then fa < fb.

o fe=1.
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Remark 3.6.7 Since the e-realization f is a homomorphism of the semigroup
(P,+) into the semigroup (R>o,+), it furthermore satisfies f0 = 0 and f(na) =
n(fa) for each a € P and each n € N, and so e # 0 because fe = 1 £ 0 = 0.

For the same reason, the image P = fP of f is a submonoid of the monoid
(R>0,+,0). Therefore, (P, +,0, <) is a real quantitative set, and since 1 = fe €
P, (P,+,0,<,1) is a unital quantitative set.

Moreover, since f is a strictly increasing mapping of a linearly ordered set
(P, <) into (R>p, <), elements a,b € P satisfy fa < fb iff a < b, and so they
satisfy fa < fb iff a < b. Consequently, f is injective.

Thus f is an isomorphism between the monoids (P, +,0) and (P, +,0) and be-
tween the ordered sets (P, <) and (P, <), and associates the unit e of (P, +, 0, <)
with the unit 1 of (P,+,0,<). In this sense, f is an isomorphism between the
nontrivial unital quantitative sets (P, +,0, <,e) and (P,+,0,<,1). The unique-
ness of f is strengthened by Lemma 3.6.7.

The proof of Theorem 3.6.2 is divided into the following seven lemmas.

Lemma 3.6.1 Each element a € P is associated with a unique sequence {an}
of nonnegative integers such that a,e < na < (an + 1)e for each n € N (call it
the e-asymptote of a).

Proof It suffices to show that a is associated with a unique nonnegative integer
m such that me < a < (m+1)e. Since (P,+,0, <) is strict and nontrivial, there
exists an element b € P such that a < b. Therefore, there exist positive integers
k, 1 such that la < ke < lb by the unitarity of e. Consequently 0e =0 < a <
ke < (k+1)e < ---, and so there exists the largest nonnegative integer m such
that me < a. Since < is linear, it also satisfies a < (m + 1)e. Suppose another
nonnegative integer m’ satisfies m’e < a < (m’+1)e. We may assume m < m’.
Then m+1<m’, and so a < (m+ 1)e < m’e < a, which is a contradiction.

Assign each a € P the subset Qq = {m/n:m € Z>o,n € Nyme < na} of
the set Q>0 of all nonnegative rationals. The following lemma is underlain by
the construction of R by means of the Dedekind cuts of Q.

Lemma 3.6.2 The following hold for each a € P and its e-asymptote {a,}.
(1) If k/1 <s for elements k € Z>o, l € N and s € Qq, then ke < la.

(2) If k/1 € Qq for elements k € Z>o and 1 € N, then ke < la.

(3) Every element of Q>0 — Qg is an upper bound of Qg with respect to <.

(4) &GQQ and An + |
n

€ Q>0 —Qq for each n € N.

(5) There exists the supremum of Q, in the ordered set (R, <).
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Proof (2)and (3) are direct consequences of (1), because its conclusion implies
k/1 € Qq. (4) is a consequence of (2) and the definitions of Q4 and {a,}. (5)is a
consequence of (3), (4) and the completeness of R. Therefore it suffices to prove
(1). Assume k/1 <'s € Qq for elements k € Z>o, 1 € N and s € Qq. Then since
s € Qg, there exist elements m € Z>p and n € N such that s = m/n and me <
na. Since k/1 < s, we have nk < lm, and so n(ke) = (nk)e < (lm)e = l(me).
Since me < na, we have l(me) < l(na) = (In)a = (nl)a = n(la). Therefore
n(ke) < n(la). Thus ke < la by the linearity and strictness of (P,+,0, <).

Lemma 3.6.2 enables us to define a mapping F € P—=R>¢ by Fa = supQq
for each a € P.

a
Lemma 3.6.3 Fa = lim — for each a € P and its e-asymptote {a,}.
n—oo M

an + 1

Proof This is because (:Tn < Fa < for each n € N by Lemma 3.6.2.

Lemma 3.6.4 Fe =1 and F(a +b) = Fa + Fb for each (a,b) € P2.

Proof Since 0 < e by Lemma 3.6.1, we have ne < ne < (n + 1)e for each
n € N by the strictness of (P,+,0,<). Therefore, the e-asymptote {e,} of e
satisfies e, = n for each n € N. Thus Fe =1 by Lemma 3.6.3.

The e-asymptotes {a, } and {b,, } of a and b satisfy ape < na < (ap+1)e and
bre <nb < (b, +1)e and so (an +bn)e < n(a+b) < (an +bn +2)e for each
n € N by the strictness of (P, +, 0, <). Moreover, either n(a+b) < (an+bn+1)e
or (ap + by + 1)e < n(a+b) for each n € N by the linearity of <. Therefore,
the e-asymptote {(a + b)n} of a + b satisfies either (a + b)y = an + by or
(a+b)n =an+bny+1andso a7n+b7n < (Gl )L} < a—n+b?n+% for each

noon - n - n
n € N. Thus F(a +b) = Fa + Fb by Lemma 3.6.3.

Lemma 3.6.5 If elements a,b € P satisfy a < b and Fa = Fb (this will be
proved impossible by Lemma 3.6.6), then Fa is a positive rational, and positive
integers m, n satisfy Fa = m/n (if and) only if me = nb.

Proof Since a < b, there exist positive integers k, 1 such that la < ke < lb by
the unitarity of e. They satisfy k/l € Qp — Qq and Fa < k/1 < Fb by Lemma
3.6.2. Thus, since Fa = Fb, we have Fa = Fb = k/l and so Fa is a positive
rational. Moreover, Fa = Fb € Qp, — Q4.

Suppose positive integers m,n satisfy Fa = m/n. Then m/n = Fb € Qy
by the above paragraph, and so me < nb by Lemma 3.6.2. Moreover, F(me) =
m(Fe) = m = n(Fb) = F(nb) by Lemma 3.6.4. Therefore if me < nb, then
F(me) ¢ Qme by the above paragraph, whereas F(me) = m = m/1 € Qe
because me < 1(me). Thus me = nb.

Lemma 3.6.6 If elements a,b € P satisfy a < b, then Fa < Fb.
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Proof Since a < b, we have na < nb for all n € N, and so Qq C Qy.
Therefore Fa < Fb, and so we may assume Fa = Fb by way of contradiction.
Then there exist positive integers m,n such that Fa = Fb = m/n and me = nb
by Lemma 3.6.5. Since Fa = Fb = m/n, we have F(2a) = 2(Fa) = Fa + Fb =
Fla4+b) = 2m/n by Lemma 3.6.4. Since a < b, we have 2a < a + b by the
strictness of (P, +, 0, <). Therefore (2m)e = n(a+b) = na+nb by Lemma 3.6.5.
On the other hand, since me = nb, we have (2m)e = 2(me) = nb + nb. This
is a contradiction because na +nb < nb + nb by the strictness of (P,+,0, <).

The following lemma completes the proof of Theorem 3.6.2.

Lemma 3.6.7 The mapping F is the only e-realization of P. More generally,
if f is a homomorphism of (P,+) into (R>o,+) and an increasing mapping of
(P, <) into (R>o, <) satisfying fe = 1, then f =F (s. Remark 3.6.7).

Proof Lemmas 3.6.4 and 3.6.6 show that F is an e-realization of P. Let a € P.
Then since its e-asymptote {a,} satisfies ane < na < (an + 1)e, we have
an, = an(fe) = f(ape) < f(na) = n(fa) and n(fa) = f(na) < f((a, + 1)e) =

1
(an +1)(fe) = an + 1 for all n € N. Therefore %“ < fa < % + — for all
n € N, and so fa = Fa by Lemma 3.6.3. Thus f =F.

The following theorem implies a converse of Theorem 3.6.2.

Theorem 3.6.3 Suppose a quantitative set (P,+,0,<), an element e € P and
a mapping g € P—R>( satisfy the following three conditions.

e Each element (a,b) € P? satisfies g(a +b) = ga + gb.
o If elements a,b € P satisfy a < b, then ga < gb.
® ge > 0.

Then (P,+,0, <,e) is a unital quantitative set, e € P —{0} and the e-realization
f of P satisfies fx = (gx)(ge)~' for each x € P.

Proof Being a homomorphism of the semigroup (P,+) into the semigroup
(R>0,+), g satisfies g0 = 0 and g(na) =n(ga) for each a € P and each n € N.
Since ge > g0, we have e € P —{0}. Since g is a strictly increasing mapping of
a linearly ordered set (P, <) into (R>0, <), elements a,b € P satisfy ga < gb iff
a < b, and so they satisfy ga < gb iff a < b.

Suppose elements a,b € P satisfy a < b. Then 0 < ga < gb. Therefore if
c € P, then g(a+c) =ga+gc < gb+gc=g(b+c), and so a+c < b+c. Thus
(P, +,0, <) is strict. Moreover, since Q is dense in R, there exist positive integers
m,n such that n(ga) < m(ge) < n(gb). Therefore g(na) < g(me) < g(nb),
and so na < me < nb. Thus (P,+,0,<,e) is a unital quantitative set. The
e-realization of P is equal to the mapping x — (gx)(ge)~", because the latter
satisfies the three conditions characterizing the former.

203



Corollary 3.6.3.1 Let (P,+,0, <) be a unital quantitative set and e € P —{0}.
Then (P, +,0, <, e) is a unital quantitative set.

Proof Let d be a unit of (P,+,0,<) and g be the d-realization of P. Then
since 0 < e, we have 0 = g0 < ge. Thus the result follows from Theorem 3.6.3.

Remark 3.6.8 Every unital quantitative set (P, +,0, <) is Archimedean, that
is, if a,b € P — {0}, then there exists a positive integer n such that a < nb.
Indeed, since a is a unit of (P,+,0,<) by Corollary 3.6.3.1 and 0 < b, there
exist positive integers m,n such that n0 < ma < nb, and so a < nb.

There exists, however, an Archimedean strict quantitative set which is not
unital (s. Example 3.6.3). Define P = {(a1,a2) € Z>o X Z>o : a1 > az}. Then
P is a submonoid of the twofold direct product of the commutative monoid
(Z>0,+,0), and so (P, +, (0,0)) is a commutative monoid with (ar, az)+(b1,b,)
= (a;+by,az +by) for each ((ar,az), (by,b2)) € P2. Let <4 be the dictionary
order on P, that is, (a7, a2) <q (b1,bz) holds for ((aj,az),(by,bs)) € P2 iff
either a; < by or a; = by and ay < by. Then <4 is a linear strict order on
P (s. [1.98]) and therefore is extended to a linear order <4 on P. Moreover,
(P,+,(0,0),<q) is a strict quantitative set. If (0,0) <q (aj,az) € P, then
a; > 0 because a; > ay. Therefore (P, +, (0,0),<q) is Archimedean.

Assume that (P, +, (0,0), <q) is unital by way of contradiction. Then it has
a (1,0)-realization f by Corollary 3.6.3.1 and Theorem 3.6.2. Since n(1,0) <4
n(1,1) <qg (n+1)(1,0) for all n € N, the (1,0)-asymptote {(1,1)n} of (1,1)
satisfies (1,1), = n for allm € N, and so f(1,1) = 1 by Lemmas 3.6.7 and 3.6.3.
This is a contradiction because f(1,0) =1 and (1,0) <4 (1,1).

Remark 3.6.9 Let (G,+,0) be a commutative group equipped with a linear
order < on G satisfying the monotonicity condition. Define P ={a € G: 0 < a}.
Then (P,+,0, <) is a quantitative set. It is necessarily strict, because if a+c¢ =
b+c for elements a,b,c € P then a = (a+c¢)—c = (b+c¢)—c =b. Moreover, if
it is Archimedean, then it is unital in contrast to the example in Remark 3.6.8.
The following proof has been suggested by Remark 3.6.6.

Assume that (P,+,0, <) is Archimedean. Let e € P —{0}. Suppose a,b € P
and a <b. Then b — a € P —{0}, and so there exists a positive integer n such
that e < n(b — a), which satisfies na + e < nb. There similarly exists the
smallest positive integer m such that na < me, which satisfies (m — 1)e < na.
Therefore na < me = (m—1l)e+e < na+e < nb. Thus (P,+,0,<,e) is
a unital quantitative set. Moreover, the e-realization of (P,+,0, <) is uniquely
extended to a mapping f € G—R which is a group homomorphism of (G, +)
into (R,+) and a strictly increasing mapping of (G, <) into (R, <). Thus the
Archimedean linearly ordered commutative groups are realizable.

3.6.3 Real valued ratio for unital quantitative sets

Let (P, +, 0, <) be a unital quantitative set and a € P—{0}. Then (P,+,0, <, a) is
a unital quantitative set by Corollary 3.6.3.1. Therefore, there exists a unique
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a-realization of P by Theorem 3.6.2. We refer to it also as the ratio to a.
Moreover, we refer to its value at each b € P as the ratio of b to a and denote
it by b/a. Then, being the a-realization, the ratio to a is a mapping x — x/a
of P into R>¢ and satisfies the following three conditions.

e Each element (b,c) € P2 satisfies (b4 c)/a =b/a +c/a.
e If elements b, c € P satisfy b < ¢, then b/a < c¢/a.
e a/a=1.
We call them the fundamental properties of ratio.
Example 3.6.4 Let (P,+,0,<) be a real quantitative set and a € P — {0}.

Then b/a = ba~! for each b € P, because the mapping x — xa~' of P into
R3¢ satisfies the three conditions characterizing the a-realization of P.

Remark 3.6.10 Let (P,+,0,<) be a unital quantitative set and a € P — {0}.
Then, being the a-realization, the ratio to a furthermore satisfies the following.

e 0/a=0.
e (nb)/a =n(b/a) for each b € P and each n € N.
e Elements b, c € P satisfy b/a < c/a iff b < c.

Consequently, the ratio to a is injective, and so in particular, an element b € P
satisfies b/a =1 iff b = a, and it satisfies b/a =0 iff b = 0.

Moreover, (nb)/(na) = b/a for each b € P and each n € N. Indeed, since
(na)/a = n(a/a) = n > 0, Theorem 3.6.3 shows that na € P — {0} and that
the na-realization of P is equal to the mapping x — (x/a)n~'. Therefore
(nb)/(na) = (nb/a)n~!" =n(b/a)n~" =b/a.

Moreover, (¢/b)(b/a) = c/a for each b € P —{0} and each ¢ € P. Indeed,
since b/a > 0, the b-realization of P is equal to the mapping x — (x/a)(b/a)~!
by Theorem 3.6.3. Therefore (¢/b)(b/a) = (c/a)(b/a)~'(b/a) = c/a.

Remark 3.6.11 The fundamental properties of ratio are worthy of the name
because they characterize ratio in the following sense.

Let (P,+,0, <) be a quantitative set and a € P. Suppose each element b € P
is associated with a nonnegative real number b//a and the following hold.

e Each element (b,c) € P? satisfies (b +c¢)//a =b//a+c//a.
e If elements b, c € P satisfy b < ¢, then b//a < ¢//a.
e a//a=1.

It then follows from Theorem 3.6.3 that (P, +,0, <) is a unital quantitative set,
aeP—{0} and b/a =b//a for each b € P.
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3.6.4 Measures with values in quantitative sets

Let S be a nonempty set and (P, +, 0, <) be a quantitative set. Then a mapping
X — [X] of BS into P is called a P-measure on S if it is positive definite,
increasing and subadditive, that is, if it satisfies the following three conditions.

e |} =0, while [X| > 0 for each nonempty set X € 3S.
o If sets X, Y € PS satisfy X C Y, then [X| <Y/
e Each element (X,Y) € (BS)? satisfies X U Y| < [X| +]Y].

If an element a € P satisfies [X| < a for all X € BS, we say that the measure is
bounded (from above) by a and call a its (upper) bound.

Remark 3.6.12 Being an increasing mapping, every P-measure X +— |X]| is
bounded by |S|. Moreover, |S| # 0 by the positive definiteness because S # ()
from the outset. Therefore if (P, +, 0, <) is trivial then there exists no P-measure
on S, while Remark 3.6.15 below shows that if a € P — {0} then there exists a
P-measure on S bounded by a.

Remark 3.6.13 Any P-measure X — |[X| on S satisfies the following condition.

o Ifsets X,Yq,...,Yn € BS and elements ay,...,a, € P satisfy X C U{; Y;
and |[Yi| < a; (i=1,...,n), then [X| < 2?21 aj.

Here n is a nonnegative integer and if n = 0, then [Ji_; Y; =@ and } ;" ; a; = 0.
Conversely, if a mapping X — |X| of BS into P satisfies this condition, then it
is increasing, subadditive and satisfies |}] = 0. The following equivalent of this
condition should be called the box principle (s. §1.3.11).

o Ifsets X, Yq,...,Yn € PBS and elements ay, ..., an € Psatisfy X C (J{; Vi
and |[X| > > ' ; ay, then |Y;| > a; for some i € {1,...,n}.

Remark 3.6.14 The measures here are different from those in integral theory
especially in that they are positive definite. Indeed, there exists no R I {oo}-
measure X — |X| on R such that |(a,b)] = b — a for each open interval (a,b) of
R. If it existed, then 0 < {0} < |(—1/n,1/n)| = 2/n for each positive integer
n, which is a contradiction. However, a Z>¢ Il R>o LI {oo}-measure X — |X| on
R was constructed in [1.3] so that [X| = #X € Z>¢ for each finite subset X of
R, [X|] = minR> = 0 for each countably infinite subset X of R (s. [3.29]), and
|(a,b)] =b—a € R for each open interval (a,b) of R such that a < b.

Among general methods of constructing P-measures, the following two have
proved to be valuable for the study of semantics and deduction on CL. The
former given by Remark 3.6.15 is obvious. The latter given by Lemma 3.6.8 is
natural in view of Remark 3.6.16 and essentially due to Mizumura [1.91].

206



Remark 3.6.15 Suppose S is a nonempty set and (P, +,0, <) is a nontrivial
quantitative set. Then there exists at least one P-measure on S. For example,
pick a € P —{0} and define |f)] = 0 and |X| = a for all X € PS —{0#}. Then the
mapping X — [X]| is a P-measure on S bounded by a.

Lemma 3.6.8 Let S be a nonempty set and (P, +,0, <) be a quantitative set.
Assume that each set X € S is assigned a subset Px of P which satisfies the
following conditions.

(1) 0 € Py, while 0 ¢ Px for each nonempty set X € S.
(2) If sets X,Y € BS satisfy X C Y, then Py C Px.
(3) Each element (X,Y) € (BS)? satisfies {a +b: a € Px,b € Py} C Pxuy.

Suppose m € P —{0} and there exists min(Px U{m}) for each set X € BS. Then
the mapping X — min(Px U{m}) is a P-measure on S bounded by m.

Proof Define |X| = min(Px U{m}) for each X € BS. Then since 0 € Py C
Pg U{m} by (1), we have |@] = 0. If [X| = 0, then since 0 ¢ {m}, we have 0 € Px,
and so X =0 by (1). Therefore the mapping X — [X] is positive definite.

If sets X,Y € BS satisfy X C Y, then Py U{m} C Px U{m} by (2), hence
[X| = min(PxU{m}) < min(PyU{m}) = [Y|. Therefore the mapping is increasing.

Let X,Y € PBS. Define a = |X| and b = [Y|. If a € Px and b € Py, then
a+b € Pxyy C Pxuy U{m} by (3), hence [XUY| < a+b. Otherwise, a = m or
b =m, hence [XUY| <m < a+b. Therefore the mapping is subadditive.

Thus the mapping is a P-measure on S. It is bounded by m by definition.

Remark 3.6.16 Let S be a nonempty set, (P,+,0,<) be a quantitative set
and X — [X| be a P-measure on S. Associate each set X € BS with the subset
Px ={a € P:|X| < a} of P. Then every bound of the P-measure is contained in
Px, [X| = min Px and the conditions (1)—(3) of Lemma 3.6.8 is satisfied.

Remark 3.6.17 Let S be a nonempty set, (P, +,0, <) be a quantitative set and
X — |X| be a P-measure on S bounded by an element m € P. Then the m-cut
((&=ml, +m, 0, <) of (P,+,0,<) is a quantitative set and the mapping X — |X]
is a (¢m]-measure on S (bounded by m). It is subadditive with respect to the
addition +, because [XUY| < min{|X|+|Y],m} = |X|4+ Y| for all (X,Y) € (BS)?
by its subadditivity with respect to the addition +.
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Chapter 4

Impartible Case Logic

The purpose of the remaining chapters 46 is to construct a theory of CL. It
has been outlined in Chapter 1 in light of the principle, aim and method of MN.
It is organized in line with the theory of GL presented in Chapters 2 and 3.
Chapters 4 and 5 are of introductory nature, focusing on the simplest and the
next simplest CL. Chapter 6 is devoted to a thorough study of general CL.
The following is an alphabetical list of letters used for specific mathematical

concepts throughout Chapters 4-6 (s. §0.4):

a=Eavii=] Z§>7§ xu:m-ﬁjmmmmo«;gﬁﬂn>

the C language, i.e. the formal language of CL.

the set of the constants of A.

the set of the tokens of CL.

the set of the triples of W € 20, 6 € Ayw and v € Y.
the set of the given denotations of C into W.

an element of Ayy.

the set of the entities of W.

the type of the derived entities of W.

the type of the basic entities of W.

the formal product of length 0 on various sets.

the nomina of various elements.

the set of the events of W.

the set of the nominals of A.

the set of the declaratives of A.

the index set of the operations qk (g € Q, k € K) of CL.
the set of the case markers or cases of CL.

the modality of CL.

the set of the indices of the algebraic structures of A and T.
the set of the invariable indices in A.

the set of the nomina of CL.

the token for the operations ok (k € K) of CL.

the set of the primes of A.

the quantitative set of CL.
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the set of the positive quantifiers of CL.
the nominative or principal case in K.
the set of the quantifiers of CL.

the basis of W.

the sorting of A.

the type of A.

the binary lattice {0, 1}.

the set of all valuations of X into W.
an element of Yy .

a C world, i.e. a given DW of CL.
the set of the C worlds.

the set of the functionals in T'.

the set of the variables of A.

xeggc§@aqmoua

Some of these will be parameterized by the set N of nomina*! in Chapters 5-6.
Some of them will also be hidden in Chapter 4 or Chapter 5; particularly in this
chapter, the set N and related concepts are hidden because #N = 1.

4.1 Instructive construction of ICL

Following §3.2, here we construct the logic system ICL. A logic system in GL
as defined in §3.2.5 is a pair of a formal language and its semantics. Their
counterparts in ICL are called the IC language and IC semantics.

In contrast to §3.2, however, our slogan here is DWs first, that is, we con-
struct certain DWs of ICL first and then adapt other components of ICL to the
DWs. This is because CL of some partibility together with a deduction system
on it is intended to provide a mathematical model of the nootrinity (IU, W, R)
and its DWs provide a model of W. The slogan agrees with the belief that the
IU has adapted to W (and to the SW) in organic evolution. Thus this section
is instructive and slightly informal, leaving aside formalities for Chapter 6.

4.1.1 The IC worlds as the geneses

Following Remark 3.2.1, here we construct certain DWs for the IC language
(A, T,0,P,C,X,T) and call them the IC worlds, that is, an IC world is an
algebra (W, (wa)aem) equipped with a partition W = ] [, .+ W; which satisfies
the P-denotability and (3.2.3) for the algebraic structure (Ta)aem of Tp, where
M is the set of the invariable indices (3.2.1) of the algebraic structure of T.

As for the set W, we pick nonempty sets S and K and define

W = STI (S=T) I [ [ eq ((Q—=8)—=T)
by the binary lattice T = {0, 1} and the power set BK of K, where we assume

(0—=S)—=T =T

41The word nomina is the plural form of the noun nomen (s. §1.3.1).
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by the {f#} convention (s. [3.24]) because §—S = {0} (s. [3.2]). We call S the
basis of W and refer to the elements of T and K as the truth values and cases
(or case markers) respectively.

As for the type T and the partition W = [ [, .+ W¢, we define

T ={e, e} LI PK,
picking the symbols € and ¢, and then define
W, =S, W, = S-T, Wqo = (Q—=S)=T (Q € BK).

Then
Wy =T (4.1.1)

by the above assumption and so
W, = W.—-W,;. (4.1.2)

Since S # (), we have Wy # () for all t € T, and so the P-denotability is satisfied.
Furthermore, we define

E=W W, F=Tlgepx Wa,
so that
W=EIIF T=WyCF.

We refer to the elements of E, W, and W, as the entities, basic entities and
derived entities respectively, because W is the basis S of W and W, = S—T
may be identified with BS which is derived from S. Each element of Q—S
(Q € PK) may be identified with a family of elements of S indexed by Q, and
so if #Q =1 < 00, Wo = (Q—S)—T may be identified with the set S™—T of
the T-valued n-ary functions on S. Therefore, we refer to the elements of F as
the events and furthermore, if f € Wqg (Q € PK), we call f a Q-event, call
Q the arity*? of f and denote it by K. Therefore, the truth values are the
(-events, i.e. the events of arity (.

The algebraic structure (wx)aem of W is divided into the families defined
in (W1)-(W8) below, which also clarify the set M.

For (W1)—-(W7), we pick the tokens M, U, O, A, A, V, =, ¢ and o, and
also pick an arbitrary set @ of other tokens. We refer to the elements of @ as
the functionals and refer to o as the case operationalizer because it only
associates each case k with an operation ok in (W7), (T7) and (A7) below.

For (W1), we equip @ with a family (ng)epeo of positive integers and call
ng (¢ € @) the arity of the functional ¢.

For (W2)—-(W4) and (W8), we pick a relation £ on the basis S, which of
course exists, and call it the basic relation. Then we extend it to a relation
between S and E = S1I (S—T) by the following for each (s,a) € S x (S—T):

SEaQa & as=1. (4.1.3)

42The arity was called the frame in certain earlier manuscripts (s. Remark 1.4.1).
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Remark 4.1.1 In Chapter 6 on general CL, we assume that the basic relation £
satisfies some deductive law as defined in Remark 2.5.6. However, we disregard
it in this introductory chapter; in particular, we do not assume here that E is
reflexive contrary to certain earlier manuscripts (s. Remark 1.4.1).

For (W4), we pick an element 7t of K and call it the nominative case.
For each (s, k) € S x K in (W7) and (W8), we define (k/s) € {k}—S by

(k/s)k =s.

For each quadruple (s,k, Q,0) also in (W7) and (W8) satisfying s € S, k €
Q € BK and 6 € (Q —{k})—=S, we define (k/s)6 € Q—S by ((k/s)0)lq_{x) =0
and ((k/s)0)lqy = (k/s), that is,

ol ifle Q—{k}

4.1.4
s ifl=k. ( )

((k/s)0)l = {
If Q ={k}, then Q —{k} =0, 6 =0 (s. [3.2]) and (k/s)0 = (k/s).
For (W8), we pick a nontrivial quantitative set P and a subset 3 of the
power set PP of P. Then we define

Q =PI—P

by a copy

“B={p:pecP
of P by the symbol — (s. §1.5.2), where if P = () then =B = Q = 0 by defini-
tion. We refer to the elements of 9,1 and — as the quantifiers, positive
quantifiers and negative quantifiers respectively. We also pick a P-measure
Y — |Y] on S, which exists by Remark 3.6.15, and abbreviate the expression

{a specification of the members of Y}|

to the expression |a specification of the members of Y| without braces.

Remark 4.1.2 In Chapter 6 on general CL, we also deal with proportional
quantifiers in case IP is unital, but I disregard them in this introductory chapter.

The operation symbols wy (A € M) in (W1)—-(W8) are abbreviated to A;
for example, the operation symbols wgq (¢ € @) in (W1) are abbreviated to
¢. Except for the postpositive operation symbols of various arities in (W1) and
(W4), the binary ones in (W2), (W5), (W7) and (W8) are interpositions and
the unary ones in (W3) and (W6) are superscript.

W1) An arbitrary family of ng-ary operations ¢ € ® such that Dm ¢ = W™
¢
and (ar,...,an,)p € W for all (ay,...,an,) € W™,
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(W2)

(W4)

The binary operations M and LI such that

DmM=DmuU=E*=]] (W x W)

ty,u)efe,e}?

and if (a,b) € E2, then its images aMb and a Ub are the elements of
W, = S—T defined by the following for each s € S:

SEalb & sEaand sE Db,

sEalb &< sEaorsEb.

Because of (4.1.3), this certainly defines arfb and aUb as elements of S—T
and if (a,b) € (S—T)?, then (aMb)s = as/A\bs and (aLUb)s = as\Vbs
for each s € S, where /A and V are the meet and join on the binary lattice
T, that is, uAv = inf{u, v} and u\V v = sup{u, v} for each (u,v) € T2.

The unary operation 0O such that
DmO=E=W.IIW,

and if a € E, then its image a is the element of W, = S—T defined by
the following for each s € S:

sEd” & s¥a.

Because of (4.1.3), this certainly defines a® as an element of S—T and if
a € S—T, then as = (as)® for each s € S, where ¢ is the complement
on the binary lattice T, that is, v =1 —v for each v € T (s. [1.79]).

The unary operation A such that
DmA =E=W:IIW,

and if a € E, then its image aA is the element of W,y = ({m}—=S)—T
defined by the following for each 0 € {mt}—S:

(aN)P =1 & OnE a.
Thus if a € S—T, then (aA)0 = a(6m) for each 0 € {mt}—S by (4.1.3).
The three binary operations /\, V and = such that
DmA=DmV =Dm= = H(Q,R)e(‘DK)Z (((Q—=S)—>T) x ((R—=S)—T))
= Lq,rempr2Wo x Wk) =F2

and if (Q,R) € (PK)? and (f,g) € ((Q—S)—T) x ((R—S)—T), then its
images f A\ g, fV g and f = g are the elements of Wqour = ((QUR)—S)—=T
defined by the following for each 6 € (Q UR)—S:

(f/Ag)8 =1(Blg) A g(Blr),
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(fVg)o =f(6lg)V g(Olr),
(f=9)0 =f(0lg) = g(Olr).

Here /\, V and = on the right-hand sides are the meet, join and cojoin
on the binary lattice T, and so u=v = u® Vv for each (u,v) € T? and
for the complement ¢ on T (s. §1.5.2).

(W6) The unary operation ¢ such that
Dm O = [[qepx ((Q—8)=T) = [Toeqpx Wo =F

and if Q € PK and f € (Q—S)—T, then its image f° is the element of
Wq = (Q—S)—=T defined by the following for each 6 € Q—S:

()0 = (f0)°.
Here ¢ on the right-hand side is the complement on the binary lattice T.
(WT7) The family of binary operations ok (k € K) such that
Dmok =S x ]_[kEQEmK((QHS)—V]I‘) = erQequ(We x Wq)

and if s € S, k € Q € PBK and f € (Q—S)—T, then the image sokf
of (s,f) is the element of Wq_gy = ((Q — {k})—=S)—=T defined by the
following for each 6 € (Q — {k})—S:

(sok )0 = f((k/s)0).
Here if Q = {k}, then sokf = f(k/s) € T by the {(} convention (s. [3.24]).
(W8) The family of binary operations gk ((q,k) € Q x K) such that
Dmgk = E X UkeQe&BK((Q_)S)_)T) = Hte{e,e},keQeer(Wt x Wq)

and if a € E, k € Q € PBK and f € (Q—S)—T, then the image agkf
of (a,f) is the element of Wq_gq = ((Q —{k})—=S)—=T defined by the
following for each 0 € (Q — {k})—S, where v =1 or v = 0 according as

g=pePorqg=—pe—P:
(agkf)0 =1 < |seS:sE a,f((k/s)0) =v| € p.

This definition makes sense because q € Q = P II =B. Notice that
f((k/s)0) = (sokf)0 and if Q = {k} then (aqkf)® = agkf € T and
f((k/s)0) = f(k/s) = sokf € T by (W7) and the {(}} convention.

This completes the definition of (wx)rem. Thus
M = @ T1{r, U, 0, A, AV, =, O} I ok - k € K} {gk : (g, k) € 9 x K},
and the partition W = ] [ .+ W, satisfies (3.2.3) for each A € M provided that

we define the algebraic structure (Tx)aem of Tm as the union of the following
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families (T1)—(T8). As with wy (A € M) in (W1)—(WS8), the operation symbols

Ta (A € M) here are abbreviated to A and, except for the postpositive operation

symbols of various arities in (T1) and (T4), the binary ones in (T2), (T5), (T7)

and (T8) are interpositions and the unary ones in (T3) and (T6) are superscript.

(T1) The family of ng-ary operations ¢ € @ defined by Dm¢p = {e}™* and
g ¢

(e,...,€)d = € for the unique element (%,...,€) of {e}™*.

(T2) The binary operations M and LI defined by DmM = Dm LI = {e,¢}* and
tMu=tUu=e for each (t,u) € {e, ¢}

(T3) The unary operation O defined by Dm0 = {e, ¢} and e” = ¢= =ce.
(T4) The unary operation A defined by Dm A = {e, ¢} and eA = eA = {7}

(T5) The binary operations /\, V and = defined by Dm/A =DmV =Dm = =
(PK)? and QAR=QVR =Q =R = QUR for each (Q,R) € (PK)2.

(T6) The unary operation ¢ defined by Dm ¢ = PK and Q® = Q for each
Q € PK.

(T7) The family of binary operations ok (k € K) defined by Dmok = {e} x
{Q ePK:k € Q}and e ok Q = Q —{k} for each Q € PK satisfying k € Q.

(T8) The family of binary operations gk ((q,k) € Q x K) defined by Dm gk =

{e,e} x{QePK:k e Q}and eqgkQ =eqk Q = Q — {k} for each Q € PK
satisfying k € Q.

This completes the construction of the IC worlds.

4.1.2 The IC language adapted to the IC worlds

Following §3.2.1, here we construct the IC language (A, T, o, P, C, X, T") by defin-
ing its syntax (T, olp, P, C, X, ") called the IC syntax. It is adapted to the IC
worlds constructed in §4.1.1 (and to the SW). In particular T = {e, e} IT BK,
whose algebraic structure is an extensioin of that of Ty in (T1)—(T8).

As for the sets P, C and X of its primes, constants and variables, we assume

P=CIIX, X 0,

that is, we only assume the conditions stated in §3.2.1.
As for the basic sorting olp, we assume that the subset X of X defined by

Xe = olx (e}

is nonempty, strengthening the assumption X # (). This is a condition on olp
because X C P and o|x = (olp)|x.

As for the type T, we define the algebraic structure (ta)aea of T as the union
of the family (Ta)aem in (T1)—(T8) and a family (Tyx)xex. in the following
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(T9), where the operation symbols Tyx (x € X¢) are abbreviated to Vx as with
Ta (A € M) and are postpositive. We call Vx (x € X) the nominalizers, while
we give no name to V. Notice that {#)} C BK C T as to their domain.

(T9) The family of unary operations Vx (x € X¢) defined by Dm vx = {(} and
Pvx =e.

Therefore, the algebraic structure of T is indexed by the set
A=MIO{vx:x e X}
= O II{MuU,0, AN V,= O} I{ok:k e K}I{gk: (q,k) € Q x K}
I{vx:x € Xe},
and defining
M=o I1{nua i, N V,= 30,0, VIITQITK,

we have
AC(TIIX)™.

This completes the construction of the IC language (A, T, o, P, C, X, ") by means
of the definition of the IC syntax (T, olp, P, C, X, ") which is adapted to the IC
worlds constructed in §4.1.1.

Still, some definitions and remarks are in order.

First, M is equal to the set A NT* of the invariable indices of the algebraic
structure (Ta)aea of T and so the IC worlds are DWs for the IC language.

Secondly, since (A, T, o) is a sorted algebra, A is divided into its t-parts
A¢ =0 't} (t € T), and since T = {e, ¢} I PK, we have the partition

A=AITA, H]_[Q€q3K AQ.
We define
G=A1IA,, H:HQ@BKAQ’
so that
A=GIH, Agp C H.

We refer to the elements of G, A and A, as the nominals, e-nominals and
e-nominals respectively. We also refer to the elements of H and Ay as the
declaratives and sentences respectively. Furthermore, if f € Ag (Q € PK),
we call f a Q-declarative, call Q the arity*? of f and denote it by K. There-
fore, the sentences are the ()-declaratives, i.e. the declaratives of arity ().

Thirdly, also since (A, T, 0) is a sorted algebra, Remark 3.1.5 and (T1)—(T9)
show that the algebraic structure (o )aea of A satisfies the following (A1)—(A9);
in particular, the definitions in (T9) are designed to imply (A9). As with T,
(A € A) in (T1)—(T9), the operation symbols & (A € A) here are abbreviated to
A and, except for the postpositive operation symbols of various arities in (A1),
(A4) and (A9), the binary ones in (A2), (A5), (A7) and (A8) are interpositions
and the unary ones in (A3) and (A6) are superscript.

4-3The arity was called the range in certain earlier manuscripts (s. Remark 1.4.1).
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(A1)

(A2)

(A8)

(A9)

Dm¢$ =A™ for each ¢ € @

and (ar,...,an, )¢ € A for all (ar,...,an,) € Ac™.
DmmM =DmU = ]_[(
all (a,b) € G2.

(A x Ay) =G? and anb,allb € A, for

t,u)ef{e,e}?

DmO=A.IIA, =G and a” € A, for all a € G.
DmA=A.I0A, =G and aA € Ay, for all a € G.

DmA=DmV =Dm= = ]—[(Q,R)G(QK)Z (AQ X AR) = H2 and if (Q,R) S
(PK)? and (f,g) € AQ X Ag, then fAg,fVg,f=>g € Agur, that is,
fAg,fVg,f=g € Axruks for each (f,g) € H2.

Dm¢ = [[gepxAqQ = H and if Q € PK and f € Aq, then O € Aq,
that is, f® € Agr for each f € H. We refer to the operation ¢ on A and
its values ¢ at f € H as the negation(s) (s. [1.96]).

Dmok = [Ticqemk(Ae X AQ) = Ac X [Lcqemk Aq = Ae x {f € H:
kEKf}foreacthKandifGGAe,kEQE‘BKandeAQ,then
aokf € Ag_qi), that is, aok f € Axr_, for each a € A and each f € H
such that k € KT,

Dmgk = Hte{e,e},kEQe‘BK(At XxAQ)=Gx erQe*XsK Ag =Gx{feH:
k € K} for each (q,k) € Q xKandifa € G, ke Q € PK and f € Aq,
then agkf € Ag_x), that is, agkf € Agr_ for each a € G and each
f € H such that k € K.

Dm vx = Ay for all x € X and fVx € A, for all f € Ay.

Lastly, the following hold as consequences of (A1)—(A9).

(B1)

(B4)

Let q1,...,qn € {0} UQ, a7,...,an € G, f € H, and let kq,...,ky be
distinct cases in Kf. Assume that a; € A for all i € {1,...,n} such that
qi = 0. Then a7 qiky (- (an qnknf)-) € Ak, kn)

The set A is nonempty and closed by the operations in @, whose restric-
tions to A are total. Moreover, A is the closure [P¢]g of the e-part P,
of P in the ®-reduct Ag of A. Thus A, — P is nonempty iff ® # @), and
each its element has a ramification (ar,..., an, )¢ for a functional ¢ € @
and an element (ag,...,an,) € A",

The sets G and A, are closed by the operations M, LI and O, whose restric-
tions to G and A, are total.

The set A, — P is nonempty, and each its element has a ramification allb,
alb, a” or fvx for elements a,b,f,x € A which satisfy the conditions
shown in (A2), (A3) and (A9).
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B5) The sets H and A € PK) are closed by the operations /\,V, { and
Q
=, whose restrictions to H and Ag are total.

(B6) The set H— P is nonempty, and each its element has a ramification a/\,
fAg, fVg, f=g, f° aokf or agkf for tokens k,q € T and elements
a,f,g € A which satisfy the conditions shown in (A4)—(AS).

(B7) The set Ag—P is nonempty, and each its element has a ramification f A g,
f\V g, f=g, f°, aokfor agkf for tokens k,q € ' and elements a,f, g € A
which satisfy the conditions shown in (A5)—(A8) including the conditions
necessary for the ramifications to belong to Ay.

As for the main part of (B2), A is closed by the operations in ® by (Al),
and so A D [P.Jo. We can conversely show that every element a € A,
belongs to [Pele by induction on r =rk a. Since PN A = P, we may assume
T > 1. Then since a € A¢, (Al)-(A9) show that a = (as,...,an, )¢ for some
¢ € @ and some ay,...,an, € A such that tka—1 = Z;l:"] rk a;. Since
aty...,0an, € [Pclo by the induction hypothesis, we have a € [Pc]o as desired.
We can derive A, — P # () in (B4) and Ay — P # () in (B7) as well as A #
in (B2) from our assumption X # 0. Indeed, if x € X, then xomtxA € Ag—P
and (x omxA)Vx € A, — P by (A4), (A7) and (A9).

4.1.3 The IC semantics and its aim at the nominalizers

As the final step of the instructive construction of ICL, here we define the
1C semantics (20, (Iw)wea, (Aw )wesny) for the IC language (A, T, o, P, C, X, T)
constructed in §4.1.2. Then its component (Iw)weoy will be illustrated by
means of the metaworld W# defined in §3.3.1 for W € 20, the denotation @ €
A—W defined in §3.3.2 for (8,v) € Aw x Yy and functional expressions a® of
elements a of A on W defined in §3.3.6 for & € Aw.

As was noted above, M is equal to the set ANT™* of the invariable indices of
the algebraic structure (ta)aca of T and so the IC worlds constructed in §4.1.1
are DWs for the IC language. Thus we define 20 to be the collection of all
the IC worlds and then define Ay, (W € 20) to be the set of all denotations
of C into W. The set A — M of the variable indices of (Ty)aea is equal to
{Vx :x € Xc}. We define its interpretation Iy = (Vxw)xex. on each W € 20
following §3.2.4. Let x € Xc. Then Vx € A, and ox = € by definition, and
Dmtyy = {0} and Tyx @ = ¢ by (T9). Therefore, (3.2.5), (3.2.6) and (4.1.2)
show that the significance Vxy of Vx on W can be an arbitrary element of
(We—oWy)—(We—Wp). Thus we define Vxyy to be the identity transformation
on We—Wj.

This completes the definition of the IC semantics and thereby completes the
construction of ICL (A, T, o, P, C, X, I; 20, (Iw )wean, (Aw)weaw)-

Now then, why do we so define Iy = (Vxw)xex. for each W € 257 Let Byx
(x € X¢) be the operation on the metaworld W# defined in §3.3.1. Then (3.3.9),
(T9), (4.1.2), and (3.3.8) show that

Dm BVX = YWHW@) Im BVX - Yw—)(W€—>W@)
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and the following holds for each @ € Yyw—Wj and each v € Yy :

(Box@)v = Vxw(e(v(x/0))).
Here (3.3.1), (3.3.3) and (3.3.4) show that @(v(x/0)) € We—W, and

(eux/O)))w = @(v(x/w))

for each w € W,. Therefore, the definition of Iy is designed to imply that

(Bvx@)v)w = @(v(x/W))

for each (@,v,w) € (YWw—Wy) x Yw x W,. Thus, abbreviating 3y« to Vx and
assuming it to be postpositive as with the abbreviation Vx of Tyx, we have the
following for each (@,v,w) € (Yw—Wy) x Tw x We:

(@ VxJv)w = @(v(x/W)).

Now, let f € Ay, x € X¢ and & € Ayw. Then f € DmVx by (A9) and
S4(fvx) = (8%F)vx and 8'f € Yyw—Wj because &% is a homotypic homomor-
phism of A into W#. Therefore,

(8% (f vx))o)w = (8%F) (L(x/w))

for each (v, W) € Yw x W,, that is, the denotations @3 and (pf,( ) of A satisfy

x/w
((pf)(f vx))w = (pf,(x/w)f. (4.1.5)
Identifying W, —W} with PBW, by virtue of (4.1.1), we have

(pf’)(fo):{weWe:(pg[ =1}

x/wW

as was illustrated by (1.2.3) (s. §3.3.2).

Now, let f € Ap, x € X¢ and & € Ay again. Then f € DmVx and
fvx € A, by (A9). Let (y1,...,yn) be a basis of f Vx, so that we may assume
X €{y1,...,Yyn} by Lemma 3.1.12. Then Theorem 3.3.4 and (4.1.2) show that
(Y1y..+,Yn,x) is a basis of f and the functional expressions (f Vx)®(y1,...,Yn)
and f®(y1,...,Yn,x) of fVx and f under & satisfy

(fvx)é(yh---»yn) € (W6y1 X X chn)g)(weg)wa)),
fé(yh'--vyn)x) € (Wcry1 X X WO’yn X We)—>W@

and the following for each (w1,...,Wn) € Woy, X -+ x Wy
(fVX)B(W],...,Wn) = VXW(fé(Wl»'--aWn)D))-
Here f®(w1,...,wn,0) € We—W, and

(f‘s(wh...,wn,D))w = fé(wh...,wn,w)
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for each w € W,. Therefore, the definition of Iy is also designed to imply
(FVX)° Wiy ey W))W = £ (Wi, ey Wi, W)

for each (W1, ..., Wn, W) € Woy, X+ - x Wey, X We, that is, (f vX)®(y1,...,Yn)
is a linearization of f*(y7,...,Yn,x) (s. Remark 1.3.2). Identifying W.—W;
with PWe by virtue of (4.1.1), we have

(V)2 (Wryenoywn) ={w e We : (W, ..., wn,w) =1}

for each (Wi,...,Wn) € Wy, X -+ X Wey .

4.2 Valuable sequential IC tautologies

Let (A, T, 0, P, C, X, 20, (Iw ) wea, (Aw)wean) be the logic system ICL defined
in §4.1. This section collects its tautologies which have proved to be valuable
for the study of deduction systems on it, its phraseology as in §4.3 and the
embedding of FPL in it.

4.2.1 The IC logic space on the declaratives

ICL has a truth type @, because § € PK C T, Ay # 0 by (B7) and Wy is the
binary lattice T for all W € 20 by (4.1.1). Therefore, ICL yields the T-valued
(-functional logic space (Ag, F) as was shown in §3.3.3, that is,

T ={0%: (W5,v) € D}

for the set D of the triples (W, 5,v) of W € 20, 6 € Ay and v € Yy and the
restriction (pf)’@ = (pf’)|Aw of the denotation @2. We call it the sentential IC
logic space because Ay is the set of the sentences of A.

More worth studying, however, is another larger logic space on the set H =
UQE%K Aq of the declaratives of A. For each (W, 8,v) € D, @3 is a homotypism
of A into W. Therefore if f € H, then since f € Agr, @3f belongs to Wy =
(Kf—=S)—T and so if 8 € K—S, then (@5f)(0]xs) € T. Thus the quadruple
(W, 8,0, 0) yields the mapping

o (@3 f)(Blkr)

of H into T. Let § denote the set of the mappings so obtained from such
quadruples. Then (H, §) is a T-valued functional logic space, which we call the
IC logic space. It is an extension of (Ay,F) in the sense that Ay C H and
F ={@la, : ¢ € G}, because if f € Ay then Kf = and so (@3f)(0lxr) = @5f =
(piymf by the {(}} convention (s. [3.24]). We denote the validity relation of (H, §)
and its symmetric core (s. Remark 2.2.10) by < and =< respectively.

We use the conventions introduced in §2.2 for the free monoid H* over H
(s. Remark 3.1.14). First by the alphabet convention, the letters o, 3, v and ¢
denote elements of H*, while the letters f, g and h denote those of H, both with
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or without numerical subscripts. In particular, ¢ denotes the identity element of
H*. If « =f;---f,, € H*, then by the word convention, the subset {f1,...,f}
of H is also denoted o, where if n =0, then & = ¢ and {fy,...,fn} = 0. In this
notation, we have the following:

x=xp < infox <supefp for all ¢ € G,
fxg & fxgandfi=g & ef=9pgforall ¢ €.

A sequent & — 3 on H is a (sequential) IC tautology iff « < 3. An element
f € H is an IC tautology iff ¢ < f. Lastly by the dot convention, the multi-
plication of H* is sometimes denoted by a dot. We use the conventions also for
the set F of the events of each W € 20 (s. Lemma 4.2.5).

4.2.2 Boolean features and causal relation for events

IC tautologies emerge from the analysis in §4.2.2-4.2.4 of an arbitrary IC world
W =SI1I(S—T) I HQG;BK((Q—)S)—)T).

Here we focus on its Boolean features.
Remark 2.1.3 shows that the set W, = S—T of the derived entities of W is
a Boolean lattice with respect to the order C defined by

alCb & as<bsforallseS (4.2.1)

for each (a,b) € We2 and that the smallest element 0, and the largest element
1, of W, are characterized by the equations O,s = 0 and 1,s =1 for all s € S.
(W2), (W3) and Remark 2.1.3 show that the meet, join and complement of W,
are the restrictions of the operations M, Ll and O to it. They also show that the
projection a — as by each s € S (s. §1.5.2) is a homomorphism of W, into T
with respect to the operations on W, and the operations /\, V and ¢ on T.
(W2) and (W3) also show that we may regard the operations M, and O as
total operations on the set E = W, UW, = SU (S—T) of the entities of W.
Since T = {0, 1}, the order C on W, satisfies the following for each (a,b) € W,%:

alb & IfseSand as =1 then bs = 1.

Therefore, by virtue of (4.1.3) for (s,a) € S x (S—T), we may extend C to the
relation C on E defined by the following for each (a,b) € E2:

alb & IfseSandskE athenseb. (4.2.2)

Then it is a preorder. Let = be its symmetric core, that is,

a=b & Anelement s € S satisfies sE aiff sE b (4.2.3)

for each (a,b) € E2. Then = is an equivalence relation and its restriction to
W, is the equality =. Every element a € E satisfies 0, C a and a C 1., that is,
O,Ua=aand alnl, =a.
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Remark 4.2.1 For each element a € W, there exists precisely one element
b € W, such that a = b. Therefore, since #W, = 2#We_ there are plenty of
elements b € W, such that a # b for any a € W.. A notable example is the
element b € W, such that an element s € S satisfies bs =1 iff s £ s.

Let Q € BK. Then as with W, = S—=T, the set Wg = (Q—S)—=T of the
Q-events of W is a Boolean lattice with respect to the order < defined by

f<g & f0<g0forall 0 € QoS

for each (f,g) € WQZ. The smallest element Og and the largest element 1¢ of
W are characterized by the equations 0g0 =0 and 190 =1 for all 8 € Q—S.
(W5), (W6) and Remark 2.1.3 show that the meet, join, complement and cojoin
of Wq are the restrictions of the operations /\,V, ¢ and = to it (s. §1.5.2). They
also show that the projection f — f8 by each 8 € Q—S is a homomorphism of
Wq into T with respect to the operations A,V,$ and = on Wq and T. We
refer to it also as the B-projection (s. §1.5.2).

The Boolean feature of W/, is particularly connected with that of E by the
following consequence (proof left to you) of (W2)—(W6).

Theorem 4.2.1 The mapping a — aA of E into Wy, is a homomorphism
with respect to the operations M, U and O on E and the operations A, V and ¢
on W, that is, the following hold for all (a,b) € E2 and all a € E:

(aMb)A =aAAbA, (aUb)A=aAVbA, (a")A = (a’)®.

(W5) and (W6) also show that we may regard the operations /A, V,{ and
= as total operations on the set F = UQequ Wq of the events of W and that

f=g=1f%Vgfor all (f,g) € F>. Furthermore, we may extend the orders < on
Wq (Q € BK) all together to the relation < on F defined by

f<g & f(0lxr) < g(Blxs) for all © € (KT UK9I)—S

for each (f, g) € F2. Since the mapping 0 — 0q of K—S into Q—S is surjective
for each Q € PK, we have the following for each (f,g) € F2:

f<g & f(0lxr) < g(Blxs) for all B € K—S.
Therefore, < is a preorder. Let = denote its symmetric core, that is,
f=g < f(Blxr) = g(Blke) for all 6 € K—S (4.2.4)

for each (f,g) € F2. Then = is an equivalence relation and its restriction to Wo
(Q € PBK) is the equality =. Every element f € F satisfies 0q < f and f < 1qg
for all Q € BK. Therefore, 0q = Og and Tg = 1 for all (Q,R) € (PK)2.

For each element f € F, we let f* be the element of Wy defined by

%0 = £(0|+) (4.2.5)
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for each ® € K—S, and call the mapping f — f* the inflation. Then
f<g & ff<d, f=g & f =g,

for each (f,g) € F%, and (W5) and (W6) show that the inflation is a homomor-
phism of F into Wy with respect to the operations /\,V,{ and =. Therefore,
= is consistent with the operations, that is, if elements (f, g) and (f’, g’) of F?
satisfy f =f’ and g = g’ then fAg=f"Ag’, and likewise for V,{ and =.

Moreover, we may extended the preorder < on F to the relation < on F*
defined by the following for each (fj---f,g1---gn) € F* X F*:

f] fm < g1 gn — lnf{f%»)f?n}g SUP{Qﬁ,--wQEL}-
Theorem 4.2.2 Let (f;---fi, g1 - gn) € F* X F*. Then the following hold:

fio fm < g1+ -gn & inf{f}0,..., 5 0} < sup{g}o,...,g% 0}
for all 6 € K—S.

More generally, if [Ji~, K™t U U?:1 K9 C L C K, then fy---f, < g7---gn iff
inf{f1(Olkry )y -y Fm(BOlxrm )} < sup{g1(Blko1)y..., gn(Blken )} for all & € LS.
In particular, an event f € F satisfies ¢ < f iff f = Tyr.

Proof Since the projection by each 8 € K—S is a lattice homomorphism of Wy
into T, we have (inf{f%,... 5,00 = (ff AL A0 = (FI0) AL A(f50) =
inf{fqe, .. ,fﬁme} even if m = 0, and likewise for (sup{gq ey ggl})G, hence the
former statement. The latter follows from the former and (4.2.5), because the
mapping 0 — 0| of K—S into L—S is surjective.

Remark 4.2.2 (Existence, occurrence and causality) An entity a € E is
said to exist if s E a for some s € S. Therefore, all derived entities other
than O, exist, while a basic entity may or may not exist. An event f € F is
said to occur for 8 € Kf—S if f8 = 1. Furthermore, it is said to occur
if it occurs for some © € Kf—S. Then the entity a exists iff the event a/A
occurs (s. Remarks 4.2.3 and 4.2.4). Moreover, due to the latter statement of
Theorem 4.2.2, fy---fn < g71---gn means that if 6 € L—S and the event f;
occurs for Olyr, for all i € {1,...,m} then the event gj occurs for 6lys; for
some j € {1,...,n}. In particular, an event f satisfies ¢ < f iff f occurs for all
0 € Kf=S, that is, iff f = 1xr. Thus we refer to the relation < on F* as the
causal relation of F and refer to 1g (Q € PBK) as the inevitables of F.

Theorem 4.2.3 The causal relation < of F is a Boolean relation with respect
to the operations /\,V,{ and = on F. Moreover, the set F equipped with the
mappings f — 40 for all 8 € K—S is a binary logic space with respect to the
operations, and its validity relation and core are equal to the causal relation
and the set of the inevitables of F respectively.
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Proof As was noted above, the inflation f — f# of F into Wx is a homomor-
phism with respect to the operations, and so also is the 8-projection f — 0 of
Wy into T for each 8 € K—S. This fact and Theorem 4.2.2 show that the latter
statement holds. The former follows from the latter and Theorem 2.6.9.

When generalized in Chapter 6, the following corollary of Theorem 4.2.3
will give an answer to the question What is the causal algebraic structure of the
event sets of the nooworlds? raised in §1.2.4.

Corollary 4.2.3.1 The deduction system (g, 1) on F consisting of the associa-

f f=>g

tion p = and the set I of the inevitables of F is complete with respect

g
to the logic space in Theorem 4.2.3.

Proof This follows from Theorem 4.2.3 and Corollary 2.7.12.1.

The following theorem clarifies the relationship between the validity relation
< of the IC logic space (H,G) and the causal relations < of the IC worlds and
shows how IC tautologies are obtained from the results in §4.2.2-4.2.4.

Theorem 4.2.4 Anelement (fq---fm, g7 ---gn) of H* xH* satisfies f7 - - - f1;, <
g1---gn iff @5f1---@3fm < ©Sg7---@3gy, for all (W,5,v) € D. An element
(f, g) of H? satisfies f < g iff 3f = @3 g for all (W, 6,v) € D. An element (f, g)
of AQ2 (Q € BK) satisfies f < g iff @5f = @5 g for all (W,5,v) € D.

Proof This follows from the definition of (H,§) and Theorem 4.2.2.

Now, (A5) and (A6) show that we may regard the operations A, V, ¢ and
= on A as total operations on H, which concerns the following.

Theorem 4.2.5 The validity relation < of the IC logic space (H, §) is a Boolean
relation with respect to the operations /A, V,{ and = on H. Moreover, (H, 9)
is a binary logic space with respect to the operations. Consequently, when
restricted to H, the symmetric core < of < is an equivalence relation (for this
reason if f =< g, then we say that f and g are equivalent).

Proof Because of (4.2.5), G consists of the mappings f — (@f)#0 of H into
T for all (W,8,v) € D and all 8 € K—S. Since @, inflation # and 0-projection
are all homomorphisms with respect to the operations, so are the members of
G. Thus the second statement holds. The first follows from the second and
Theorem 2.6.9. The third follows from the first and Remark 2.2.10.

4.2.3 Operations ok for case markers k

Let kq,...,kn be distinct cases in Q € BK. Then, for each (sq,...,s5) € S™
and each f € Wq, s1 0k (- (sn 0kn f)--+) belongs to Wo_x,,... k. by (WT7).
We sometimes abbreviate it to (si oki)i—1,... nf or (sioki)if.
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Let k1,...,kn and (s7,...,5n) be asabove and let 8 € (Q—{kq,...,kn})—S.

Kiy. .oy k
Then, generalizing (4.1.4), we define an element (sh)sn) 0 of Q—S by
Ty--eyom
<(k1,...,kn)e>k: ok ?kaQ—‘{kh...,kn}, (4.2.6)
STy-v+ySn si ifk=k (i=1,...,n).

Kiy...,k
We sometimes abbreviate sh)sn> to (ki/si)i=1,...,.n or (ki/si)i.
Ty-++ySn
The proof of the following lemma is left to you.

Lemma 4.2.1 Assume Q C R € BK. Let kq,...,ky, be distinct cases in Q and
Knit1y...,km be distinct cases in R— Q (n < m). Then Q — {kqy,...,kn} C
R —{kq,...,km} and the following holds for each (s7,...,8m) € S™ and each
0 e (R—{ki,...,km})>S:

Kiy..oykm (K1, kn
pomm— R B P e‘Q*{kn..-,kn}'
S1y.eeySm Q S1yeeeySn
Theorem 4.2.6 Let kq,...,k, be distinct cases in Q € PK. Then
Kiy...hk
(s10ky (-+ (Snoknf)---))0 =F ((‘*)n) 9)
S1yeeeySn
for each (s1,...,5n) € S™, each f € Wq and each 0 € (Q —{kq,...,kn})—=S.
Proof By virtue of (W7), we may assume n > 1 and argue by induction on
n. Define R = Q —{kn} and g = s ok, f. Then g € Wg and 6 € (R —
Kiy.ooykno
{k1y...,kn_1})—S, and so 0’ = (M) 0 belongs to R—S and g0’ =

S1yeeeySn—1
Kiyee. s kn

f((kn/sn)0’). Obviously (kn/sn)0’ = <s :
TyeeeySn

) 0. Thus

(s10kqy (-~ (snoknf) )]0 = (s10ky (- (sn—10kn_19)---))0
Kiyoooykno kiy...,k
:g<( Ty ) n1)6):gQ’zf((kn/Sn)G’):f(< 1y ) n)e)’
S1yeeeySn—1 S1y.e+ySn
where the second equality holds by the induction hypothesis.
Corollary 4.2.6.1 Let kq,...,kq be distinct cases in Q € BK. Then
stoky (- (spokpf)--+) = $p1 0Kp1 ("'(Spnokpnf)"')
for each (s1,...,5n) € S™, each f € Wq and each permutation p on {1,...,n}.

Proof This follows from Theorem 4.2.6 because {1,...,n} = {pl,...,pn} and

Kiy.. ok Kotye. .y k
(‘“) 0= (‘”"“) 0 for all © € (Q — {k1,...,kn}—S.
S1y.e+ySn Sply--+ySpn
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Corollary 4.2.6.2 Let kq,...,k, be distinct cases in Q € PK. Then the
following holds for each f € Wq and each 6 € Q—S:

0 = ((0kq) ok (- ((Okn) okn F) -+ ))Blo—1ky,.... k0 )

Proof This follows from Theorem 4.2.6 because

kh »k
9 = —_— e .
<9k], L 0kn > |Q {kiy.cosknl

Remark 4.2.3 Corollary 4.2.6.2 concerns occurrence defined in Remark 4.2.2.
It shows that f € Wq occurs for 6 € Q—S iff (0kq) ok (--- ((0kn) ok f)---)
occurs for 0lq_(k,,...k,}- Therefore in the case Q = {ki,...,kn}, f occurs iff
s10Kkq (- (sn 0k f)---) =1 for some (s1,...,5n) € S™ (s. Remark 4.2.4).

Corollary 4.2.6.3 Let kj,...,ky be distinct cases in Q € BK. Then the
following holds for each (si,...,sn) € S™ and each f € Wq:

s10kq (- (Sn okn £) ) = (s70kq (+++ (Sn 0k ) -+ )0,
Proof This is because ((sioki)if®)0 = O((ki/si)i0) = (f((ki/s1)i0))¢ =

(((si0kq)if)0) = ((s1 0ki);)?0 for all @ € (Q — {k1,...,kn})—S by Theorem
4.2.6 and (W6).

We have defined a mapping f — f* of F into Wy called the inflation and a
relation = on F in §4.2.2, which concern the following.

Lemma 4.2.2 Let kq,...,k, be distinct cases in Q € BK and kp41y-.-ykm
be distinct cases in K—Q (n < m). Then kq,...,ky are distinct cases and the
following holds for each (s1,...,sm) € S™ and each f € Wq:

$10Kk7 (- (Sm 0k %) -+ ) = 57 0ky (- (s 0kp ) -+ - ).

Proof This follows from (4.2.4) because the following holds for all 6 € (K —
{k1,...,km})—>S by Theorem 4.2.6, (4.2.5) and Lemma 4.2.1:

k Km
(s70k1 (- (S ok f#)---))0 = f* ((h’) 6)
S1, ySm

k1a~ k]) k ) )
= f e n ) )
(((Sh > 51» ySn Qtkrseskn}

= (s70kq (- (Snﬂk ) ))Blo—ik,..

Lemma 4.2.3 Let kq,...,k, be distinct cases in Q € K. Then the following
hold for each (s1,...,sn) € S™ and each (f,g) € WQZ:

(sioki)i(fAg) = (syoki)ifA(sioki)ig,
(si0ki)i(fV g) = (sy0ki)ifV (si0ki)ig,
(si0ki)i(f=g) = (si0ki)if = (si 0ki)ig.
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Proof This is because the following holds for any one * of the operations /\,V
and = and all 6 € (Q —{k1,...,kn})—S by Theorem 4.2.6 and (W5):

((sioki)i(f*g))0 = (f* g)((ki/si)i0) = f((ki/s1)i0) * g((ki/s1)i0)
= ((s10k{)if)0 * ((s10ki)i9)0 = ((s 0ki)if * (si 0ki)1g)0.

Theorem 4.2.7 Let ki,...,k; be distinct case. Then the following hold for
each (s1,...,s1) € S' and each (f,g) € F? such that kq,...,k, € Kf —K9,
Knity--oskm € KPTNK9 and kpyi1y..., k1 €KI—KF (0<n<m<1):
(spoki)i=1,. 1 (fFAG) = (s oki)i=1,... . mTA(si 0Ki)i=n+1,...10,
(spoki)iz1,... 1 (fVg) = (spoki)i=1,...mTV (i 0ki)i=n+1,...,10,
(si0ki)iz1,...1(f=>9g) = (si0ki)i=1,... . mF=> (51 0Ki)i=nt1,...,10-
Proof Let x be any one of the operations /\,V and =. Then the inflation
is a homomorphism with respect to * and the relation = is consistent with .
Therefore, we have the following by Lemmas 4.2.2, 4.2.3 and Corollary 4.2.6.1:
(sioki)iz1,..1(f* g) = (sioki)iz1,.1(f* g)F = (si oki)izr, .1 (f* * gF)
= (sy 0ki)iz1,..1f* * (si oki)iz1,...19"
= (sy0ki)i=1,...,mf* (si0Ki)i=ny1,...10

Since = is an equivalence relation and its restriction to Wi ruke_(x,,... k3 18 the
equality, we have (s; oki)i—1,...1(f* g) = (sioki)i=1,...,mf * (i 0Ki)i=n+1,...,19-

We have defined an order < on Wq for each Q € ‘BK in §4.2.2, which
concerns the following.

Lemma 4.2.4 Let kq,...,ky be distinct cases in Q € BK and (f, g) € WQZ.
Then f < g iff syoky (- (snoknf)--+) < syoky (---(spokng)---) for all
(S1y-+.y8n) € S™

Proof Iff<gand (s1,...,55) € S™, then Theorem 4.2.6 shows that

(s10ki (- (spoknf)---))0="f <(k“’k“) 9)

S1yeeeySn

<g (("’k“) e) — (s10k1 (- (5n okn g) - -+))0

S1yeeeySn

for all 8 € (Q *{k],. . .,kn})—>S, hence (Si Oki)if < (Si_ Oki)ig. If (Si Uki)if <
(si0ki)ig for all (s1,...,sn) € S™, then Corollary 4.2.6.2 shows that

0 = ((Ok1) oky (- ((Okn) okn ) -+ ))BlQ—(ks ... k0 }
< ((Ok1) okq (- ((Okn) 0kn g) -+ ))OlQ—(ks,....kn} = 9O

for all 8 € Q—S, hence f < g.
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We have extended the orders < on Wq (Q € BK) all together to a relation
< on Fin §4.2.2, which concerns the following.

Theorem 4.2.8 Let ki,...,k; be distinct cases and let (f,g) € F? satisfy
Kiy.ooykn € KF—XK9, kny1y..ykm € KPN K9 and kipy1,...,k € K9 —KF
0<n<m <), Then f < giff (sioki)i—1,...,mf < (si0Ki)i—ns1,...,19 for all
(s1y...,81) € St

Proof The relation < is a preorder on F, and f < g iff f* < g*. Furthermore, it
extends the order < on Wyryko_(x,,...,k,} and its symmetric core is =. Thus we
may argue in the following way by Lemmas 4.2.4, 4.2.2 and Corollary 4.2.6.1:

aff < (s 0ki)izt

aff < (sioki)iz

f<g < (sioki)izr .1g* for all (sq,...,s1) € S
> (syoki)i1,

& (sio0ki)iz1,..,mf < (si0ki)izns1,...19 for all (s1,...,s1) € Sh.

) )

,__,lgn for all (sq,...,s1) € S

’

We have extended the relation < to the causal relation of F in §4.2.2, which
concerns the following.

Lemma 4.2.5 The following hold for the causal relation < of F.

(1) afgp <y = agff <v,
Y <afgp = v < agff.

@) afgp <y &= a-fAg-p<vy,
Yy<afgf «— vy<a-fVg-p.

<o & p<fu.

(4) a<P &= a<fAf’- B &= V. a<p.

Proof Since < is a Boolean relation with respect to the operations /\,V, {
and = on F by Theorem 4.2.3, (1), (2) and (3) follow from Definition 2.2.3,
Corollary 2.2.15.1 and Theorem 2.2.16 respectively. As for (4), if « < (3, then
o < fAFO. B and fVFO . o < B by the weakening law. If & < fAf® - B or
fV 0.« < B, then since fAf® < ¢ and ¢ < fVf® by the negation laws and
(2), we have o« < by the cut law.

Theorem 4.2.9 Assume that a case marker k € K belongs to the arities of
events f1,...,fm,g1,...,gn € F but does not belong to those of the events
which occur in o, 3 € F* (s. Example 3.1.8). Then fy---fa < g1---gnp iff
sokfy -+ sokfy, -ax<sokgy ---sokgn - forall s €S.
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Proof We may assume m # 0 or n # 0. Suppose o« = f{---f/, and f =
g7 -9y Let s € S and define h = somsA. Then h € Wy by (W4) and (W7),
and so k does not belong to the arities of h Ah® or h\V h®. Therefore, we may
assume m’ # 0 # n’ by virtue of Lemma 4.2.5. Define

fr=f1 A Afr, 9'=91V---Vgu,
f=(Ff1 A Af) AT, g=(g1V---Vgn)Vg,

where the orders of applying the operations /A and V within parentheses are
arbitrary. Then if m # 0 # n, we have

fr- fma<gr---gnPB & f<g & sokf<sokgforallse$§
by Lemma 4.2.5 and Theorem 4.2.8, and we have

sokf <sokg
& (sokfi A Asokf)Af < (sokg1 V.- Vsokgn)Vg’
& sokfy ---sokf, - <sokgy ---sokgn-P

for each s € S by Theorems 4.2.7 and Lemma 4.2.5. This completes the proof
in case m # 0 # n. If m = 0 # n, argue similarly by replacing s ok f with f. If
m # 0 = n, replace s ok g with g.

4.2.4 Operations gk for quantifiers q and case markers k

Henceforth we assume that the set 8 of the positive quantifiers is closed by
the meet p N q, the join p U q and the complement p° on PP (s. [1.79]), and
contains the intervals (p—) ={x eP:p<x}and («pl ={xeP:x <p}of P
for all p € P. Then we define quantifiers p € = and p € B by p = —(+p] and
P = (p—) for all p € P. Furthermore, we define V =0 and 3 = 0 for 0 = minP.

We have defined a preorder C on E and its symmetric core = by (4.2.2) and
(4.2.3) in §4.2.2, which concern (2)—(4) in the following theorem.

Theorem 4.2.10 The following hold on the operation A.

(1) Let a € S and b € E. Then aonrbA =1 iff a E b. Therefore if b € W, =
S—T, then aomtbA = ba.

(2) Let a,b € E. Then aVnbA =1 iff a C b. Therefore, aVmaA =1 for all
ackt.

(3) If a,b,a’,b’ € E satisfy amnMb = a’Mb’, then apntbA = a’prb’A for all
p € P. Therefore if a,b € E and p € P, then apnbA = (aMb)prl.A and
apnbA =bpmaA.

(4) Let a € E. Then a3n1.A =1 iff there exists an element s € S such that
s E a, that is, somaA = 1.
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Proof The main part of (1) holds because
aombA =1 & (bA)(t/a) =1 &< aED

by (W7) and (W4). The other part of (1) holds because of (4.1.3). The main
part of (2) holds because

avVibA =1 & [s€S:sE a,s0mbA =0/<0
& [seS:sEasEZb <0
& {s€S:sEaqsZb}=0
& IfseSandsEathense=b
< alb

by (W8), (1), the positive definiteness of the P-measure and (4.2.2). The main
part of (3) holds because of (4.2.3) and the following:

apnbA =1 & [s€S:sEa,sonmbA=1/€p (by (W4) and (WS8))
& [seS:sEaqsEDb Ep (by (1))
& |seS:sEalblep (by (W2)).
Since a1, = a and 3 =0 = (0—), we particularly have
adnl,A=1 ¢ |se€S:sEa >0 & {se€S:sEa}l#0
by the positive definiteness of the P-measure. This proves (4).

Remark 4.2.4 Theorem 4.2.10 and Remark 4.2.3 together correlate existence
and occurrence defined in Remark 4.2.2 (s. [1.22]). They show that an entity
a € E exists iff soma/A =1 for some s € S and iff the event a/AA occurs.

Theorem 4.2.11 Let a€ E, k€ Q € PK, f € W and p € B. Then
a—pkf=apkf, ap°kf = (apkf)®.

Consequently, (a—pkf)® = ap°kf® and (apkf)® = a—p°kf®. In particular,
(aVkf)® =aIkf® and (aIkf)® = aVkfO.

Proof The former part is because the following hold for all 6 € (Q —{k})—S:
(a—pkfl0=1 & [seS:sE a,f((k/s)0) =0l €p (by (W8))
— [seS:s=a,f((k/s)0)=1ep  (by (W6))
— (apkfO)o=1,
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(ap°kf)0=1 < |seS:sE a,f((k/s)0) =1] € p° (by (W8))
& (apkf)o=0 (by (
& (apkf)o0=1 (by (
As for the latter part, notice that f = (©)9.

Theorem 4.2.12 Let a€ E, k€ Q € BK, f € W and p,q € B. Then
a(png)kf=apkfAagkf, a(pUq)kf=apkfVaqgkf,
a—(pngkf=a—-pkfAa—gkf, a—(pUqgkf=a—-pkfVa—gkf.
Proof Let 0 € (Q —{k})—S. Then

(a(pnglkf)e =1

& |seS:sEa,f((k/s)0)=1epnq (by (W8))
seS:sE a,f((k/s)0) =1| €p,
seS:sE a,f((k/s)0) =1|€q

& (apkf)0 = (agkf)d =1

— (apkf)OA(agkf)d =1

< (apkfAagkf)o=1 (by (W5)).

Therefore, a (p N q)kf = apkfAagkf. The rest may be derived from this by

Theorem 4.2.11 or similarly proved.

Theorem 4.2.13 Let a,b € E, k€ Q € BK, f € W and p € P. Then
aVrbA - b («plkf < a («plkf, aVrtbA - apkf < bpkf.

Proof Assume aVtbA =1 and let 0 € (Q—{k})—S. Then a C b by Theorem
4.2.10, and so since the P-measure is increasing, we have

lse€S:sE a,f((k/s)0) =1 <|seS:sE b, f((k/s)0) =1].
Therefore, if (b («plkf)® = 1, then (a(«plkf)® = 1 by (WS8). Also, if
(apkf)0 = 1, then (bpkf)0 = 1. Thus aVnbA - b («plkf < a(+plkf and
avVnbA - apkf < bpkf by Theorem 4.2.2.
Theorem 4.2.14 Let a€ S, bec E, k€ Q € PK and f € Wqg. Then

aombA -bVkf < aokf, aombA - aokf < bdkf.

Proof Assume aotbA =1 and let 6 € (Q—{k})—S. Then a E b by Theorem
4.2.10. Therefore if (bVk )0 =1, then{s € S:s E b, (s ok )0 = 0} = () by (W8)
and the positive definiteness of the P-measure, and so (a ok )0 = 1. Likewise if
(b3kf)0 =0, then {s € S:sE b, (sokf)0 =1} =0, and so (aokf)0 = 0. Thus
aontbA -bVkf<aokfand aomtbA - aokf < bIkf by Theorem 4.2.2.
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Theorem 4.2.15 Let a,b € E, k€ Q € PK, f € Wq and p,q € P. Then
a(eplkf-b(—qlkf<(aUb) («(p+ q)lkf.
If P is linear, then (aUb)p + gkf < apkf-bgkf.
Proof Assume 0 € (Q —{k})—S and (a (+plkf)0 = (b (¢+—qlkf)0 = 1. Then
[s€S:sE a,f((k/s)0) =1 <p, [seS:sEDb,f((k/s)B) =1 <(q

by (W8) and so, by (W2) and the subadditivity of the P-measure, we have
seS:sEalb,f((k/s)0) =1]
=lseS:sEaorskEb,f((k/s)0) =1|
<lseS:sEq,f((k/s)0)=1+1]se€S:sE b,f((k/s)0) =1|
<p-+q,

hence ((aUb) («(p + q)Ikf)0 =1 by (W8). Thus Theorem 4.2.2 shows that
the former statement holds. The latter may be similarly proved or derived from
the former by Lemma 4.2.5 and Theorem 4.2.11.

Theorem 4.2.16 Let a € E, b € S, {k,1} € Q € PK, k #1, f € Wg and
qge{o}ufQ. Let a € S in case q = 0. Then agk(bolf) =bol(agkf).

Proof When q = o, this holds by Corollary 4.2.6.1. Let v be 1 or 0 according
asq=pePorqg=—pe—P. Let 0 € (Q —{k,1})=S. Then
(agk(bolf))d=1 & [s€S:sE a,(bolf)((k/s)8) =v|€p
& |seS:sE a,f((l/b)(k/s)0) =v| € p,
(bol(agkf))d =1 & (agkf)((1/b)6) =1
& [seS:sE a,f((k/s)(1/b)0) =v| €p

by (W7) and (W8) and (1/b)(k/s)0 = (k/s)(1/b)6. Therefore, (agk (bolf))0 =
(bol(agkf))d. Thus agk(bolf) =bol(agkf).

4.2.5 Variables and nominalizers

Here we consider IC tautologies which involve variables, especially nominalizers
Vx (x € Xe). Recall that if (W,8,v) € D then the denotation @5 € A—W
is a homotypic M-homomorphism. However, @3 is not a homomorphism with
respect to the nominalizer Vx but satisfies (4.1.5) for each (f,w) € Ay x We.
Recall that (x/w) in (4.1.5) is the transvaluation of x by w on Y.
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Theorem 4.2.17 Assume that a case marker k € K belongs to the arities
of declaratives f1,...,fm,g1,...,9n € H but does not belong to those of the
declaratives which occur in &, 3 € H*. Then the following holds for all a € A.:

fr- fma<gr---gnP

(gen. case @ law)
= aokfy---aokfy,-a<xaokgy---aockgn .

Assume furthermore that a variable x € X. does not occur free in the declara-
tives in {f1,...,fm,g1,-.-,gnt U xU 3. Then the following holds:

xokfy---xokfyn-oxxokgy---xokgn -

gen. case O law
= f1- fma<xg1---gnh. ( )

Proof Let o = f{---f/, and p = g]---g;,. Assume the premise of the
gen. case @ law and let (W, 6,v) € D. Then

OF1 - @ Fm - @0FT - @O < @0g1 - @0 gn - 00T - PLY1
by Theorem 4.2.4 and, since @2 is homotypic, k belongs to the arities of the

events @51, ..., 05fm, ©3g1,..., 93 gn but does not belong to those of the

events @5f) ..., @3f ., ©397,...,959},, and 3a € W. Therefore,

Poaok@ifi--@iaok@ffm - @yf] - @gfr,
<pdaokdgr-@laokeign - @597 - 9dgh
by Theorem 4.2.9, and so
@5 (aokfr) - @5 (aokfy) - @3f - @5fl,
< @d(aokgr)--- @S(aokgn) - @591 @597

by the M-homomorphy of ¢%. Thus Theorem 4.2.4 shows that the conclusion
of the gen. case @ law holds.

Assume the premise of the gen.case & law and let (W, d,v) € D. Further-
more, let s € W, and define v/ =v(x/s). Then (W,6,v’) € D and

@5/ (xokfr)--- @5 (xokfm)- @3- @5 f,
< @Y/(xokgr) - @Y (xokgn) - ©F,g7 - @3 gn
by Theorem 4.2.4, and so

@S xok @S fr-- @S xok @S fu - @3, F] - @3 f
< @S xok@S,gr- @2 xok@d.gn - 03,97 - 05.gh,

by the M-homomorphy of (pg,, and so

sok @y f1-- 50k @3 fm - @07 -+~ @Y f 1y
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<sok@jgr- - sok@Ygn - GRg] - @Lgn
by (3.3.18), (3.3.2) and Theorem 3.3.2. Therefore,
@oF1 - @Y - @0 @ S @0G1 @0 gn - PLgT - @Y

by Theorem 4.2.9. Thus Theorem 4.2.4 shows that the conclusion of the gen. case
© law holds.

Theorem 4.2.18 Let a € G, f € H, Kf ={k}, g € Q and x € X.. Assume that
x does not occur free in f. Then agkf =< agm((x ok f)Vx)A.

Proof Let (W,5,v) € D. Then since agkf and aqm ((x ok f)Vx)A belong to
Ay, their images by @5 belong to Wy = T, and
(pg(aqn((xokf)Vx)A) =1
= (pf,aqn(pf’)((xokf)Vx)A =1
= [seWe:sE @la,somed((xokf)vx)A =V € p

by the M-homomorphy of @2 and (W8).4#* Here v =1 or v = 0 according as
g=pePorq=—pec P, and

so%cpg((xokf)Vx)A

= (@3 ((x 0k f)Vx))s (by Theorem 4.2.10)

= (pf)(x/s)(x ok f) (by (4.1.5))

= (pﬁ(x/s)x ok (Pg(x/s]f (by the M-homomorphy of (pﬁ(x/s))
=sok@Sf

by (3.3.18), (3.3.2) and Theorem 3.3.2. Therefore,
(pﬁ(aqn((xokf)Vx)A) =1
= seWe:sE @la,sokedf=v cp
= epagkeyf=1 (by (W8))
— @%(agkf) =1

by the M-homomorphy of @3, hence @Z(aqkf) = @3 (aqm((xokf)vx)A).
Thus agkf < aqm((xokf)vx)A by Theorem 4.2.4.

Theorem 4.2.19 Let a € G, f,g € Ay and x € X.. Assume that x does not
occur free in f. Then f-aVr((f=g)Vx)A < aVr(g Vx)A.

44Since (pg is an M-homomorphism, @ (aA) = ((pf’,a)A for each a € G. Therefore, both
sides of = here may be denoted cpf, a/\, and likewise for the operation O as in Theorem 4.2.21.
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Proof Let (W,5,v) € D. Then since f, aVr((f=g)Vx)A and aVm (g Vx)A
belong to Ay, their images by @5 belong to Wy = T, and

@3 (avr((f=g)vx)A) = @S aVm @l ((f=g)vx)A,
@3 (aVrm(gvx)A) = @5 aVvmed(g vx)A
by the M-homomorphy of @3 (s. [4.4]), and so
cpf,(aVTt((f:> gvx)A) =1 & (pf,a C (pf’,((f:> g)vx),
@5 (avn(gvx)A) =1 & ¢Sa ¢5(gvx)

by Theorem 4.2.10. Therefore, assume @5f =1 and @Sa C 3 ((f= g)Vx) As-
sume furthermore that an element s € W, satisfies s £ @5 a. Then <p sof = 1
by Theorem 3.3.2, and

X

1= (@ ((f=g)Vx))s (
= (Pg(x/s)(f$ g) (
= (pg(x/s)fé (pf)(x/s]g (by the M-homomorphy of (pf)(x/s])
(by (4.1.5)),

by (4.2.2) and (4.1.3))
by (4.1.5))

hence (@5(gvx))s = 1, that is, s E @%(gVx). Therefore, pSa C @5(g vVx).
Thus f-aVr ((f=g)Vx)A g aVm (g Vx)A by Theorem 4.2.4.

Theorem 4.2.20 Let a € A, f € Ay and x € X¢. Assume that x is free from
ain f. Then aom (f vx)A =< f(x/a) for the substitution (x/a) of a for x.

Proof Let (W,8,v) € D. Then aom (f Vx)A and f(x/a) belong to Ay, and

(pfj(a ot (fVXx)A) = (pva o7t (pﬁ(f vx)A  (by the M-homomorphy of (pfj)
= ((pv(f VX))((pSa) (by Theorem 4.2.10)
= 03t (by (4.1.5))
= @y (f(x/a)) (by Theorem 3.3.3).

Thus a o7 (f Vx)A = f(x/a) by Theorem 4.2.4.

4.2.6 The generic one and the existence
We pick a variable xg € X and define

T = (xo VrtxoA)Vxo, 8 = (xo IMTA)Uxo.

Then 1 and & belong to A. and are called the generic one and existence
respectively.-

4.5The existence here means all that exist and is defined as a nominal, while the existence
in Remark 4.2.2 means the state of existing and was defined for entities.
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Theorem 4.2.21 If (W, $,v) € D, then (pf’)T and (pf)TD are the largest element
1. and the smallest element O, of W, respectively (s. [4.4]).

More generally, ¢ < aVmaA for all a € G and, if f € Ay and ¢ < f, then
@3 (fvx) =1, and @3(f vx)® =0, for all x € X,.

Proof We have @3 (aVmaA) = @SavVmedaA =1 for all (W,8,v) € D by the
M-homomorphy of @5 and Theorem 4.2.10. Thus ¢ < aVma/ by Theorems
4.2.2 and 4.2.4.

Since fvx € A,, @3 (fVx) € W, = W.—T. If s € W,, then (@3 (fvx))s =
(pi(x/s)f by (4.1.5), and so (@5 (f vx))s = 1 by Theorems 4.2.4 and 4.2.2. Thus

@S (fvx) = 1., and so @5 (f vx)P = 1.7 =0..
Theorem 4.2.22 If a € A, then aomeA =< adniA.

Proof If a € Ae, then aoméA = aom((xo IMT1A)Vxo) = aIniA by Theo-
rem 4.2.20, because Xxq is free from a in xo ITTA = x I ((x0 VT X0 A)VX0)A
and (xp ITTA)(xo/a) = aIn 1A by (3.1.14) and (3.1.15).

Lemma 4.2.6 Let f € Ay, x € X¢ and (W, d,v) € D. Then

STV (fvx)A) =1 &= @3, o f =1forall s € We.

Proof The element (pf,(T V7 (f vx)A) belongs to Wy =T, and
@S (IVm (fVx)A) =1

= (pi]v V@S (Fvx)A =1 (by the M-homomorphy of ¢%)
= 1.Vn (pf)(f vx)A =1 (by Theorem 4.2.21)

— (Pﬁ(f vx) =T, (by Theorem 4.2.10)

— (@2(fvx))s =1 for all s € W,

& @) qf=1forall s € W, (by (4.1.5)).

Theorem 4.2.23 Let f € Ay and x € Xc. Then 1V (f Vx)A < 1.

Proof Let (W,d,v) € D and assume (pf)(TVTt(fVX)A) = 1. Then @3f =
(pf’)(x/vx)f =1 by Lemma 4.2.6. Thus 17 (f Vx)A < f by Theorem 4.2.4.

Theorem 4.2.24 Let f € Ay and x € Xc. Then ¢ = TVT((f Ux)A iff € 5 f.

Proof Assume ¢ < f and let (W,5,v) € D. Then (pg(x/s)f =1 for all s €
W, by Theorems 4.2.4 and 4.2.2, and so (pf,(iVﬂ(f vx)A) = 1 by Lemma
4.2.6 (alternatively, @3 (17 (f vx)A) = @31Vm @ (fvx)A =1,V 1.A =1 by
Theorem 4.2.21). Thus € < 17 (f Vx)A by Theorems 4.2.2 and 4.2.4.

The validity relation < is a Boolean relation by Theorem 4.2.5. Therefore,
if e X TV (fvx)A, then ¢ < f by Theorem 4.2.23 and the cut law.
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Theorem 4.2.25 Let x € X, a € G, f € H and K = {k}. Assume that x
occurs free in neither a nor f. Then 1V7 (((x ot aA) =(x 0k f))Vx)A < aVkf.

Proof Let (W,5,v) € D. Then
(pf,(iVn(((xmraA) =(xokf))Vx)A) =1
= (pf,(x/s)((xonaA) =(xokf)) =1 for all s € W,
(@56 X 0T @5 6 al) (@5 g x 0k @5 ) =1 for all s € W
by Lemma 4.2.6 and the M-homomorphy of (pf)(x/s). Here (pg(x/s)x = s by

(3.3.18) and (3.3.2), and @3, (ja = @Ja and @ f = @3f by Theorem
3.3.2. Therefore,

(pf,(TVn(((xorraA) =(xokf))Vx)A) =1
(som (pgaA) =(sok (pf,f) =1 for all s € W,
if s € We and som@Sa/A =1 then sok @5f =1
if s € W and s £ @3a then sok @5f =1 (by Theorem 4.2.10)

[seWe:sE (pf’,a,sok(pf’,f:0| <0

PSavk@if=1 (by (W8))

—
—
—
= {seW.:sE @la,sok@df =0} =0
—
—
= (pf’)(aka) =1.

Thus 17 (((xomtal) =(x 0k f))Vx)A < aVkf by Theorem 4.2.4.

4.3 Sample phraseology for the English people

The logic system CL of enough partibility together with a certain deduction
system on it is intended to provide a mathematical model of the nootrinity
(TU, W, R). In particular, the formal language of the CL provides a model of
the PU. The IC language A is not quite adequate for that because ICL has
the smallest partibility 1. Nevertheless, the best way for understanding ICL
is to regard A as the PU (s. Remark 1.1.1) and consider the phraseological
relationship between the DT and PU illustrated by the p2-diagram and the
cUPO-diagram in §1.2.5. The following is a generalization of the cUPO-diagram.

(uh"'»uk) m) (Ph'--)Pk) m) (01)-")Ok)
N {oi}l v (gcUPO)
u P )
Phraseology mainly concerns its left half:
Uiy Ui =25 (P, P
N VAo (gcUP)
u—— P
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Here operations «; (i = 1,...,n) in the processual algebraic structure of the
PU together transform a tuple (Pq,..., Px) of percepts into a percept P, and we
assume that Py, ..., Py and P are phrased by DUs Uy, ... Uy and U respectively.
Then in phraseology, we ask how oq,...,a, relate (Uy,...Uy) to U. As was
noted after the cUPO-diagram, the question must be answered not only by the
evolutional relationship between the DT and PU illustrated by the e?-diagram
but also by the adaptation of the syntactical algebraic structure abstracted from
the DT to the preference of the verbal community (s. [1.43]).

The verbal community must be our native community. For convenience of
explanation, however, I focus on the present-day English community. Further-
more, phraseology I present here is a sample. Therefore, I urge you to carry
out phraseology for your native community after the sample. As you carry on
phraseology, you will find sequents which are expected to be tautologies. You
can prove that they are so by the methods in §4.2.

4.3.1 Adapting ICL to the English community

Since the definition of ICL is based on semasiology and phraseology as explained
in §1.2.7 for the Japanese community, we must begin by adapting A to the En-
glish community, that is, we must alter the positions of the tokens, symbols and
arguments for certain operations of A by the following rules of translation, which
show that the English community is basically a mirror image of the Japanese
community except that it places the nominative case marker 7t at the head.

Rule Table: The Rules of Translation

Japanese English key conditions

aqmrf miq(a, f) ge{oju, meK’
agkf fkga ge{ojuQ, ke K —{n}
O Of

al Aa

a” Pa

aep lolel bed

fvx vx f feAy xeXe

Combining these rules, we have the following examples of translation, where g
and t are elements of {0} U Q.

Translation Table: Examples of Translation

Japanese English key conditions

aqm(bekf) miq(a, fkeb) me Kf, ke Kf —{n}
agk (brrmf) me(b, f) kqa meKf, ke Kf —{n}
agk(brlf) (fleb) kqa ke Kf —{m}, 1 € KF —{m, k}

aqrfo miq(a, ©f) 7t e Kf
aqk O fkqa k e Kf —{m}
aqnmbA mnq(a, Ab)
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aqm(b)A nq(a, A(Fb))
aqm(bA)© mq(a, ¢ (Ab))
aqr (fvx)A  mq(a, A(VxT))

4.3.2 Peter eats some radishes. All rabbits eat some.

The first declarative mq(a, fkerb) on the translation table with ¢ = 0 and v = 3
can have the following gcUP-diagram among many others.
(Peter, eat, radish) 3 times (a,f,b)

N N\, 7o, k3

Peter eats some radishes ——— mo(a,fk3b)

This may be abbreviated yet partly amplified to the following ‘agcUP-table.’

oo a, f k 3 b )
Peter eat(s) some radish(es)

In addition to what the gcUP-diagram implies, the agcUP-table implies that the
quantifier 3 is phrased by the word some. It also implies that the nominative
case marker 7 and the case marker k, which may be called accusative, are
silent due to the communal preference, and so are the case operationalizer o,
the parentheses and the comma. In other words, the RDT for the English
community should be equipped with a nominative preposition and an accusative
one (s. [1.76]) as well as the case operationalizer, parentheses and commas. It
furthermore implies that semasiology for the English community should remove
the plural declension of radishes and the conjugation of eats by person and
number because they are redundant for decrease of obscurity (s. [1.74]). It
moreover implies that, except for the silence, declension and conjugation due
to communal preference, the lower left corner of the gcUP-diagram is obtained
by replacing a, f, 3 and b in 7o(a, fk3b) with Peter, eat, some and radish
because of the evolutional relationship between the DT and the PU. We have
thus answered the phraseological question about 7to(a, fk3b).

The declarative mq(a,fkeb) with q = V or 3 instead of 0 and v = 3 can
likewise have the following agcUP-tables.

TV a, £ x 3 b )
All rabbit(s) eat some radish(es)

T 3 ( a, f k 3 b )
Some rabbit(s) eat some radish(es)

Here the quantifier V is phrased by the word all, and semasiology should remove
the plural declension of rabbits as well as radishes.

Now, Theorem 4.2.4, Corollary 4.2.6.3 and Theorem 4.2.11 together show
that the following hold for the negations of the above declaratives:

O(mo(a, fkIb)) =< mo(a, °(fkIb)) =< mo(a, °fkVb),
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O(n¥(a, fk3Ib)) < m3(a, °(fkIb)) < 73(a, °FfkY D),
O(m3(a, fk3Ib)) < nV¥(a, *(fkIb)) < n¥(a, ®FkVb).

The rightmost declaratives of these lines can have the following agcUP-tables.

T 0 ( a, % f k V b )
Peter (does) not  eat any radish(es)

L 3 ( a, O f k v b )
Some rabbit(s)  (do) not  eat any radish(es)
v q, 0O fok v b )
Any rabbit(s)  (do) not  eat any radish(es)

Here the quantifier V is phrased by any and the token ¢ is phrased by does
not and do not, but semasiology should remove does and do because they are
redundant for decrease of obscurity. Furthermore, the leftmost declarative of
the second line can have the following agcUP-table.

O (Y a, f k3 b )
Not all rabbit(s) eat some radish(es)

Now that (nV(a,fk3b)) =< m3(a,*fkVb), we have @3(°(nV(a,fkIb))) =
@8 (m3(a, 9fkVDb)) for each (W, §,v) € D by Theorem 4.2.4. Since W is a model
of a nooworld and @3 is a model of a PERCEPTION into the nooworld, this equal-
ity means that, when regarded as DECLARATIVEs in the PU, ¢(nV(a,fk3b))
and 713(a, fk¥b) have the same object O as shown in the gcUPO-diagram.
Thus the possibility of the above agcUP-tables for them implies that the two
English declaratives Some rabbits do not eat any radishes and Not all rab-
bits eat some radishes can have the same external meaning O, although their
MEANINGs ¢ (7V(a,fk3b)) and n3(a, ®fkVb) are different (s. the remark on
the SUPO-diagram) and any two declaratives (and any two nominals) can also
have different external meanings because of difference in CONTEXT (s. Remark
1.2.7). The same remark applies to certain agcUP-tables below.

Moreover, the leftmost declaratives of the above three lines can have the
following agcUP-tables, where Iint is an abbreviation of It is not that:

o (m 0 ( a, f k = b ))
Tint Peter eat(s) some radish(es)

o (m ¥ ( a, f k 3 b )
Tint all rabbit(s)  eat some radish(es)

O (m 3 ( a, f k 3 b )
Iint some rabbit(s)  eat some radish(es)

To my knowledge of English, however, the remaining middle declaratives of
the above three lines have no appropriate agcUP-tables, that is, when regarded
as DECLARATIVEs in the PU, they are not appropriately phrased.
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Incidentally, the Japanese community enjoys looseness about that. First, the
Japanese counterparts a o7t (b3Jk ), aVzmr (b Ik f) and a I (b Ikf) of the above
declaratives mo(a, fk3b), nv¥(a,fk3Ib) and 3(a,f kI b) can have the following
agcUP-tables.

a 0 | b 3 k f )
péta ga daikon (ikuhon ka) o taberu
Peter radish (some) eat

a v w b 3 k f )
usagi subete ga daikon  (ikuhon ka) o taberu
rabbit all radish (some) eat

a 3 | b 3 k f )
usagi ikuhiki ka ga daikon  (ikuhon ka) o taberu
rabbit some radish (some) eat

Here English counterparts, if any, of the Japanese words are shown underneath
as always. The words ga and o are explicit case markers, which are nominative
and accusative respectively and replaced with the topic marker wa according to
CONTEXT (s. [1.73]). The word daikon means hatuka daikon. The parentheses
for ikuhon ka mean that the word is usually disregarded and silent.

Secondly, the same propositions as above show that the following hold for
the negations of the above declaratives:

(aom(bIkf))® =< aom(bIkf)® < aom(bVkf?),
(aVm(b3Ikf))° =< aIm(bIkf)® =< aIn(bVk ),
(a3 (bIk))® =< aVr(bIk)® =< aVm (bVk ).

Lastly, all of these nine declaratives can have some agcUP-tables by virtue
of the disregard of counterparts of some and any. For example,

( a o m b 3 k f )0
a o m b 3 k f ) O
a o mw b vV k f O )
péta ga daikon o tabe nai
Peter radish eat not

Here tabe under f is the conjugation of taberu which nai under ¢ requires, but
semasiology should replace it with taberu. Furthermore, we have

a B | b 3 k f ) 0

a 3 T b vV ok f o )
usagi  ikuhiki ka ga daikon o tabe nai
rabbit some radish eat not,

a A4 T b 3 k f )0

a v T b vV ok f o )
usagi subete ga daikon o tabe nai
rabbit all radish eat not,
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Furthermore, we have the following, where ndn is an abbreviation of the expres-
sion no de (wa) nai which is a counterpart of iint (it is not that):

( a 0 T b 3 k f )0
péta ga daikon o taberu ndn
Peter radish eat iint

( a v T b 3 k f )) O
usagi subete ga daikon o taberu ndn
rabbit all radish eat iint

( a 3 T b 3 k f )) O
usagi  ikuhiki ka ga daikon o taberu ndn
rabbit some radish eat iint

We may obtain other agcUP-tables for the declarative mq(a, fktb) by re-
placing the words Peter, rabbit, radish and eat with other appropriate words
and picking q and v appropriately from {0} U £, as we have already done so and
as the following examples show, and likewise for other DUs.

The declarative t¥(a, fk3b) can also have the following agcUP-table.

TV a, f ok 3 b )
All rabbit(s) go into some garden(s)

Here the case marker k is not silent but phrased by the preposition into and so
is different from the silent accusative case marker also denoted k above.

Suppose the quantitative set P is equal to Z>o. Then its interval (2—) =
{n € Z>o :2 < n}is a positive quantifier, and the declarative 7t(2—)(a, fk3b)
can have the following agcUP-table.

T (2—) ( a, f k 3 b )
More than 2 rabbit(s) go into some garden(s)

To my knowledge of English, the declarative m—(2—)(a, fk3b) for the neg-
ative quantifier —=(2—) has no appropriate agcUP-table. However,

m—=(2—)(a, fkIb) < m(2—)(a, (fkIb)) =< m(2—)(a, *TkVDb)

by Theorems 4.2.4 and 4.2.11, and the rightmost declarative can have the fol-
lowing agcUP-table.

s (2—) ( a, O f k v b )
More than 2 rabbit(s) (do) not go into any garden

Furthermore, the interval («-2] ={a € Z>¢ : a < 2} is a positive quantifier,
and the same theorems show that the negation of 71(2—)(a, fk3b) satisfies

O(m(2—)(a,fkIb)) = m(+2](a, fkIDb).

These declaratives can have the following agcUP-tables.
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o (= (2—) ( a, f k 3 b )

Tint more than 2 rabbit(s) go into some garden(s)
Tt (2] ( a, f k 3 b )
At most 2 rabbit(s) go into some garden(s)

The possibility of these agcUP-tables implies that the two English declaratives
It is not that more than two rabbits go into some gardens and At most two
rabbits go into some gardens can have the same external meaning.

4.3.3 Peter is fond of some radishes. Peter is wild.

As was noted in Remark 1.3.3, the definition of CL is based on the classification
of the Japanese declaratives which put verbs and (nominal) adjectives together.
Therefore, we put the English verbs and predicative adjectives (i.e. adjectives
accompanied by copulas) together. Consequently, the declarative mq(a,fkeb)
considered in §4.3.2 and the simpler declarative 7tq(a, f) can have the following
agcUP-tables with ¢ =0 and v = 3.

oo a, f k 3 b )
Peter (is) fond of some radish(es)

oo a, f )
Peter (is) wild

Here f is phrased by is fond and is wild, but semasiology should remove is. The
former agcUP-table is the same as the first one in §4.3.2 except that f thereof
was phrased by the verb eat and k thereof was silent. This is a reason why verbs
and predicative adjectives should be put together.

Furthermore, the negations ¢(mo(a,fk3b)) and ©(mo(a,f)) are equivalent
to mo(a, ®fk¥b) and 7o(a, ©f), which can have the following agcUP-tables.

mw oo a, O f k V b )
Peter (is) not fond of any radish(es)

™ o a, O f )
Peter (is) not wild

Here the negation ©f of f is phrased by is not fond and is not wild, but semasi-
ology should remove is.

4.3.4 Peter is a rabbit. All rabbits are wildlife.

The sixth declarative 7q(a, Ab) on the translation table in §4.3.1 can have the
following agcUP-tables for ¢ = 0, V and 3.

242



T 0 ( a, A b )
Peter belis]  (a) rabbit

T N ( qa, A b )
All rabbit(s) be[are]  wildlife

s = ( a, A b )
Some rabbit(s) belare]  wildlife

Here the token A is phrased by the words is and are, but semasiology should
replace them with the word be and remove the indefinite article a because of
redundancy for decrease of obscurity.

Theorem 4.2.4, Corollary 4.2.6.3, Theorem 4.2.11 and Theorem 4.2.1 to-
gether show that the following hold for the negations of the above declaratives:
O(mo(a, Ab)) = mo(a, ®(Ab)) < mo(a, A(Tb)),

O(n¥(a, Ab)) =< m3(a, ©(Ab)) = n3(a, A(Pb)),
O(m3(a, Ab)) < n¥(a, ?(Ab)) =< n¥(a, A(Pb)).

The rightmost declaratives of these three lines can have the following agcUP-
tables, where the token O is phrased by the word not.

T 0 ( a, A (o b ))
Peter belis] not (a) rabbit
T 3 ( a, A (O b )
Some rabbit(s) belare] not  wildlife
T v ( a, A (O b )
Any rabbit belis] not  wildlife

The leftmost declaratives of the above three lines can have the following
agcUP-tables.

O (m o | a, A b )
Tint Peter belis]  (a) rabbit

o (v | a, A b ))
Tint all rabbit(s) belare]  wildlife

2 = a, A b ))
Tint some rabbit(s) be[are]  wildlife

The second declarative can also have the following agcUP-table.

O (. m v | a, A b ))
Not all rabbit(s) be[are] wildlife

243



The possibility of these agcUP-tables implies that the three English declaratives
Some rabbits are not wildlife, It is not that all rabbits are wildlife and Not all
rabbits are wildlife can have the same external meaning.

To my knowledge of English, however, the remaining middle declaratives in
the above three lines have no appropriate agcUP-tables, that is, they are not
appropriately phrased in the English community.

Incidentally, the Japanese community is different from the English commu-
nity also about that. First, the Japanese counterparts aomb/A, avVnbA and
a IntbA of the above declaratives o(a, Ab), nV(a, Ab) and td(a, Ab) can have
the following agcUP-tables (s. [1.73]).

a 0 U b A
péta ga usagi da
Peter rabbit  be
a v U b A
usagi subete ga yasei da
Rabbit all wildlife  be
a 3 T b VAN
usagi  ikuhiki ka ga  yasei da
Rabbit some wildlife  be

Secondly, the same propositions as above show that the following hold for
the negations of the above declaratives:

(aombA)° < aom(bA)? < aomb A,
(aVbA)® =< aIn (bA)? =< aInb A,
(a3InbA)? =< aVm (bA)? =< aVrbPA.

X

Lastly, in contrast to the English community, the rightmost declaratives of
the three lines have no appropriate agcUP-tables, but the other declaratives of
the lines can have the following agcUP-tables, where de and na under A are the
conjugations of da which nai and ndn under ¢ require, but semasiology should
replace them with da.

a o m b A )0
péta ga usagi  de nai
Peter rabbit  be not,

a 3 n b A) 0
usagi ikuhiki ka ga yasei  de nai
rabbit some wildlife be not

a A T b A )0
usagi subete ga yasei  de nai
rabbit all wildlife  be not,
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( a 0 7t b A )0

péta ga  usagi na ndn
Peter rabbit  be iint

( a 4 T b A ) O
usagi subete ga  yasel na ndn
Rabbit all wildlife  be iint

( a 3 U b A ) O
usagi  ikuhiki ka ga  yasei na ndn
Rabbit some wildlife be iint

We may also obtain other agcUP-tables for the declarative mq(a, Ab) by
replacing the words Peter, rabbit and wildlife with other appropriate words and
picking q appropriately from {0} U Q. For example,

m oo a, A b )
Mrs. Rabbit  be[is] (a) widow

However, there exists no agcUP-table whose lower line can read Mrs. Rabbit is
a widow in 1902 because of the smallest partibility 1 of ICL, as was suggested
in §1.3.3. This is a reason why ICL should be generalized to CL.

4.3.5 Peter is a rabbit. All rabbits are wild. Then?
In relation to the declarative mq(a,f) and mq(a, Ab) considered in §4.3.3 and
§4.3.4 respectively, we have
mo(a, Ab) - iv(b, f)
mo(a, Ab) - mo(a, f)

o(a,f),
(b, f)

A A
A 3

by Theorems 4.2.4 and 4.2.14 and the M-homomorphy of @3 for all (W, 8,v) €
D, that is, the following sequents are IC tautologies:

mo(a, Ab) - v(b, f) — 7o(a, f),
mo(a, Ab) - mo(a, f) — 7d(b, ).

Let a’, b’ and ' be the images of a, b and f by @3 for arbitrary (W, ,v) € D.
Then the above means that the following hold for all 8 € (Kf —{m})=W.,.
inf{ro(a’, Ab’), (nV(b’, f'))0} < (mo(a’, f'))0,

inf{mo(a’, Ab’), (o(a’, f'))0} < (n3(b’, f'))0.
The former inequality means that if the event mo(a’, Ab’) occurs and the event
nv(b’, f') occurs for 0, then the event mo(a’, f’) occurs for 0, and likewise for
the latter. This may be illustrated by the following agcUP-tables for sequents
similar to ones for declaratives.

245



mo(a, Ab) . nv(b, ) — mo(a, )

Peter is a rabbit and all rabbits are wild then Peter is wild
mo(a, Ab) . mo(a, f) — 73(b, f)
Peter is a rabbit and Peter is wild then some rabbits are wild

Here the arrow — is phrased by the conjunction then and the dot - on the left-
hand side of — is phrased by the conjunction and, while that on the right-hand
side is phrased by the conjunction or.

The first two inequalities on the relation < together with Theorems 4.2.5,
2.2.15 and 2.2.17 means that the declaratives mo(a, Ab) A7nV(b, ) = mo(a, f)
and 7to(a, Ab) Amo(a, f) = m3(b, f) are tautologies, and they can have the fol-
lowing agcUP-tables.

mo(a, Ab) A v (b, f) = mo(a, f)

Peter is a rabbit and all rabbits are wild then Peter is wild
mo(a, Ab) A\ mo(a, ) > 7iA(b, f)

Peter is a rabbit and Peter is wild then some rabbits are wild

Here the tokens /A and = are phrased by the conjunctions and and then.

4.3.6 Mrs. Rabbit is a mother and a widow.

In relation to the declarative mq(a, Ab) considered in §4.3.4, the declarative
mo(a, A(bMc)) can have the following agcUP-table.

700 ( a, A ( b M c ))
Mrs. Rabbit  belis] (a) mother and (a) widow

Here the token M is phrased by the word and. This is because
mo(a, A(bMc)) < mo(a, AbAAc) < mo(a, Ab) Amo(a, Ac)

by Theorems 4.2.4, 4.2.1 and 4.2.7, and the token /\ is phrased by the conjunc-
tion and as was noted in §4.3.5.

The declarative mo(a, A(blLic)) can likewise have the following agcUP-table
because the token V is naturally phrased by the conjunction or.

700 a, JAN ( b U c )
Mr. McGregor  belis] (a) farmer or (a) peasant

4.3.7 Radishes and lettuces. Radishes or lettuces.

In relation to the declarative mq(a, fkeb) considered in §4.3.2, the declaratives
mo(a, fkV(bUc)) and mo(a,fk3 (b Lc)) can have the following agcUP-tables.

246



700 a, f k v ( b L c ))

Peter eat(s) all radish(es) and lettuce(s)
710 ( a, f k 3 ( b L c ))
Peter  eat(s) some radish(es) or lettuce(s)

Here the token LI is phrased by both and and or. This is because
mo(a, fkV (bl c)) < mo(a,fkvVb) Amo(a, fkVc),
mo(a, fkI (bl c)) < mo(a,fkIb)V mo(a,fkIc)
as you can now easily prove by the methods in §4.2, and the tokens A and V

are phrased by the conjunctions and and or respectively. Thus how the token
U is phrased sometimes depends on its neighborhood.

4.3.8 What rabbits eat. Radishes that rabbits eat.

In relation to the declarative mq(a, fkrb) considered in §4.3.2, the three nomi-
nals Vx (mo(a,fkox)), b vx (mo(a,fkox)) and alvx (mo(x, fkIb)) can have
the following agcUP-tables (s. §1.2.7 for the second).

vx  (mo( a, f k 0 X ))
what rabbit(s) eat
b n vx (mo( a, f k 0 X ))
radish(es) that rabbit(s) eat
a N vx (7o X, f k 3 b ))
rabbit(s) that eat some radish(es)

Here the nominalizer Vx is phrased by the relative pronouns what and that,
while the token M is silent and appositively connects nominals. The variable x
is silent because it is (a model of) a variable prime percept whose object may
momently vary.

Incidentally, the Japanese community manages without relative pronouns.
For example, (aom(xokf))Vx, (aom(xokf))vxMb and (xorm(bIkf))vxMa
are the Japanese counterparts of the above nominals and can have the following
agcUP-tables.

( a o m X o k f )) \4
usagi ga taberu mono
rabbit eat thing

( a o m X o k f )) vx M b
usagi ga taberu daikon
rabbit eat radish

( x o mw ( b I k¥ f ) vyx N1  a

daikon o taberu usagi
radish eat rabbit
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Here the quantifier 3 is silent as usual. Since the variable x is silent, so are the
operations ok and o7t applied to x.

4.3.9 Rabbits fond of some radishes. Wild rabbits.

In §4.3.3, we considered the declaratives mq(a,fkrb) and mq(a, f) in relation
to the predicative adjectives. As for the attributive ones, the nominals a M
Vx (1o (x, kI b)) and Vx (70 (x,f)) M a can have the following agcUP-tables.

a n vx (mo( x, f k 3 b ))
rabbit(s) fond of some radish(es)
vx  (mo(  x, f ) n a
wild rabbit(s)

However, the former nominal also has the following agcUP-table.

a 0 vx  (mo( x, f k 3 b ))
rabbit(s) that (are) fond of some radish(es)

This agcUP-table is the same as the third one in §4.3.8 except that f thereof
was phrased by the verb eat and k thereof was silent. This is another reason
why verbs and predicative adjectives should be put together.

Incidentally, all Japanese attributive (nominal) adjectives are prepositive in
contrast to the English attributive adjectives. For example, (x o7t (b Ik f))VxMa
is a Japanese counterpart of the above nominal a M vx (7to (x,fk3b)) and can
have the following agcUP-table.

( x o m ( b 3 k f )) vx M a
daikon ga/o  sukina usagi
radish of  be fond rabbit

Here the quantifier 3 is silent as usual. The word sukina under f is the conjuga-
tion of the nominal adjective sukida used in §4.3.3. The silent nominalizer Vx
requires the conjugation, but semasiology should replace it with sukida. This
agcUP-table is the same as the last one of §4.3.8 except that f and k thereof
were phrased by the verb taberu and the case marker o. This is another reason
why verbs and (nominal) adjectives should be put together.

4.3.10 Some one is Peter. Peter exists.

We have defined the generic one 1= vxo (1¥(x0, AXp)) and the existence € =
Vxo (m3(x0, AT)) in §4.2.6. Although silent according to the above phraseology,
Tis phrased by the generic words, such as one and thing, which mean the totality
of the basic entities, and € is phrased by the word existence (s. [4.5]).

If a € A, then WH(T,AQ) = nﬂ(a,Ai) = mo(a,/Ae) by Theorems 4.2.4,
4.2.10 and 4.2.22. Although m3(a, AT) has no appropriate agcUP-table, the
other declaratives can have the following agcUP-tables.
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s 3 ( 1 , A a )
Some one belis] Peter

oo a, Ae )
Peter exist(s)

Here Aé is phrased by the verb exist(s), although it can be phrased by is (an)
existence according to the above phraseology. The possibility of these agcUP-
tables implies that the two English declaratives Some one is Peter and Peter
exists can have the same external meaning.

However, there exists no agcUP-table whose lower line reads Peter exists in
a wood because of the smallest partibility 1 of ICL, as was suggested in §1.3.3.
This is another reason why ICL should be generalized to CL.

Chapter 4 to be continued (s. Remark 1.4.1).
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Chapter 5

Bipartible Case Logic

To be written (s. Remark 1.4.1).
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Chapter 6

Case Logic

Reading up Chapters 1-5 of introductory or preparatory nature, you are now
ready to read this main and final chapter of thorough study on the general CL.

6.1 Construction of CL

Following §3.2, here we construct the logic system CL. A logic system in GL
as defined in §3.2.5 is a pair of a formal language and its semantics. Their
counterparts in CL are called the C language and C semantics, which have
certain common parameters called the C parameters.

6.1.1 The C parameters

Called case logic, CL is parameterized by a nonempty set K whose elements are
called the cases or case markers. Being general, CL is also parameterized by
a nonempty set N equipped with finite subsets Ny (v € N)b-! which satisfy

N, € N —{v} (v eN).

Its elements are called the nomina (s. [4.1]) and its cardinality #N is called
the partibility of entities. ICL and BCL in Chapters 4 and 5 are essentially
CL of partibility 1 and 2 respectively (s. §6.2).

The two parameters are related by an injective and nonsurjective mapping

k € N'—K
of the subset N’ of N defined by

N’ = UVEN NV'

6-1They are together identified with the relation R on N such that uRv iff u € Ny. The
condition Ny, C N —{v} means that R is irreflexive.
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The mapping k together with the underlying family (N, )yen is called the
modality and its value at p € N’ is denoted k,. The nomina in the sets
N’ and N, (v € N) are called the modal nomina and v-modal nomina
respectively.5-? Accordingly, the subsets K’ and K, (v € N) of K defined by

K" =kN’"={k, :p e N’} Ky =kNy ={k,:peNy} (veN)

satisf
’ K' = UVGN Ky,

and the cases in K’ and Ky (v € N) are called the modal cases and v-modal
cases respectively, while those in the set K—K’ are called the nonmodal cases.
Since k is not a surjection, i.e. K’ # K, we may pick a nonmodal case

meK—K’.
We call it the nominative or principal case. Since k is an injection, we have
#K' = #N/, #Ky, =#N, <oo (veN).

For the same reason, each modal case k € K’ has a unique nomen p € N’ such
that k = k,,, which we call the nomen of k and denote by nk. Therefore, the
nomen Nk of each k € K’ belongs to N’ in contrast to the nomina ng, nd, nx
and na of g € QU ii ¢ € D, x € Xe and a € GUE defined below which may
belong to N — N’ as well as to N’. The mapping k — nk is the inverse of «
regarded as a bijection of N’ onto K’, that is, nk, = p for each p € N’ and
knk = k for each k € K’. Nonmodal cases do not have their nomina, but we
associate each case k € K with the subset Ny of N defined by

[N ifkeK—K/,
T )Mk ifkek.

In particular, N, = N for the nominative case 7t.

Being general, CL is also parameterized by a family (P )ven of nontrivial
quantitative sets for quantification, which is divided into absolute quantification
and proportional quantification.

As for the absolute quantification, we pick a subset B+ of the power set PP,
of P, for each v € N. Then we pick a copy

—Pv={"p:p Py}
of P by the symbol — (s. §1.5.2) for each v € N and define

QV :Y‘Bv]—[ﬁmv (VEN)> Q:]—[VGN Qv-

6-2Since N may be equal to N/, it may happen that every nomen is a modal nomen. Since
(Nv)yen may not be disjoint, a v-modal nomen for some v € N may also be a v/-modal
nomen for some other v/ € N, and likewise for the modal cases below.

252



Here if By = 0 for some v € N, then =3, = 9Q, = () by definition. We
refer to the elements of the sets Q and Q. (v € N) as the quantifiers and
v-quantifiers respectively. Furthermore, if ¢ € Q, (v € N), we call v the
nomen of q. Therefore, each quantifier q € Q has its nomen v € N, which we
denote by ng. Then we let Q' be the subset of Q defined by

Q' ={qgeQ:nge N’}

ie. Q' = [[,en'Qu = [lrex: Qnk, and refer to its elements as the modal
quantifiers. We also let J be the subset of Q x K defined by

J={(g,k) € Q x K:ng € Ny},

Le. J=(Qx(K=KNI] e, (Quiex{k}) = (Qx (K=K )], cno (Qux{kp}).
Incidentally, we define subsets B and =3 of Q by

m = ]—[VEN ‘Bv» _'m = ]—[VEN _'mv)

so that Q =P LI =P, and refer to their elements as the positive quantifiers
and negative quantifiers respectively (s. [6.3]).

As for the proportional quantification, we pick a subset ‘f3y of the power
set P[0, 1] of the interval [0, 1] of real numbers for each v € N such that P, is
unital, while we define ‘,]u3v = () for each v € N such that P, is not unital. Then,
parallelly to the absolute quantification, we pick a copy

—By ={—p:p Py}

of B by the symbol — (s. §1.5.2) for each v € N and define

v v

Qy =By TP, (veN), Q=11 cn Qv

Here if ‘f3v = () for some v € N, then ﬂ‘ﬁv = ﬁv = ) by definition. We refer to
the elements of the sets 9 and 9. (v € N) as the proportional quantifiers
and proportional v-quantifiers respectively. Furthermore, if q € Q. (v eN),
we call v the nomen of q. Therefore, each proportional quantifier q € 9 has
its nomen v € N, which we denote by ng. Then we let 9’ be the subset of O
defined by
Q' ={geQ:nge N},

ie. 9 = HueN'éu = ek Qnk, and refer to its elements as the modal

proportional quantifiers. We also let J be the subset of 9 x K defined by
J={(g,k) € Q x King € NiJ,

e J= (Qx (K=K [err (Quiex{k}) = (Qx (K=K NI T e ny (Qp x {ky ).
Incidentally, we define subsets &fj and ﬁ‘fj of by

f’ﬁ = ]_[\/GN gﬁv) —,(ﬁ = L[VEN ﬁ‘ﬁv)
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so that 9 = ‘ﬁﬂﬁ’ih and refer to their elements as the positive proportional
quantifiers and negative proportional quantifiers respectively (s. [6.3]).
Being general, CL is also parameterized by a partitioned set

© = HVEN CDV'

We refer to the elements of ® and ®, (v € N) as the functionals and v-
functionals respectively. Furthermore, if ¢ € @, (v € N), we call v the
nomen of ¢. Therefore, each functional ¢ € ® has it nomen v € N, which we
denote by nd. We also equip © with a family (ng)pco of positive integers and
call ng (¢ € @) the arity of the functional ¢.

This completes the introduction of the C parameters, whose essence consists
of the set K of the cases, the set N of the nomina, the modality (&, (N+y)ven),
the nominative case 7, the family (P, )ven of nontrivial quantitative sets, the
set P = [[,cn By of the positive quantifiers, the set ‘,Iv3 = [yen ’i?v of the
positive proportional quantifiers, the set ® =] | @, of the functionals and
the family (ng)epeo of their arities.

veN

6.1.2 The C language

Following §3.2.1, here we construct the C language (A, T, o, P, C, X, ") by defining
its syntax (T, olp, P, C, X, ') called the C syntax on the basis of the C parameters
introduced in §6.1.1.

As for the sets P, C and X of its primes, constants and variables, we assume

P=CIIX, X 0,

that is, we only assume the conditions stated in §3.2.1.
We define the set I" of its tokens by

M= I{n,u,0,AAV,= 000 vIIQHAIK,

picking the tokens M, L, O, A, A, V, =, 0, 0, and V.
As for its type, we first let T be the set defined by

T= (UVEN{e‘/) ev}) Hva

picking the symbols €, and ey (v € N).
As for the basic sorting olp, we first let Ce,, and Xe, (v € N) be the subsets
of C and X respectively defined by

Ce, =0l {ev), Xe, = olx'{ev)
and let Ng be the subset of N defined by
Na={veN:Cc, =0#Xc, =1,Ny =0,0, =0}

The elements of N4 are called the degenerate nomina, and the unique element
of Xe, (v € Ny) is called the v-variable and denoted x,. Then we assume

Xe\,?é@ (veN), Ceu#@ (ne N"—Ng).
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These are assumptions on o|p because o|lc = (olp)lc and o|x = (olp)|x. The
former assumption strengthens the assumption X # () and is relevant to the
definition of X, below, while the latter plays a role in §6.1.5.

We equip the set T with the algebraic structure (ta)aca defined in [T1]-[T12]
below, which also clarify the index set A.

For [T7], we define subsets Ty (k € K) of T by

{ev:veN} ifkeK-K/,

T ={ev :vE N} de Ty =
k=levive N, de T {{enk} if k€ K.

Therefore, Ty C {€y : v € N} for all k € K and T, = {ey : v € N} for the
nominative case 7t.
For [T12], we let Xe be the subset of X defined by Xe = (J,cn Xe, - Then

since X¢, = le_1{€v} (v € N), we have

Xe = HveN Xeys

that is, each element x € X, satisfies x € X, for a unique nomen v € N, which
we call the nomen of x and denote by nx.

The operation symbols Ty (A € A) in [T1]-[T12] are abbreviated to A; for
example, the operation symbols T4 (¢ € @) in [T1] are abbreviated to ¢;
Except for the postpositive operation symbols of various arities in [T1], [T4]
and [T10]-[T12], the binary ones in [T2], [T5] and [T7]-[T9] are interpositions
and the unary ones in [T3] and [T6] are superscript.

[T1] The family of ng-ary operations ¢ € @ defined by Dm ¢ = {e,4 "¢ and
g n¢

—— . ———
(engy.-+)€Enep)d = €ng for the unique element (€ng, ..., €ne) of {enp)™®.

[T2] The binary operations M and U defined by Dm M =DmU = [ [, .n{e€v, ey )2
and tMu=tUu=e, for each v € N and each (t,u) € {e-, e, }°.

[T3] The unary operation O defined by Dm0 = [, . {ev, ev} and e," = ¢,° =

¢y for each v € N.

[T4] The unary operation A defined by DmA = [, n{ev,ev} and e A =
ev A ={m} UK, for each v € N.

[T5] The binary operations /\, VV and = defined by Dm/A =DmV = Dm= =
(PK)? and QAR=QVR=Q =R = QUR for each (Q,R) € (PK)?.

[T6] The unary operation ¢ defined by Dm¢ = PK and Q¥ = Q for each
Q € PBK.

[T7] The family of binary operations ok (k € K) defined by Dmok = Ty x
{Q e PK:k e Q} and tokQ = Q —{k} for each t € Ty and each Q € PK
satisfying k € Q. We call o the case operationalizer for this reason.-3

6-31t may also be called the null quantifier because it is not quantifying yet related to [T8].
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[T8] The family of binary operations gk ((q,k) € J) defined by Dmgk =
{engr engt X {Q € PK : k € Q} and €4 gk Q = enq gk Q = Q —{k} for each
Q € BK satisfying k € Q.

[T9] The family of binary operations gk ((q,k) € J) defined by Dmgk =
{engyenqt x{Q € PK: k € Q} and €yq gk Q = eyq gk Q = Q — {k} for each
Q € BK satisfying k € Q.

[T10] The family of unary operations g (q € Q’, that is, ¢ € Q and 19 € N)
defined by Dmfq = {Q € PK : kyq € Q} and Qg = Q for each Q € PK
satisfying knq € Q.

[T11] The family of unary operations fq (q € €', that is, qe 9 and ng € N/)
defined by Dmfq = {Q € PK : knq € Q} and Qg = Q for each Q € PK
satisfying knq € Q.

[T12] The family of unary operations Vx (x € X¢) defined by Dm vx = PKyx
(notice PKyx ={Q € PK: Q C Kyx}) and Q Vx = ¢;x for each Q € PKy .

The operation symbols Tp (A € A) were abbreviated to A here. Thus the index
set A is given by the following and so satisfies A C (T II X)*.

A=0I{nu0A0AV,= 0}

IT{ok : k € K} I {gk: (q,k) € I {gk: (q,k) € T}

M{tg:q€ QI {tqg: g€’}

M{vx:x e X}
This completes the construction of the C language (A, T,0,P,C,X,T) by

means of the definition of the C syntax (T, olp, P, C, X, T).

Still, some definitions and remarks are in order.
First, the C language is parameterized only by the C parameters.

Secondly, the sets M = ANT* and A — M of the invariable indices and
variable indices are given by the following:

M= @ II{r,U,0 A0, AV, =0}
II{ok: k € K} I {gk: (q,k) € T} I {qk : (g, k) € I}

I{hg:qeQ}I{1qg:qe Q)
A—M={vx:x e X

Thirdly, since (A, T, o) is a sorted algebra, A is divided into its t-parts Ay =
o '{t} (t€T), and since T = (Llyenlev,y ev}) IPK, we have the partition

A= ]_[veN (Ae, TA., ) I HQE‘BK AqQ.

We define

G= L['VGN(Aev A, ), H= HQG‘BK A
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so that
A=GIIH, Ay C H.

We refer to the elements of G, A., and A, (v € N) as the nominals, ey-
nominals and ¢,-nominals respectively. We also refer to the elements of H and
Ay as the declaratives and sentences respectively. Furthermore, if f € Ag
(Q € PXK), we call f a Q-declarative, call Q the arity of f (s. [4.3]) and denote
it by Kf. Therefore, the sentences are the (-declaratives, i.e. the declaratives of
arity (). Furthermore, we define

Ac :HVEN Ac,, A, =]_[V€N Ay, Gy=A. A, (veN).
Then we have

G=AcIIA, =][,en Gy,
Ac, =AcNGy, Ao, =A.NG, (veN).

We refer to the elements of A, A, and Gy (v € N) as the e-nominals, e-
nominals and v-nominals respectively. Furthermore, if a € Gy (v € N), we
call v the nomen of a. Therefore, each nominal a € G has its nomen v € N,
which we denote by na, €y-nominals are the e-nominals of nomen v and the e -
nominals are the e-nominals of nomen v. This definition of na (a € G) extends
the above definition of nx (x € X¢) because

Xe = XN Aq, Xe, =XNAc, =XcNGy (vEN).

Indeed, Xe = Uy en Xe, and Xe, = XNo ey} = XN A, (v €N), and so
Xe = Uyen(XNAc,) =XNUyen Aey = XNA¢ and XNAc, = XNA NGy =
Xe NGy (v € N). We similarly have Cc, = CNA., (veN).

Lastly, also since (A, T, 0) is a sorted algebra, Remark 3.1.5 and [T1]-[T12]
show that the algebraic structure (o )aen of A satisfies [A1]-[A12] below.

For [AT7], we define subsets Ay (k € K) of A by

Ak = L[tGTk At, ie.
Ac  ifkeK—X/,

Ak:]_[veNkAev:{aEAE:naeNk}:{A -~

€nk

In particular, A = A for the nominative case 7.

As with Ta (A € A) in [T1]-[T12], the operation symbols &y (A € A) in [Al]-
[A12] are abbreviated to A and, except for the postpositive operation symbols of
various arities in [A1], [A4] and [A10]-[A12], the binary ones in [A2], [A5] and
[A7]-[A9] are interpositions and the unary ones in [A3] and [A6] are superscript.

[Al] Let ¢ € ® and v =n¢. Then Dm¢d = A ** and (ai,...,an,)d € A,
for all (ar,...,an,) € A",
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[A2]

[A10]

[A11]

DmM=DmuU= HVGNH(t,u)E{Ev,zv}Z (At XAu) = ]—[VEN GVZ = {(Cl,b) €
G? :na =nb}and anb,alb € A, for each v € N and each (a,b) € G.2,
that is, allb,allb € A, , = A, , for each (a,b) € G? such that na =nb.
DmO=]], cn(Ae, TA) =]],cn Gy = Gand a” € A, foreach v e N
and each a € Gy, that is, a” € A, for each a € G.

DmA =]],cn(Ae, TAL) =]],en Gy = G and aA € Aok, for each
v € N and each a € Gy, that is, aA € Aquk,,, for each a € G.

Dm/\ = Dm\/ = Dm=> = H(Q,R)E(‘BK)Z (AQ X AR) — HZ and lf (Q)R) S
(PK)? and (f,g) € AqQ X Ag, then fAg,fVg,f=g € Agur, that is,
fAg,f\Vg,f=g¢c Axr_xs for each (f,g) € H?.

Dm( = HQG‘BK Aqg =Hand if Q € BK and f € Aq, then O e AqQ, that
is, f® € A+ for each f € H.

Let k € K. Then
Dmok = [ [, keqepk (At X AQ) = Ak X [ycqeqpk AQ
={(a,f) € Ac x H:na € Ny, k € K}

and if a € Ay, k € Q € PK and f € Aq, then aokf € Ag_(), that is,
aokf € Ayr_g for each (a,f) € Ae x H such that na € Ny and k € K.

Let (gq,k) € J and v =ng. Then
Dmak = [Ticre, e,y keqepk (At X AQ) = Gy X [xeqepk A
={(a,f)e GxH:na=v,keK}

and if a € Gy, k € Q € PK and f € Aq, then agkf € Ag_), that is,
aqkf € Axr_g for each (a,f) € G x H such that na = v and k € K'.

Let (q,k) € J and v =ngq. Then
Dmgk = Hte{ev,ev},keQe‘BK(At x AqQ) =Gy x erQeﬁnK AQ
={(a,f)e GxH:na=v,keK}

and if a € Gy, k € Q € PK and f € Ag, then agkf € Ag_yy), that is,
aqkf € Ayr_g for each (a,f) € G x H such that na = v and k € K'.

Let g € Q' (that is, g € Q and ng € N’) and k = Kyq. Then Dmpqg =
[xcqepxAq ={f €eH: k€ Kf} and if k € Q € PK and f € Aqg, then
fig € Aq, that is, fijg € Ay for each f € H such that k € K.

Let q € Q' (that is, g € Q and ng € N’) and k = Kng- Then Dmfq =
[xecqepxAq ={f €eH: k€ K} and if k € Q € PK and f € Ag, then
fig € Aq, that is, fijg € Ay for each f € H such that k € K .
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[A12] Let x € X¢ and v =nx. Then DmVx = [Jgeqpi, Aq = {f € H: KT C Ky}
and fvx € A, for all f € Dm vx. We call vx (x € X¢) the nominalizers
for this reason, while we give no name to V.

Consequently, the following also hold.

[B1] Let q1y...yqn e{o}uQUR, ai,...,an € G, f € H, and let kq,...,kn be
distinct cases in Kf. Assume a; € A¢ andna; € Ny, foreachie{1,...,n}
such that q; = 0. Assume na; =ngqi € Ny, for other i € {1,...,n}. Then
ar qiky (- (an qnknf) ) € AR (ky ek}

[B2] The set A, (v € N) is nonempty and closed by the operations in @,
whose restrictions to A, are total. Moreover, A, is the closure [P ], of
the ey-part Pe, of P in the @, -reduct Agp, of A. Thus A, —P is nonempty
iff @, # (), and each its element has a ramification (ar,...,an, )¢ for a
v-functional ¢ € @, and an element (ar,...,an,) € Ac"*. Also, if
v € Ng, then A., ={x,} for the v-variable x,, .

[B3] The sets Gy and A., (v € N) are closed by the operations M, and 0O,
whose restrictions to G, and A, are total.

[B4] The set A., —P (v € N) is nonempty, and each its element has a rami-
fication aMb, alUb, a® or fvx for elements a,b,f,x € A satisfying the
conditions shown in [A2], [A3] and [A12].

e sets an € are closed by the operations /\,V,{ an
B5| Th H and Ag K losed by th i AV, ¢ and
=, whose restrictions to H and Aq are total.

[B6] The set H— P is nonempty, and each its element has a ramification a/\,
fAg, Vg, f=g, f° aokf, agkf or fiq for tokens k,q € I and elements
a,f,g € A satisfying the conditions shown in [A4]-[A11].

[B7] For each v € N and each Q € PK,, the set Ag — P is nonempty. In par-
ticular, Ay — P is nonempty, and each its element has a ramification f/\ g,
f\Vg, f=g, f°, aokfor agkf for tokens k,q € I' and elements f,g,a € A
satisfying the conditions shown in [A5]-[A9] including the conditions nec-
essary for the ramifications to belong to Ap.

As for the main part of [B2], A, is closed by the operations in @, by [A1],
and so Ac, D [Pe,lo,. We can conversely show that every element a € A,
belongs to [Pe,lo, by induction on v = rka. Since PN A, = P, we may
assume T > 1. Then since a € A, [A1]-[A12] show that a = (ai,...,an,)d
for some ¢ € @ and some ay,...,an, € Ae, such that tka—1= Z]TL:“} rk a;.
Since art,...,an, € [Pc,]o, by the induction hypothesis, we have a € [P¢, o,
as desired. We can derive A, —P # 0 in [B4] and Aq — P # ) in [B7] as well
as Ac, # 0 in [B2] from our assumption Xe, # 0 (n € N). Indeed, if x € X,
then x € A¢, by definition, and xotxA € Ax, and (xomxA)Vx € A, — P
by [A4], [A7] and [A12]. Since Q C Ky and #K, < oo, there are distinct
elements y,...,un € Ny such that Q = Ky —{ky,,..., Ky, }, and if x; € Xey,
(i=1,...,m), then xj ok, (- (Xn 0k, (x0mXA))---) € Ag — P by [B1].
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6.1.3 The C worlds

Let (A, T,0,P,C,X,T) be the C language constructed in §6.1.2. Using its C
parameters introduced in §6.1.1 and following Remark 3.2.1, here we construct
certain DWs for it, that is, each of them is an algebra (W, (wa)aem) equipped
with a partition W = ] [, .+ Wt which satisfies the P-denotability and (3.2.3) for
the algebraic structure (Ty)aem of Tm defined in [T1]-[T11]. We call them the
C worlds for the C language. The phrase for the C language here is necessary
because other C languages may have other C worlds.
Picking a family (S+)ven of nonempty sets, we first define

W = [ Tyen (Sv TT Oy =(Sy—T)) IT T T e ((QS)—T),

where T is the binary lattice {0, 1}, whose elements are called the truth values,

S= HVEN Sv
QS ={0€ QS:0k € Syk for each k e K'NQ} (Q € PK),
Oy = KywS (veN)

and we identify (@~~S)—T with T by the {#}} convention (s. [3.24]) because
P~~S = 0—S = {0} (s. Remark 6.1.1 and [3.2]). We refer to S and Sy (v € N)
as the basis and v-basis respectively.

Remark 6.1.1 The above definitions imply that if Q € BK and K’ N Q = 0
then Q~+S = Q—S$ and that

0, ={0 € Ky—S§: 0k € Syk for each k € Ky}

for each v € N because K, C K’. Moreover, defining subsets Sy (k € K) of S by

S if ke K=K’
Sy = Sy, Le. S = ’
k HVENk y 1€ k {Snk if k c K,,
we have the following for each Q € PK:
QS ={0 € Q—S: 0k € S for each k € Q}.

Let (Q,R) € (PK)? and 6 € (QUR)—S. Then 0lo € Q—S, B]g € R—S and
we have that 6 € (Q UR)~S iff 0lq € Q~+S and 6|g € R~S. In particular, if
Q € PK and 0 € Q~S, then B|g € R~S for each subset R of Q.

Since T = (] [, cnlev, ev}) ITPK, the partition W = [ [, .+ Wy is as follows:
W= TTyenWe, TWe ) I Teqi Wo-
Comparing this with the above definition of W, we define

We, =Sy, W, =0,—(S,—-T), Wq = (Q~S)=T
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for each v € N and each Q € BK, where
Wy =T

because we have identified (@~~S)—T with T. Then since Sy # 0 (v € N), we
have Wy # () for all t € T, and so the P-denotability is satisfied.
Furthermore, we define

E=ITen(We, TW,,), F=Tgepx Wa
so that
W=EIIF, T=WyCF

We refer to the elements of E and F as entities and events respectively. Fur-
thermore, if f € Wq (Q € BK), we call f a Q-event, call Q the arity of f (s.
[4.2]) and denote it by K. Therefore, the truth values are the (-events, i.e. the
events of arity (). Furthermore, we define

W, :]_[VeN We,, W, :]_[VeN W.,, Ey,=W IIW, (veN)
Then we have

W, =S,
E=W. W, =[], cn Ev,
W., =W.NE,, W., =W.NE, (veN).

We refer to the elements of W, W, and E, (v € N) as the basic entities,
derived entities and v-entities respectively, and so the elements of W, and
W,, are the basic v-entities and derived v-entities respectively. Further-
more, if a € Ey (v € N), we call v the nomen of a. Therefore, each entity
a € E has its nomen v € N, which we denote by na.

The algebraic structure (wx)aem of W is divided into the families defined in
[W1]-[W11] below according to the division of the algebraic structure (Ta)aem
of Ty into the families in [T1]-[T11].

For [W2]-[W4] and [W8]-[W11], we pick a family (£,)eco, of relations on
Sy for each v € N, which we call the basic v-relations. Then we extend £
for each © € ©, to a relation between S and E, = S, II (©,—(S,—T)) by the
following for each (s,a) € Sy x (©y,—(Sy—T)):

SEya & (af)s=1. (6.1.1)

For [W4] and [W8]-[W11], we also pick an element s, € S, for each p € N’
and call it the p-default. Then, for each 8 € Q~S (Q € BK) and each v € N,
we let 0, be the element of K, —S defined by the following for each k € Ky:

o Ok ifkeKinQ, (6.1.2)
sn ifk €Ky, —Q.
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Then 0y|k,nq = 0lk,nq and, since B,k € S,y for each k € K., we have
0, € O,

by Remark 6.1.1. We refer to the extended v-relation = o between S, and E,
as the (0, v)-relation.
For each (s, k) € S x K in [WT7]-[W9], we define (k/s) € {k}—S by

(k/s)k =s.

Then Remark 6.1.1 shows that (k/s) € {k}~S iff s € Sy.

For each quadruple (s,k,Q,0) also in [W7]-[W9] satisfying s € S, k € Q €
PK and 0 € (Q —{k})—=S, we define (k/s)0 € Q—S by ((k/s)0)|q_xy = 6 and
((c/5)8)ls) = (k/s), that is,

ol ifleQ—{k}

((l/s)0)L = {s i 1= k.

In particular, if Q = {k}, then Q —{k} =0, 6 =0 (s. [3.2]) and (k/s)0 = (k/s).
Remark 6.1.1 shows that (k/s)0 € Q~S iff 8 € (Q —{k})~S and s € Sy.
As for [W7], Remark 6.1.1 shows that the following holds for each k € K:

HteTk Wy = HveNk We, = HveNk Sy = Sk.

For [W8] and [W9], we pick a Py-measure Y — [Y|y on Sy for each v € N,
which exists by Remark 3.6.15, and abbreviate the expression

[{a specification of the members of Y},

to the expression |a specification of the members of Y|, without braces.

As with Ta (A € M) in [T1]-[T11], the operation symbols w) (A € M)
in [W1]-[W11] are abbreviated to A and, except for the postpositive operation
symbols of various arities in [W1], [W4], [W10] and [W11], the binary ones in
[W2], [W5] and [W7]-[W9] are interpositions and the unary ones in [W3] and
[W6] are superscript. You will see there that (3.2.3) is satisfied.

[W1] An arbitrary family of ng-ary operations ¢ € @ such that if v = né
then Dm¢ = W, "* and (ar,...,an, )b € W, for all (ai,...,an,) €
W, e,

[W2] The binary operations M and LI such that
DmM=DmuU = L[VEN H(t,u)e{ev,e\,}z (Wt X WU«) = ]_[VEN EV2
and if (a,b) € Ey2 (v € N), then its images aMb and aLlb are the
elements of W,, = ©,—(Sy—T) defined by the following for each 6 € ©,

and each s € S:

SEqallb < sEjaand sEy b,
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(W4

[W5]

sEeaI_Ib = sEeaorsEeb.

Because of (6.1.1), this certainly defines aMb and a U b as elements
of ®,—(Syv—T) and if (a,b) € (@y—(Sy—T))?, then ((a M b)d)s =
(aB)s A\(bO)s and ((a LIb)O)s = (aB)sV(bBO)s for each O € O, and each
s € Sy, where /A and V are the meet and join on the binary lattice T.

The unary operation O such that

DmO=]],enWe, DW,,) =]I,enEv =E

and if a € Ey (v € N), then its image a" is the element of W,, =
O, —(Sv—T) defined by the following for each 6 € ©, and each s € S :

[m}
SEy a” & sk, a.

Because of (6.1.1), this certainly defines a" as an element of @, — (S —T)
and if a € @y, —(Sy—T) then (a”0)s = ((ab)s)? for each 6 € O, and each
s € Sy, where ¢ is the complement on the binary lattice T (s. [1.79]).

The unary operation A such that

DmA = HVEN(Wev oW, )= HveN E,=E

and if a € Ey (v € N), then its image aA is the element of Wy ok, =
(({r} U Ky )»S)—T defined by the following for each 6 € ({7t} U Ky, )~S:

(aA)0=1 < OmeSy and OTE, a.
Notice that 6 = 0|k, here.
The three binary operations /\, V and = such that
DmA =DmV =Dm= =F =[] g)c(px)2 (Wa x Wk)

and if (Q,R) € (PK)? and (f, g) € ((Q~S)—=T) x ((R~S)—T), then its
images f A g, f\V g and f = g are the elements of Wo g = ((QUR)~S)—=T
defined by the following for each 6 € (Q U R)~»S:

(fAg)0 = f(6lq) Ag(Olr),
(fVg)e = f(6lq)V g(6lr),
(f=9g)0 = f(6lq)=g(6lr).
Here /\, V and = on the right-hand sides are the meet, join and cojoin

(s. §1.5.2) on the binary lattice T. This definition makes sense because
0lq € Q~S and O[g € R~S for all 6 € (Q UR)~S by Remark 6.1.1.
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(W6

(W9

The unary operation ¢ such that
Dm¢{=F= HQG‘BK Wq = ]_[QG‘BK((QWS)_)T)

and if Q € PK and f € (Q~S)—T, then its image f© is the element of
Wq = (Q~S)—=T defined by the following for each 6 € Q~-S:

()0 = (£0)°.
Here ¢ on the right-hand side is the complement on the binary lattice T.

The family of binary operations ok (k € K) such that

Dmok = HteTk,keQe‘BK(W’f x Wq) = Sk x erQeq}K((QWS)_}T)

and if s € S¢, k € Q € PK and f € (Q~S)—>T, then the image sokf
of (s,f) is the element of Wq_g = ((Q — {k})~S)—T defined by the
following for each 6 € (Q — {k})~S:

(sokf)0 = f((k/s)0).

This definition makes sense because (k/s)0 € Q~»S by Remark 6.1.1.
Notice that if Q = {k} then sokf =f(k/s) € T by the {(}} convention.

The family of binary operations gk ((g,k) € J) such that if v =mngq, then

Dmgk = Ute{ev,cv},kEQE%K(Wt x WQ) =Ey x erQemK((QWS)_)T)

and if a € By, k € Q € PK and f € (Q~S)—=T, then the image aqgkf
of (a,f) is the element of Wq_p = ((Q — {k})~»S)—=T defined by the
following for each 6 € (Q — {k})~S, where v =1 or v = 0 according as
q=p P, or q=—p € =P, (distinguish between v and v (s. §0.4)):
(agkflo =1 < [s € Sv:sEy a, f((k/s)0) =V|y €p.

This definition makes sense because q € Q, =P II =B, and v € Ny by
the definition of J, and so (k/s)0 € Q~-S for all s € S, by Remark 6.1.1.
Notice that f((k/s)0) = (sokf)0 and if Q ={k} then (aqkf)0 = agkf €
T and f((k/s)0) =f(k/s) =sokf € T by [W7] and the {(}} convention.

The family of binary operations gk ((q,k) € J) such that if v =nq then

Dm gk = Hte{ev,ev},kEQE‘BK(Wt x Wq) =Ey x UkeQemK((QWS)_ﬂr)

and if a € By, k € Q € PK and f € (Q~>S)—T, then the image aqgkf
of (a,f) is the element of Wq_p = ((Q — {k})~»S)—=T defined by the
following for each 6 € (Q — {k})~~S, where v =1 or v = 0 according as
q=p € P, or q=—p € =P, (distinguish between v and v (s. §0.4)):
(agkf)o =1 & if[s € Sy :sE, aly #0, then
[seSy:s Eq, % f((k/s)0) =vl|y
seSy:s EevalV

This definition makes sense for a similar reason as in [W8].
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[W10] The family of unary operations fq (q € Q’, that is, g € Q and nq € N')
such that if k = k4 then

Dmiq = erQeq’}K Wq = UkeQe&pK((Q“’“’S)_ﬂr)

and if k € Q € PK and f € (Q~+S)—T, then the image fhq of f is the
element of Wg = (Q~+S)—=T defined by the following for each 6 € Q~S,
where gk is the operation defined in [W8]:

(fhq)0 = ((6k) gk f)Olq—_qi3-

This definition makes sense because ng = nk € Ny and so (q,k) € J,
0k € Sng C Eng, (0k) gk f € ((Q—{k})~S)—T, and 0lg_(x} € (Q—{k})~S
by Remark 6.1.1.

[W11] The family of unary operations fq (q € ', that is, g € Q and nq € N’)
such that if k = k4 then

Dmyq = erQeqs’K Wq = erQemK((QWS)_’T)

and if k € Q € PK and f € (Q~»S)—>T, then the image fhq of f is the
element of Wq = (Q~+S)—T defined by the following for each 6 € Q~-S,
where gk is the operation defined in [W9]:

(fha)0 = ((6k) gk f)0lq (i)
This definition makes sense for a similar reason as in [W10].

This completes the construction of the C worlds W on the C parameters of
the C language A. Thus they are also parameterized by the basis S =[], o Sv,
the basic v-relations on Sy (v € N), the p-default in S, (p € N’), the P,-
measure Y — [Y], on Sy (v € N) and the operations (w¢)peo in [W1].

6.1.4 The C interpretation of the nominalizers

Let (A, T, 0,P, C, X, T) be the C language constructed in §6.1.2 and W be any one
of the C worlds for it constructed in §6.1.3. Following §3.2.4, here we introduce
an interpretation (Aw )aca—m, called the C interpretation, of the set A — M
of the variable indices of the algebraic structure (Ta)aea of T on W. The
significance Ay, called the C significance, of each A € A—M on W by definition
depends on T and the partitions W = ][, Wy and A —M = Haex®—{s} Ag.

Let A € A—M. Then since A—M ={Vx:x € X¢}, we have A = Vx € A, for
some x € Xe. Let v =mnx, that is, x € X, = O"X71{€V}. Then Dm T, = BK,
and TAQ = ey for each Q € PK, by [T12]. Therefore, (3.2.5) and (3.2.6) show

Aw € (UQG‘BKV (WGXHWQ))_)WW

and since Wox—=Wq = W, —-Wgo = S5, —=((Q~S)—=T) for each Q € PK, and
W,, =0,—(Sy—T), we have

Aw € (Ugegk, (Sv—=((Q+S)=T)))=(0y—(Sv—T)).
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Thus we define its value Awf € ©,—(S,—T) at each f € S, —((Q~S)—T)
(Q €BKy) by the following for each 6 € ©, and each s € Sy :

((Awf)0)s = (fs)0lq.

This makes sense because ©, = K,~+S and so 0|q € Q~+S for each 6 € @, and
each Q € PK, by Remark 6.1.1; in particular, if Q = K then ((Awf)0)s =
(fs)0, while if Q = ) then f € S, —T by the {(} convention and ((Awf)0)s = fs.

The definition of Ay, is natural because we may identify S, —((Q~~S)—T)
(Q € BK,) and O, —(Sy—T) with (Sy x (Q~S))—T and (O x Sy)—T re-
spectively by linearization (s. Remark 1.3.2). Under the identification, we see
that Aw € (Ugepk, ((Sv x (Q~8))=T))—=((Oy x Sy)—T) and that its value
Awf € (0, x Sy)—=T at each f € (Sy x (Q~S))—=T (Q € PK,) satisfies
(Awf)(0,s) = f(s,0lq) for each (0,s) € ©, x Sy; in particular, if Q = K,
then (Aw/f)(0,s) = f(s,0), while if Q = @ then f € S, —T and (Awf)(6,s) = fs,
because S, —((P~S)—T) has been identified with S, —T by the {(}} convention
and so (Sy x (#~~S))—T must also be identified with S, —T, or rather S, x {@}
must be identified with S .

The resultant operation $x on the metaworld W# satisfies

Dm ) = UQE‘ﬁKv (YWH((QWS)HT))»
Br(Yw—((Q~S)—T)) € Yw—(0y—(Sy—T)) for each Q € PK,,
by (3.3.9). Let @ € Yw—((Q~S)—T) (Q € PBKy). Then its image Prp €
Yw—(0,—(Sy—T)) satisfies
(Baw)v =Aw(e(v(x/0)))
for each v € Yy by (3.3.8), where @(v(x/0)) € Sy—((Q~S)—T) and
(ev(x/L)))s = @(v(x/s))

for each s € Sy by (3.3.1), (3.3.3) and (3.3.4). Therefore, the above definition
of Ay shows that the following holds for each 6 € ®, and each s € S :

(((Br))6)s = (@(v(x/s)))Blq-
This may be paraphrased in terms of the v-relation £ extended by (6.1.1):
SEq (Ba@)v &= (0(v(x/s)))0lq =1.

Now A = Vx, x € X and v = nx. Thus, abbreviating Byx to Vx and
assuming it to be postpositive as with the abbreviation Vx of Ty, we have

and for each Q € PK, and each ¢ € Yyw—((Q~S)—T), we have

(
)

© Vx € Yw—(0y—(Sy—T))
and the following for each v € Y/, each 8 € @, and each s € Sy:

(((e vx)v)B)s = (@(v(x/s)))0lq,
SEq (@ VxJu = (@(v(x/s)))0lq =T.
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6.1.5 The C semantics

Here we define the C semantics (20, (Iw)wean, (Aw )wesy) for the C language
(A, T,0,P,C,X,T") constructed in §6.1.2 and thereby complete the construction
of the logic system CL begun in §6.1.1.

As for 2, we first pick a deductive law £+ on the relations on sets as defined
in Remark 2.5.6 for each v € N, which we call the basic v-law. Then we define
2 to be the set of the C-worlds for A constructed in §6.1.3 whose basic v-
relations satisfy £, for each v € N (s. Remark 4.1.1). Then 20 # (), and we let
Iw (W € 20) be the C interpretation of A —M on W introduced in §6.1.4. As
for (Aw)wean, we first pick an element ¢, € Ce, for each p € N’ — Ny (this
is possible because we have assumed Cc, # {)), which we call the p-constant.
Then we define Ay (W € 20) to be the set of the denotations 6 of C into W
such that dc,, is the p-default of W, for each u € N’ —Ng. Notice Aw # 0.

This completes the definition of the C semantics. Thus it is parameterized
by the basic v-laws £ (v € N) and the p-constant ¢, € Ce, (L€ N’ —Ny).

6.2 Extremal modality and partibility

Let (A, T,0,P,C, X, 2, (Iw)wea, (Aw)weas) be the logic system CL con-
structed in §6.1. Here we consider how extremality of its modality (k, (N+)ven)
and partibility #N defined in §6.1.1 affects on the construction and introduce
relevant convention. We place particular emphasis on the construction of 20
and (Iw)wegy in §6.1.3 and §6.1.4 in view of the slogan DWs first of §4.1 and
importance of the interpretation of the nominalizers.

6.2.1 Isolated nomina and semisolated nomina

A nomen v € N is said to be isolated if N, = (). The isolation simplifies the
construction of each W € 20 and Iy in the following way.

First, we have K, = kN, = 0. Consequently, ©, = ()~S = 0—S = {@} for
the basis S = We of W (s. Remark 6.1.1 and [3.2]). Therefore, £ is the only
basic v-relation on the v-basis Sy, = W, of W, which we denote by E,. Wealso
have W,, ={0}—(Sy—T), which we identify with S, —T by the {(}} convention
(s. [3.24]). Then Ey, =W, IIW,, =S, II(Sy—T), and the extended v-relation
E, between S, and Ey satisfies the following for each (s,a) € Sy x (Sy—T):

SE,a as=1.

Furthermore, for each 8 € Q~S (Q € BK), the (6, v)-relation between S, and
Ey is equal to the extended v-relation E_ irrespective of the p-defaults (e N).

These remarks on £ are concerned with the operations on W in [W2]-[W4]
and [W8]-[W11]. For example, since K, = @ and {mt}~»S = {n}—=S by Remark
6.1.1, the image aA of a € Ey by the operation A in [W4] is the element of
Winy = ({}—=S)—=T defined by the following for each 0 € {m}—=S:

(aA)0=1 < OneSy and OTE  a.
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Now let A be the token Vx (x € X, ). Then PKy = PO = {0}, Wox— Wy =
We, =Wy = S, —T and W,, = Sy, —T by the {#}} convention. Therefore, the
C significance Ay defined in §6.1.4 is a transformation on S, —T and satisfies
(Awf)s = fs for each f € Sy —T and each s € Sy, that is, Aw = ids, 7.

Semisolated nomina

A nomen v € N is said to be semisolated if #N, = 1. The semisolation
simplifies the construction of each W € 20 and Iy in the following way.

Suppose Ny = {u}. Then u € N’. Let s denote k. Then K, = {5} and
N =y, and so by Remark 6.1.1, ©, = {3}~»S = {5}5S, for the basis S = W,
and the p-basis S, = W of W. Therefore, as for the set £, = W, [T W, of
the v-entities of W, we identify ©, with S, by the {3} convention (s. [3.24] and
Remark 6.2.1). Then W,, = S,,—(Sy—T) for the v-basis Sy, = W, of W, and
the basic v-relations on Sy constitutes a family (E )ses, and are extended to
relations between S, and E, = Sy II (S, —(Sy—T)) by the following for each
(s’ya’) € Sy x (Sy—(Sv—T)):

s'E a & (a's)s' =1.

Furthermore, for each 8 € Q~S (Q € PBK), the (0, v)-relation between S, and
Ey is equal to the extended v-relation E_ for the element sg € S,, defined by
the following, where s,, is the p-default:

o — 0, ifxxe€Q,
T s, ifxg Q.

To be precise, we have identified ©y = {2}—=S, with S, by the bijection
¢ which associates each 6 € ©, with 6sc € S, (s. [3.24]). Therefore, we have
identified each s € S, with 8 = ¢ 's € ©, and denoted the basic v-relation
Egq by E,. We have also identified each a’ € Sy—(Sy—T) with the composite
a=a’c €0,—(Sy—T) of c € ©,—S, and a’. Since a® = (a’c)(c”'s) = a's,
(6.1.1) shows that £ _ is extended as above. For each 6 € Q~~S (Q € PBK), since

05 — 0¢ %f%EQ,
sy ifxe g Q

by (6.1.2), we have 0, = ¢~ 'sg. Therefore, the (0, v)-relation = between S.,
and E. is equal to the extended relation B

These remarks on (E)ses,, are concerned with the operations on W in [W2]-
[W4] and [W8]-[W11] in §6.1.3. For example, the image aA of a € Ey by the
operation A in [W4] is the element of Wi, .., = ({7, 5}~»S)—=T defined by the
following for each 0 € {m, »}~~S:

(aA)0=1 < OmeSy and OTE, _a.
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Remark 6.2.1 As for the set Wi,,; = ({3¢}~»S) =T of the {s}-events of W, we
will not identify {s}~+S with S,, by the {c} convention.

Now let A be the token Vx (x € X, ). Then identifying S, —((Q~S)—T)
(Q € PBK,) and Oy, —(Sy—T) with (Sy x (Q~S))—T and (O, x Sy)—T re-
spectively by linearization, we have seen in §6.1.4 that the C significance Ay,
belongs to (UQGSBKV((SV x (Q~8))—=T))—((Oy x Sy)—T) and that its value
AT € (©y x Sy)—=T at each f € (Sy x (Q~S))=T (Q € PK,) satisfies
(Awf)(6,s") = f(s’,6lq) for each (6,s’) € ©y x Sy; in particular, if Q = K, then
(AwT)(8,s") =1(s’,0), while if Q = @ then f € S, —T and (Awf)(0,s’) =fs’.

Here PKy = Plse} = {0, {5}, Oy = {50}~S = {3}—S,, and we have identified
©y in the definition W,, = ©,—(Sy—T) with S,, by the {2} convention but will
not identify {s}~+S in the definition Wy,,; = ({s¢}~+S)—=T so (s. Remark 6.2.1).
Therefore, Ay belongs to (((Sy x ({5}—=Su))—=T) U (Sy—=T))—=((Su x Sv)—T)
and its value Awf € (S, x Sy )—=T at each f € ((Syv x ({s>J—=S,))—=T)U (Sy—T)
satisfies the following for each (s,s’) € S, x Sy:

(s’ (5¢/s)) if f € (Sy x ({3—S,))—>T,

Awf)(s,s) =
(Aw (s, s7) {fs’ if £ € SyT.

Canceling the identification by linearization, we conclude that
Aw € ((Sv=(({2—=8,)=T)) U (Sy=T))=(Su—(Sy—T))

and that its value Awf € S, —(Sv—T) at each f € (Sy—=(({»)—S.)—T)) U
(Sy—T) satisfies the following for each s € S, and each s’ € S:

;{8 (5e/s) i £ € Sy (({—8,)—T),
((Awfs)s” = {fs’ if f € Sy T.

6.2.2 Discrete case logic and impartible case logic

The logic system CL is said to be discrete if all its nomina are isolated. The
discreteness has the following consequences in addition to those in §6.2.1.

We may forget about the modality (k, (Ny)ven). Indeed, N = (J, o Ny =
0, hence K’ = |J, cn Kv = 0 and Ny = N for all k € K. Therefore, Q" = Q' =9,
J=0 xKand J = x K. Consequently, the operations in [T10], [T11], [A10],
[A11], [W10] and [W11] do not exist. Furthermore, Ty = {ey : v € N} for all
k € K as to the operations ok (k € K) in [T7], [A7] and [WT7].

These remarks and those in §6.2.1 show that the construction of the C worlds
W in discrete CL is simplified in the following way.

Picking a family (Sy)ven of nonempty sets, we first define

W =[1,en(Sv I (Sy=T)) O [geqi ((Q—S)—T),

where S =[], cn Sv and (0—S)—=T = T by the {(}} convention (s. [3.24]). Notice
that Q—S = Q~=S for each Q € LK because K’ = 0.
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As for the partition W = [ [, .1 W4, we define
W, =S, W,, =S5y—-T, Wqo = (Q—=S)=T
for each v € N and each Q € BK, where Wjy = T. Furthermore, we define
Ev =W, IIW,, (veN) E=]],cnEvy F:HQemKWQ-

The algebraic structure of W is divided into the families defined in [W1)-
[W9) below. [W1) is the same as [W1]. For [W2)-[W4), [W8) and [W9), we pick
a basic v-relation E, on S, for each v € N and extend it to a relation between
Sy and Ey = S, II (S, —T) by the following for each (s,a) € Sy, x (S, —T):

SE,a as=1.

[W1) An arbitrary family of ng-ary operations ¢ € @ such that if v = né
then Dm$ = W, "* and (ai1,...,an, ) € W, for all (ar,...,an,) €
W,

[W2) The binary operations M and Ll such that
Dm M =DmU = [T en I tuwefenenr We x Wa) =TT, Ev?

and if (a,b) € E,? (v € N), then its images aMb and aUb are the
elements of W,, = Sy —T defined by the following for each s € Sy:

SE,alb < sE_aand sE Db,
SE,alb < sE aorse_b.

[W3) The unary operation O such that

DmO =[], cn(We, W, ) =1] Ey=E

veN

and if a € Ey (v € N), then its image a” is the element of W,, = S, —T
defined by the following for each s € S :

sE,a” & s¥Z a.
[W4) The unary operation A such that

DmA = [[,enWe, TW,,) = [,enEv =

veN

and if a € Ey (v € N), then its image aA is the element of W, =
({rt}—S)—T defined by the following for each 6 € {7t}—S:

(aA)0=1 < 0n €Sy and OTE_ a.
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[W5)

The three binary operations /\, V and = such that
DmA =DmV =Dm= =F =[] g p)cpr)2 (Wa x Wk)
=1 (q,r)epr)2 (((Q—S)=T) x ((R=S)—=T))

and if (Q,R) € (PK)? and (f,g) € ((Q—S)—=T) x ((R—=S)—=T), then its
images f /A g, f\V g and f = g are the elements of Wour = ((QUR)—=S)—=T
defined by the following for each 6 € (Q UR)—S:

(fAg)e = f(Blg)Ag(Olr),
(fVg)le = f(6lg)Vg(Olr),
(f=9)6 = f(Blg)=g(Olr).

Here A\, V and = on the right-hand sides are the meet, join and cojoin
(s. §1.5.2) on the binary lattice T.

The unary operation ¢ such that
Dm¢o=F= ]_[QE%K Wq = ]_[QE%K((QHS)—HT)

and if Q € PK and f € (Q—S)—T, then its image f© is the element of
Wq = (Q—S)—=T defined by the following for each 6 € Q—S:

(f9)0 = (0)°.
Here ¢ on the right-hand side is the complement on the binary lattice T.
The family of binary operations ok (k € K) such that

Dmok = HveN,keQemK(st xWq) =S x erQeﬁpK((Q_’S)_’T)

and if s € S, k € Q € PK and f € (Q—S)—T, then the image sokf
of (s,f) is the element of Wq_py = ((Q — {k})—=S)—=T defined by the
following for each 6 € (Q — {k})—>S:

(sokf)0 =f((k/s)0).

The family of binary operations gk ((q,k) € Q x K) such that if v =ngq,
then

Dmgk = Hte{ev,ev},keQemK(Wt x Wq) =E, x erQe‘l}K((Q_)S)_)T)

and if a € Ey, k € Q € PK and f € (Q—S)—T, then the image aqkf
of (a,f) is the element of Wqo_g; = ((Q — {k})—=S)—=T defined by the
following for each © € (Q — {k})—S, where v =1 or v = 0 according as
g=pePyorqg=—pecPy:

(agkf)0 =1 & [s €Sy :sE_a, f((k/s)0) =V|y €p.

This definition makes sense because q € Q- =P 1 =, .
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[W9) The family of binary operations gk ((q,k) € Q x K) such that if v =g
then

Dmgk = Hte{e\,,ev},keQe‘BK(Wt x Wq) =Ey x erQE‘ﬁK((Q_)S)_)T)

and if a € Ey, k € Q € PK and f € (Q—S)—T, then the image aqgkf
of (a,f) is the element of Wqo_; = ((Q —{k})—=S)—=T defined by the
following for each 8 € (Q —{k})—S, where v =1 or v = 0 according as

q=pePyorq=—pec Py
(aqkf)d =1 <ﬁ,>if|sESV:sEval\,;zéO7 then

Is €Sy :sE, a, f((k/s)0) =Vly
\seS\,:sEvalV

This definition makes sense for a similar reason as in [W8).

Impartible case logic

In case the partibility #N is equal to 1, CL is said to be impartible and has
been called ICL. Obviously, ICL is discrete and so may be obtained from discrete
CL by deleting subscripts in N and others.

To be more precise, in addition to the set K of the cases and the nominative
case T € K, we pick a nontrivial quantitative set PP, a subset B of the power
set PP of P and a subset 3 of the power set P[0, 1] of the interval [0, 1] of real
numbers in case P is unital, while we assume ‘j’j = () in case P is not unital.
Then we define Q =B I1—P and Q = iﬁ I ﬁif3 by the copies =33 and —"i3 of P
and ‘,]v’.? respectively by the symbol —. As for its C language (A, T, o,P,C, X,T),
we let T = {e, ¢} IT PK, picking the symbols € and e. Finally, the construction
of the C worlds W in ICL is as follows.

Picking a nonempty set S, we first define

W=SIO(S-T)I HQemK((QHS)HT)’

where ()—S)—T =T by the {0} convention (s. [3.24]).
As for the partition W = [ [, Wy for T = {e, ¢} II'BK, we define

We =8, W, =S5-T, Wq = (Q—=S)=T (Q €‘BK),
where Wy = T. Furthermore, we define
E=W.IOW,, F:HQe‘I}KWQ'

The algebraic structure of W is divided into the families defined in (W1)-
(W9) below. They are obtained from [W1)-[W9) by deleting subscript v, ex-
pressions about it such as [[, .y and “v € N” and the redundant condition
Ot € S in (W4). Therefore, (W5) and (W6) are the same as [W5) and [W6)
respectively. Furthermore, for (W2)—-(W4), (W8) and (W9), we pick a basic
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relation E on S and extend it to a relation between S and E = SII (§S—T) by
the following for each (s,a) € S x (S—T):

SEa & as=1.

Moreover, for (W8) and (W9), we pick a P-measure Y — [Y] on S. You will see
that (W1)—(WB8) here are the same as (W1)-(W8) in §4.1.1 (s. Remark 4.1.2)
and so we have implicitly assumed there that ‘j&’ = () even if P is unital.

(W1) An arbitrary family of ng-ary operations ¢ € @ such that Dm¢p = W, "¢
and (ar,...,an,)p € W for all (aj,...,an,) € W™,

(W2) The binary operations M and U such that

DmH:DmI_I:]_[( Wi x Wy, ) = E?

t,u)€fe,e}? (

and if (a,b) € E2, then its images aMb and a b are the elements of
W, = S—T defined by the following for each s € S:

SEalb & sEaandsEDb,
SsEalb & sEaorsgb.

(W3) The unary operation O such that
DmO=W,IIW, = E

and if a € E, then its image a® is the element of W, = S—T defined by
the following for each s € S:

sEa” &< s¥ a.

(W4) The unary operation A such that
DmA=W.1IW,=E

and if a € E, then its image aA is the element of W,y = ({m}—=S)—=T
defined by the following for each 0 € {mt}—S:

(aAN)B =1 & OmE a.

(W5) The three binary operations A, V and = such that
DmA =DmV =Dm= =F =[] g g)epx)2z (Wa x Wk)
~ Hig.recmi: ((Q=8)5T) x (R=S)=T))

and if (Q,R) € (PK)? and (f,g) € ((Q—S)—=T) x ((R—=S)—=T), then its
images f A\ g, f\V g and f = g are the elements of Wgour = ((QUR)—=S)—=T
defined by the following for each 6 € (Q UR)—S:

(fAg)0 = f(Blg) N g(Blr),
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(fVg)e
(f=>g)o

f(6lg) V g(O[r),
f(6lg) = g(O[r).

Here /\, V and = on the right-hand sides are the meet, join and cojoin
on the binary lattice T.

The unary operation ¢ such that

Dm ¢ =F=]lgeqx Wo = [geqpk((Q—S)=T)

and if Q € PK and f € (Q—S)—T, then its image f° is the element of
Wq = (Q—S)—=T defined by the following for each 6 € Q—S:

()0 = (f0)°.
Here ¢ on the right-hand side is the complement on the binary lattice T.
The family of binary operations ok (k € K) such that

Dm ok = erQemK(Ws xWq) =S x erQemK((Q_’S)_’T)

and if s € S, k € Q € PK and f € (Q—S)—T, then the image sokf
of (s,f) is the element of Wq_gy = ((Q — {k})—=S)—=T defined by the
following for each 0 € (Q —{k})—S:

(sok )0 = f((k/s)0).

The family of binary operations gk ((q,k) € Q x K) such that

Dmak = [Tiefe o) keepk (Wi X WQ) = E X [ [icqeqk ((Q—S)=T)

and if a € E, k € Q € PK and f € (Q—S)—>T, then the image aqkf
of (a,f) is the element of Wq_gq = ((Q — {k})—=S)—=T defined by the
following for each 0 € (Q — {k})—S, where v =1 or v = 0 according as

g=pePorqg=—pec—P:

(agkf)=1 < [s€S:sE a,f((k/s)0) =v| €p.
This definition makes sense because q € Q =B 11 —.
The family of binary operations gk ((q,k) € Q x K) such that

Dmak = [ [iefe o) keepk (Wi X WQ) = E X [ [icqeqk ((Q—S)=T)

and if a € E, k € Q € PK and f € (Q—S)—>T, then the image agkf
of (a,f) is the element of Wq_gq = ((Q — {k})—=S)—=T defined by the
following for each 0 € (Q — {k})—S, where v =1 or v = 0 according as

q=pePorg=—pec—P:
(agkf)O=1 < if[s € S:sE a| #0, then
seS:sE a,f((k/s)0) =
€
seS:sE d

This definition makes sense for a similar reason as in (W8).
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6.2.3 Bipartible case logic

In case the partibility #N is equal to 2, CL is said to be bipartible and has
been called BCL. For BCL, we assume

N ={o, t}

without loss of generality. Then if #N, = #N,, it is said to be symmetric.
Discrete BCL is symmetric because N, = N, = (). Indiscrete symmetric BCL
satisfies N, = {t} and N, = {o}, that is, o and t are bound by the underlying
relation on N (s. [6.1]), and so is also called bound BCL.

Here we concentrate on asymmetric BCL (ABCL), because it is a mixture of
bound BCL and discrete BCL and so also indicative of the nature of the mixed
two. Without loss of generality, we assume #Ng > #N,. Then

No = {4, N, =0,

that is, o is semisolated and t is isolated. This extremality particularly has the
following consequences in addition to those shown in §6.2.1.

We first have N’ = {t}. Let 2 denote k,. Then K’ = {3} and nsx = L
Moreover, Q' = Q, and J = (Q x (K—{5¢})) 11 (Q, x{2¢}), and since Q = Q,119,,

J=(Qo x (K—={5})) IT (Q, x K).

These remarks and those in §6.2.1 show that the construction of the C worlds
W in ABCL has the following features.
Picking a pair (S,,S,) of nonempty sets, we first define

W=S,1(5—(S,—T)) IS, II(S,—T)II ]_[QemK((QwS)—ﬂI‘),
where
S=S,1IS,, QwS={0cQ—-S:0xeS, if »x€Q} (QePK)

and we identify (§~~S)—T with T by the {#} convention (s. [3.24]).
As for the partition W = [ [, Wy for T = {eo, ¢o, €1, ¢} ITPK, we define

We, = So, W, =S5.—(S,—T),
W, =S, W, =S.-T, Wqo = (Q~S)=T (Q € BK),

and so Wy = T by the above identification.
Furthermore, we define

E=W., OW, IW. IIW,,
Eo:WeOHWcO) EszelHWe‘)
We =W, OIW,, W, =W, IIW,, F= HQG‘BK Waq,

sothat W=EIF, E=E, IIE, =W IIW, and W, =S.
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The algebraic structure of W is divided into the families [W1|-[W11]| de-
rived from the families [W1]-[W11] in §6.1.3.

For [W2]-[W4] and [W8]-[W11], we pick a family (E_)ses, of relations
on S, and a relation E on S,. Then we extend E_ for each s € S, to a relation
between S, and Ey = S, I (S,—(So—T)) by

s'E a & (as)s’ =1

for each (s’,a) € Sy x (S,—(So—T)) and extend E to a relation between S, and
E, =S, II(S,—T) by the following for each (s,a) € S, x (S,—T):

SEa & as=1.
[W2] consists of the binary operations M and U such that
DmM=DmU=E*ITE?

and if (a,b) € Eo?, then its images aMb and a b are the elements of
S, —(So—T) defined by

s'E,alb & s'E_ aand s’ E_b,
s'E,alb &= s'E_aors'E D

for each s € S, and each s’ € S,, while if (a,b) € E.?, then its images alb and
a b are the elements of S;—T defined by the following for each s € S;:

SEalNb & sEaandsEDb,
SEalLb &< sEaorsEDb.

[W3] consists of the single unary operation O such that
DmO=E=E,IIE,
and if a € E,, then its image a® is the element of S,—(S,—T) defined by
s'E a” &= s'# a

for each s € S, and each s’ € Sy, while if a € E, then its image a" is the
element of S, —T defined by the following for each s € S:

sEd” & s¥a.
[W4] consists of the single unary operation A such that
DmA=E=E,IIE,
and if a € E,, then its image a/\ is the element of ({7, s}~~S)—T defined by

(@A) =1 ¢ On€S, and ONE, a
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for each 0 € {m, »}~~S, while if a € E,, then its image a/\ is the element of
({t}—S)—T defined by the following for each 6 € {rt}—S:

(aA)B=1 & 0 e S, and OTE a.

For [W8]—-[W11], we furthermore pick an element s, € S, as the (-default.
Then for each 8 € Q~~S (Q € PK), we let sg be the element of S, defined by

o 0 if x€Q,
° Vs ifx¢ Q.

[W8] consists of the binary operations gk ((¢,k) € (Qo x (K—{3¢}))II(Q, xK))
such that if ¢ € Q, (v € N), then

Dmgk =E, X erQe‘}SK((QWS)_)T)

and if a € Ey, k € Q € PK and f € (Q~S)—T, then the image agkf of
(a,f) is the element of ((Q —{k})~»S)—T defined by the following for each 6 €
(Q —{k}~S, where v=1 or v =0 according as q =p € Py or q = —p € =P

s €Sy :s E,® f((k/s)0) =v|o €p if v=o,

agkf)o =1 <
(agk) {|S€SL:SEG, f((k/s)0) =v| . €p ifv=L

[W10] consists of the unary operations fiq (q € ,) such that

DHl Uq = H%eQ@pK((QWS)HT)

and if > € Q € PK and f € (Q~+S)—T, then the image fliq of f is the element
of (Q~S)—T defined by

(Fha)0 = ((05c) q3¢ F)Blq— ()
for each 0 € Q~~S, where gs¢ is the operation defined in [W8§].

Chapter 6 to be continued (s. Remark 1.4.1).
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