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Abstract A definition of logical systems as pairs of syntax and semantics is pro-
posed, and it is shown how each logical system with a truth yields a logical space, which
the author introduced as a framework for studying logic, in particular completeness
of deduction systems [Theory of completeness for logical spaces, Logica Universalis 3
(2009)]. The definition is tested for adequacy by deriving two theorems from it on
the relationship between syntax and semantics, and also is illustrated by a few exam-
ples. Although the whole theory is general and purely logical, it is oriented to and
commented on from the special viewpoint of Mathematical Psychology (MP), and this
paper is intended as both an introduction to MP and a theoretical basis for subsequent
papers on completeness theorems for the logical systems designed for MP. Linguists
may read this paper as providing a framework for categorial grammar.
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1 Introduction

The main purpose of this paper is to show how each logical system yields a
logical space. As I introduced [5], a logical space is a pair (A, B) of a non-
empty set A and a subset B of the power set PA of A and is expected to be
a framework for logic. On the other hand, there seems to be a debate on the
question “What is a logical system?” around computer theorists [1]. Some
people there seem to even mean “logic” by “logical system.” Answers may well
vary according to researchers’ intent. My answer is as follows according to my
intent mentioned later apart from computer theory.

First, a logical system is a pair of syntax and semantics. I mean by “syntax”
and “semantics” the rules governing the composition and the interpretation re-
spectively of expressions in a language. Secondly, logic is the study of deduction
systems on logical systems, where a deduction system is a pair (R,S) of a subset
S of a set A and a relation R between the free monoid A* over A and A.

There also is a question “Is there a real difference between syntax and se-
mantics from the viewpoint of computer applications?” in the AMS review
of [1]. It sounded strange to me at first, but it makes sense, and my answer
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is “Syntax and semantics are different, but they may overlap if they are ab-
stracted.” Indeed, certain abstract definitions of syntax and semantics, and
even of deductions, are quite similarly stated in terms of relations. It is rather
natural because abstraction is the act of neglecting differences and focusing on
similarities.

Semantics in the above sense for a natural language is typically provided
by dictionaries. Let A be the set of the expressions of the language and D be
the set of the words listed in a dictionary. Then the dictionary is regarded as
defining a relation R between A and D. In consulting the dictionary, we pick an
expression a € A and a subset E of D, and check whether aRe holds for some
word e € E, that is, whether a belongs to the inverse image R™'E of E under R:

R'E={be A|bRe for some e € E}.

The set E varies as the case may be and there are various dictionaries. Thus, I
have been led to the following tentative and informal definition.

Definition 1.1 A semantics of a non-empty set A is a family of triples (Dy, Ry,
Ei) of a set Dy, a relation Ry between A and Dj, and a subset E; of D; for
all indices 1 in a set I. A logical system is a pair (A,X) of a non-empty set A
defined by some syntax and a semantics £ of A.

Logicians actually study semantics in this sense [6]. For instance, they pick
an algebra A of sentences, a family (Di)ic1 of algebras D; similar to A, a
homomorphism R; of A into D; and a subset E; of D; for each i € I. For some
reason or other, their study centers around the relation F between A* and A
defined so that an element (x,b) € A* x A satisfies « F b iff it satisfies

o C R171Ei — be R171Ei (1.1)

for all i € I. Here and elsewhere, we regard elements o € A* as elements of PA

for convenience sake. Logicians pick D; = {0,1} and E; = {1} for all i € T in

classical cases, where (1.1) reads “If Ria =1 for all a € «, then Rib = 1”7 and

Ria for a € A is intended as the truth value of a under the valuation R;.
Under Definition 1.1, define the subset B of PA by

B={Ri 'Ei|iell. (1.2)

Then we obtain a logical space (A, B). Furthermore, according to [5], the study
of a logical space (A,B) necessarily centers around the relation Q between A*
and A, which is called the largest B-logic and is defined to be the largest of the
relations between A* and A which close every member of B. It also turned out
to satisfy

aQb — beﬂagBeBB

for each (o, b) € A* x A. Therefore, as for the logical space (A, B) defined by
(1.2), « Qb holds iff («,b) satisfies (1.1) for all i € I, and so Q coincides with
the relation F which logicians study.



We have seen how each logical system in the sense of Definition 1.1 yields a
logical space. The concept of logical systems, however, is not very distant from
that of logical spaces, because each logical space conversely and immediately
yields a classical logical system. Moreover, it includes no syntax, and the def-
inition of semantics will overlap with an equally abstract definition of syntax
as mentioned before. Above all, it is too abstract to be immediately applied to
practical logics. Thus, it does not yet answer the purpose of this paper.

The definition of logical systems which I will settle in §3 distinguishes be-
tween syntax and semantics and yields logical spaces by the same principle as
above. While it is essentially a practical specialization of Definition 1.1, it is
still highly general. Although it is not as simple as Definition 1.1, it relies only
on the basic knowledge of sorted algebras collected in §2. The rest of the paper
is to amplify it. In order to test it for adequacy and prepare for its application
to the studies mentioned below, I will derive in §4 two theorems from it on the
relationship between the syntax and semantics. Also, I will illustrate it by the
propositional logics, classical first-order predicate logic, and typed A-calculus in
§5.

In fact, despite its generality, the whole theory is oriented to my special
intent described below inspired by but departing from Montague’s theory of the
syntax and semantics of natural languages [8,11] which I learned from Shirai [9].

This paper is intended to give a theoretical basis for the papers [2,7,10]
by my collaborators and myself who will prove completeness theorems for the
logical systems MPCL (monophasic case logic) and PPCL (polyphasic case logic)
introduced in [3] for MP (mathematical psychology), which I launched by an
electronic publication [4] capable of frequent updating and will abridge by this
paper and others.

The end of MP is to comprehend human mind by analyzing a comprehen-
sive mathematical model of the triple of the human system of cognizing and
thinking, the outer worlds which humans cognize and think about, and the re-
lationship between a human and the outer worlds. Logic is a tool for that,
just as probability is a tool for genetics. The formal language A in MP is a
model of the human system of cognizing, and the semantics of A consists of
models of pairs of an outer world and a relationship between the world and
the human system, while deduction systems on the sentences of A are models
of the human system of thinking. Those human systems are unknowns in the
brain, just as Mendel’s factors (genes) were unknowns in organisms. For the
time being, adequacy of the models can be examined solely by observations of
natural languages which are supposed to be deformed expressions of the human
systems, just as Mendel’s theory was once examined solely by observations of
phenotypes of pea plants which were supposed to be deformed expressions of
their genotypes. Metaphorically speaking, MP seeks for a theory of genotypes
by observations of phenotypes.

MP should be comprehensive. Common logics such as the first-order pred-
icate classical logic and modal logic may be regarded as providing theories of
genotypes. However, they are not comprehensive and should be embedded to-
gether in some comprehensive logic. At present MP is in the process of trial



and error in order to create such a logic, and PPCL is that which I could have
created so far with MPCL being its prototype. As such, PPCL is sophisticated
rather than complicated. In particular, its formal language A has operations
Qx which are analogous to and more sophisticated than the A-abstractions Ax
in the typed A-calculus. The semantics of A includes the interpretation of Qx.
The general definition of semantics to be proposed in §3 therefore includes the
sophisticated interpretation of generalizations of Qx. The sophistication is in-
evitable and essential, as neither human’s cognition nor the outer world as a
whole is simple.

2 Preliminaries on sorted algebras and univer-
sality

Here are collected notation, terminology, and basic facts about algebras. Some
of them may be standard but others may not. Thus, this section may include
proposals for notation and terminology, just as subsequent sections propose a
theory. However, our notation and terminology about sets will be standard
except that we denote the set of the mappings of a set X into a set Y by X—Y
instead of YX. Thus f € X—Y means f: X — Y.

2.1 Operations

For each set A and each natural number n, an n-ary operation on A is a
mapping o of a subset D of A™ into A. The set D is called the domain of «
and denoted by Dom «, while the image «D is denoted by Im «. The number n
is called an arity of o. If D # (), « has the unique arity. If D = (), every natural
number is an arity of &, and o = () because §—A = {}}. If D = A™, we say that
o is total. A subset B of A is said to be closed under « if x(B"ND) C B. If B
is closed under «, the restriction p = «|gnnp of & to B becomes an operation
on B.

2.2 Algebras

An algebra is a set A equipped with a family (xx)acr of operations o) on A,
and is sometimes called an () )aer-algebra. Strictly speaking, an algebra is a
pair (A, (o )aer) of a set and a family of operations on it. Conventionally, we
often identify (o )aer with the family (A)aecr and call A an L-algebra. The
algebra A is said to be total if «, is total for every A € L. Two algebras
A and B are said to be similar, if their operations (o )acr and (Ba)rer are
indexed by the same set L and a) and 35 have a common arity for each A € L.
The similarity is reflexive and symmetric, but not transitive when involved with
empty operations.



2.3 Subalgebras, reducts and closures

Let (A, (ca)aer) be an algebra. Then its subalgebra is an algebra (B, (Ba)acr)
consisting of a subset B of A closed under «; for every A € L and the family
(Ba)aeL of restrictions B of a) to B for all A € L. Also its M-reduct for a
subset M of L is the algebra (A, (o¢ty)uem), which will be abbreviated as Awm.

For each subset S of A, there exists the smallest of the subalgebras of A
which contain S. We call it the closure of S and denote it by [S], [S]¢, and so
on.

Define the descendants S;, (n =0,1,...) of S inductively as follows. First
So = S. Next for each n > 1, S, is the set of all elements «)(aq,...,ax) with
Ael, (ar,...,ax) € Domay, and a; € Sy, (j =1,...,k) for some non-negative

integers ny,...,ny such that n =1+ Z;(:1 n;. Then [S] = UnZO S, holds.

2.4 Holomorphisms and homomorphisms

Let (A, (oa)aer) and (B, (Ba)acr) be similar algebras and f € A—B. Then f is
called an homomorphism, if it satisfies the following condition for each A € L.

e If (ay,...,an) € Dom ay, then (faj,...,fan) € Dom B
and f(oa(ar,...,an)) = Pa(fas,...,fan).

The homomorphism is called a holomorphism, if it is furthermore exact in
the sense that it satisfies the following condition for each A € L.

e If (a7,...,an) € A™ and (fay,...,fan) € Dom B;,
then (aj,...,an) € Dom ;.

Homomorphisms of total algebras are necessarily holomorphisms. Bijective
holomorphisms are called isomorphisms. Holomorphisms of L-algebras are
sometimes called L-holomorphisms, and similarly for homomorphisms and
isomorphisms.

2.5 Sorted algebras and sort-consistent mapping

A sorted algebra is an algebra A equipped with an algebra T similar to A
and a holomorphism o € A—T. Strictly speaking, a sorted algebra is a triple
(A, T, 0) of similar algebras and a holomorphism between them. We call T and
o the sorter and sorting of the sorted algebra. For each element a € A, we
call oa the type of a. Conversely for each element t € T and each subset B of
A, the inverse image 0~ 't N B of t in B is called the t-part of B and denoted
by B¢, and its elements are said to be of type t.

Let (A, T,0) and (B, T,T) be sorted algebras with the same sorter T. Then
A, B are similar. Also, a mapping f € A—B is said to be sort-consistent, if
it satisfies Tf = 0, or equivalently f(A) C By for each t € T. Sort-consistent
homomorphisms are necessarily holomorphisms.

Every total algebra A may be regarded as a sorted algebra (A, T, o), where
T is an arbitrary singleton made into a total algebra similar to A in the obvious



unique manner and o is the unique element of A—T. Conversely if (A, T, o) is
a sorted algebra with T total (and a singleton), then A is a total algebra. For
similar total algebras A and B, a mapping f € A—B is a homomorphism iff it
is a sort-consistent holomorphism when A, B are regarded as sorted algebras as
above.

2.6 Universal sorted algebras and free algebras

As for this paper, “universal” is not a synonym of “general.” A sorted algebra
(A, T o) is said to be universal or called a USA (universal sorted algebra)
if A has a subset S which satisfies the following two conditions:

Generation A = [S].

Universality If (A, T, 0’) is a sorted algebra and a mapping ¢ € S—A’ sat-
isfies 6’ = ols, then @ is extended to a sort-consistent holomorphism
feAoA’.

Also, a total algebra A is said to be universal or called a UTA (universal
total algebra) if A has a subset S which satisfies the following two conditions:

Generation A = [S].

Universality If A’ is a total algebra similar to A and ¢ € S—A’, then @ is
extended to a homomorphism f € A—A’.

The elements of the set S in the above conditions are called the primes.

The mapping f in each universality condition is uniquely determined by ¢. If
(A,T,0,S)isa USA and T is a total singleton, then (A,S) is a UTA. Conversely
if (A,S) is a UTA, then the sorted algebra (A, T, ¢) made of a singleton T and
the unique mapping o0 € A—T as in §2.5 together with S becomes a USA.

The theory in §3 is based solely on the following theorem on USA’s.

Theorem 2.1 Let T be an algebra, S be a set, and T € S—T. Then there exists
a USA (A, T,0,S) with ols = . If (A’,T,0",S) is also a USA with ¢'|s = 7,

then there ewists a sort-consistent isomorphism of A onto A’ extending ids.

Therefore, in order to construct a USA, we only need to pick a triple (T, T, S)
of an algebra T, a set S, and a mapping T € S—T, so we call it the syntax of the
USA. Picking T is equivalent to partitioning S into disjoint subsets St (t € T).
We call T and S = [J;c1 St a pre-sorting and a pre-partition.

Theorem 2.1 is so pertinent also to linguists and logicians that I guess it as
known to them, but I could not yet find it in any literature. Therefore, I will
supply its proof in Appendix.

Example 2.1 The concept of USA’s was probably known to Montague and
his predecessors, because I extracted it from his linguistics-oriented quasimath-
ematical definition [8] of “disambiguated languages.” The advantage of our
genuinely mathematical definition of USA’s will be evident shortly.



Everyone will soon be convinced that Theorem 2.1 is true, if he/she compares
(T,7,S) to an elementary grammar of his/her mother tongue, that is, compares
T to a set of the names of words and expressions; for instance T = {sentence,
noun, noun phrase, verb, verbal phrase, ... }, S to the set of the words listed
in a dictionary, and T to the mapping which assigns each word in S its name,
e.g. T(rabbit) = noun, T(eat) = verb, and so on for English. Equip T with
some operations, e.g. the product e defined by “noun e (intransitive verb) =
sentence,” “(transitive verb) e noun = (verbal phrase),” and so on neglecting
articles and paradigms for convenience. Also, regard the copula, conjunctions,
some of the prepositions, postpositions, and so on as operations on T. For
instance, consider that “be noun = (verbal phrase)” is part of the definition of
the English copula “be” as a unary operation on T. It is our empirical knowledge
that any such grammar uniquely determines the set A of the correct expressions
and their names.

Surprisingly enough, we have seen that USA’s and the phenomena described
by Theorem 2.1 are typically observed in natural languages, which are the most
noteworthy expressions of human mind. Another surprisingly relevant example
is the USA (F A, 0,A) determined by the syntax (A,ida,A) for an algebra A.
The algebra F is identified with the algebra of proof figures on A. It goes without
saying that proof figures are processes of deduction. These facts are the reasons
why USA’s are the right algebras for MP.

The following theorem is indispensable in the inductive treatment of the
elements of the USA’s (cf. §4).

Theorem 2.2 Let (A, T,0,S) be a USA on an algebra (A, (aa)acL). Then the
algebra is free over S, or S is its basts, in the sense that the following holds.

(1) A=ISl.

(2) SN Uper Iman = 0, that is, no element a € S has an expression a =

on(ar,...,ax) with A€ L and (ai,...,ax) € Dom x;.
(3) Each element a € A — S has a unique expression a = ay(ai,...,ax) with
A€l and (ai,...,ax) € Dom xy, which we call the word form of a.

If an algebra (A, (o )aer) has a basis S, then A is the direct union | [_y Sn
of the descendants S, (n=0,1,...) of S, and so for each element a € A, there
exists a unique non-negative integer 1 satisfying a € Sy which we call the rank
of a and denote by Ranka, and if Ranka > 1, then the unique word form
ar(ar,...,ax) of a satisfies Ranka =1+ Z?:] Rank qj.

Proof The former half is obtained in the course of the proof of Theorem 2.1.
As for the latter half, we only need to show S,, N S+ = 0 for each pair n,n’
of distinct non-negative integers. We argue by induction on min{n,n’}. If
min{n,n’} = 0, then S, N Sn/ € SN Uy Imay = 0. Assume a € S, N
Sy for some pair n,n’ with min{n,n’} > 1. Then a has an expression a =
or(ar,...,ax) with aj € Sy, ﬁSn; G=1,...,k),n=1 —I—Z;;1 nj and n’ =



1+ Z?:] nj. Since nj = nj for j = 1,...,k by the induction hypothesis, we
have n =n’ as desired.

2.7 Power algebras

Let (A, T, o) be a sorted algebra and V be a non-empty set. We will construct a
sorted algebra (AVY,T,p) with AV = Uter(V—A¢) and call it the V-power of
A.

First define the sorting p € AY—T so that pb =t for each t € T and each
b € V=A,. Then the following holds for each b € AY and each v € V:

pb = o(bv). (2.1)

Next, let (on)aer and (Tta)aer be the operations of A and T respectively,
and let n) be an arity of &) and T). For each A € L, define the operation (3
on AV as follows. First define the domain of B to be

Da = {(b1,...,bn,) € (AV)™ | (pby,...,pbn,) € DomTy}. (2.2)
If (b1,...,bn,) € Dy, then (o(b1v),...,0(bn,v)) = (pb1,...,pbn,) € DomTy
by (2.1), so (b1v,...,bn,v) € Dom«, for each v € V because ¢ is exact, and
we can define the mapping B (b1,...,bn,) € VoA by

(Ba(b1,...,bn, ) )v =0o(brv,..., bn,V) (2.3)

for each v € V. Furthermore, since ¢ is a homomorphism and (2.1) holds,
o(oa(b1v,...,bn,v)) = Talpbr,..., pbn, ), (2.4)
and t = TA(pb1,...,pbn, ) does not depend on v € V| hence Ba(b1,...,bn,) €

V—Ay. Thus B is an operation on AY for each A € L, and so (AY, (Ba)rer)
becomes an algebra. Furthermore, combining (2.1), (2.3), and (2.4), we have

p({s)\(b1)-"vbﬂ)\)) = G((B)\(bl"-' )bﬂ)\))\})
- G(O(A(b]V,... abTL)\v)) :T)\(pra"'apr‘U\)

with v € V arbitrary. This together with (2.2) shows that p is a holomorphism
of AV into T. Thus we have constructed the sorted algebra (AV, T, p) as noticed.

Furthermore, it follows from (2.1) and (2.3) that, for each v € V, the mapping
b — bv of AY into A is a sort-consistent holomorphism, which we call the
projection by v and denote by pr,,.

3 Logical systems as pairs of syntax and seman-
tics

Here I will settle the definition of logical systems and indicate that each of
them appropriately yields a logical space under a certain reasonable condition.
The theory is very general, but it is oriented to and commented on from the
viewpoint of MP so that this section will serve as an introduction to MP.



3.1 Languages

A formal language is a USA (A, T, 0,S) equipped with sets C, X, I which satisfy
the following conditions, where (Ta)acL are the operations of the sorter T.

e The prime set S is the direct union C II X of C and X # (.

e Each element of L either belongs to I' or is a formal product yx of an
element y € T and an element x € X. Strictly speaking, L is contained
in the subset I' U TX of the free multiplicative semigroup over the direct
union ' S.

e The arity of each operation T) with A € LNTX is equal to 1.

Theorem 2.1 shows that each quintuple (T, S, C,X,T") of an algebra T and sets
S, C, X, I" which satisfy the above conditions together with a pre-sorting T € S—T
or a pre-partition S = (J; .1 St determines a formal language (A, T, 0,S,C, X,T)
with ols = T up to sort-consistent isomorphism. Therefore, in order to con-
struct a formal language, we only need to pick such a sextuple (T,T,S, C, X, T').
Moreover, we can visibly reconstruct A and o by (T, T, S, C, X, T') as is illustrated
in §5.2. This principle enables us to construct and analyze such sophisticated
languages as in MPCL and PPCL. For these theoretical and practical reasons,
we call (T, T,S,C, X, T") the syntax of the formal language.

We call C and X the sets of the constants and variables, define

M=LnT, (3.1)

and call M the set of the invariable indices, while L N TX is called the set
of the variable indices. Henceforth, however, we identify each variable index
A € LNTX with the operation Ty, call it a variable operation, and denote its
domain Dom T) by Ty, hence Ty C T because T, is unary. Note the following:

L=MII(LNTX), LATX = [ ex(LNTX). (3.2)

The above definition is based on such an insight as in Example 2.1, and the
formal language A in MP or more precisely its syntax (T, t,S,C,X,T") should
be a comprehensive model of the human brain system for cognizing the outer
worlds. I call the system the mental language, while the human brain system
for thinking is called the mental deduction system.

3.2 Worlds

A denotable world for the formal language (A, T, 0,S,C,X,T) is a sorted al-
gebra W which satisfies the following two conditions.

(1) The sorter of W is the M-reduct Tym of T for (3.1) (the sorting of W is not
shown here, but it exists and partitions W into the t-parts Wy for t € T).

(2) Wy # 0 for each t € 0S, that is, for each t € T with Sy # 0.



The condition (1) implies that the M-reduct Apm of A is similar to W. When
M =L and T is a total singleton, (1) means that A is similar to W (cf. §5.1).
Denotable worlds are called cognizable worlds from the viewpoint of MP,
because they are intended, under suitable specialization, to be comprehensive
models of the outer worlds which humans actually cognize. Each outer world
consists of entities and relations among them, which naturally form an algebra.
The formal language A in MP is a model of the mental language, which is
supposed to have adapted to the algebras of outer worlds in its evolution. This
is the reason why mathematical psychicists assume that denotable worlds satisfy

(1).

3.3 Interpretations of variable operations

An interpretation of the set LNTX of the variable operations on the denotable
world W for the formal language (A, T, o, S,C,X,I") is a mapping Iy which
assigns each A € LN Tx (x € X) a mapping

Aw € (UteTA (Wex—Wy)) =W (3.3)
satisfying the following condition for each t € Ty:
}\W(WUX_>Wt) c W)\t' (34)

We call Ay = Iw/(A) the meaning of A on W under the interpretation Iy .

The terms “interpretation” and “meaning” are conventional ones, but they
are misleading from the viewpoint of MP for the following reasons. As for lin-
guists, the formal language A is a model of a natural language, and they seem
to be interested in the question of how to theoretically define or interpret or
analyze the meaning of expressions of the natural language through A. On the
other hand as for mathematical psychicists, the formal language A is a model
of the personal mental language, and so it does not make sense to theoreti-
cally define or interpret or analyze the meaning of elements of A. They are
instead interested in questions of how entities and affairs in the outer worlds are
expressed by elements of A, how elements of A are expressed by natural lan-
guages, whether the mental deduction system is complete or not [2,7,10], and
so on, that is, how humans cognize, speak about and can think about the outer
worlds. For humans, even a natural language is part of an outer world. There-
fore, these questions contain that of how each human understands the meaning
for himself/herself of the natural language.

3.4 Denotations

A C-denotation into the denotable world W for the formal language (A, T, o,
S,C,X,T) is a mapping ® € C—W which satisfies ®(Cy) C W, for each t € T.
There exists at least one C-denotation because W; # () whenever Cy # (. If
C = 0, then since P—W = {()}, 0 is the unique C-denotation. Similarly, an
X-denotation into W is a mapping v € X—W which satisfies v(X) C W; for

10



each t € T. We denote the set of all X-denotations into W by Vx w. Then
Vx w # 0 because Wy # () whenever Xy # (). Recall X # () from §3.1.

From the viewpoint of MP, denotations should be called perceptions for
the following reason. First, both constants and variables are models of some
physical units which are supposed to exist in the human brain. It is said that if
we perceive for instance a dog in the outer world, then a specific dog neuron in
our brain gets excited. The set C of the constants is a model of the collection
of such specific neurons. Each such neuron is connected with and excited by a
specific entity or affair in the world, which I call the percept for the neuron.
The C-denotation @ into W is a model of the set {(c,w)} of the connections
(c,w) of a neuron c and its percept w. On the other hand, each variable is
a model of a neuron which is not connected with anything and is capable of
connecting with something. Each X-denotation v is a model of a set {(x,w)}
of possible connections (x,w). Thus, while C and X are physical, denotations
and Vx w are metaphysical, and so also are the concepts to be introduced in
§3.5-83.8.

3.5 Metaworlds

Since the denotable world W for the formal language (A,T, 0, S,C,X,T') is a
sorted algebra whose sorter is the M-reduct Ty of T for (3.1) and Vx w # 0,
the Vx w-power (WVXxW Ty p) of W is defined as in §2.7. Let (Ba)aem be the
operations of WYx.w_ Recall L = M II (LN TX) from (3.2).

In this subsection, we assume that there exists an interpretation Iy of LNTX
on W in the sense of §3.3. We will define the unary operation py on WVx.w
for each A € L NTX, and extending the operations of WY*.W from (fx)aem
to (Ba)aeL, we will construct the sorted algebra (WVYxw T p). We call it the
metaworld associated with the world W.

First we define, for each pair (x,w) of elements x € X and w € Wy, the
transformation v — (x/w)v on Vx w by

(x/wv)y = {

Next we define, for each quadruple (t,@,x,v) consisting of elements t € T,
¢ € Vx,w—Wy, x € X and v € Vx w, the mapping @ ((x/0)v) € Wex—W, by

(@ ((x/T)v)) w = @ ((x/w)v) (3.6)

for each w € Wqy. Recalling LNTX = [[ (LN Tx) from (3.2), we finally
define, for each A € LNTx (x € X), the unary operation fy on WY*-W_ First we
define

w ify=x,

vy ifyeX—{x}. (8:5)

Dom B ={@ € WYXW | pp € Dom Ty} (3.7)
Then since Dom Ty = Ty and Vx,w—W, is the t-part of WVxw for eacht € T,

Dom [5)\ = UteTA (Vx)W—>Wt). (38)
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Next for each t € Ty and each ¢ € Vx w—W,, we define 5@ to be the element
of Vx w—Wj such that

(Ba@)v =Aw (@ ((x/O)v)) (3.9)

for each v € Vx w. Certainly (Ba@)v € Wiy, because ¢ ((x/0)v) € Wox— W,
and (3.4) holds. Thus, we have defined the operation x with (3.8) so that

Ba(Vx,w—Wi) C Vx w— Wit (3.10)

for each t € Ty. Since Vx w—W; is the t-part of WYXW for each t € T, this
shows that p(Pr@) = Ta(p@) for each A € LNTX and each @ € Dom . This
together with (3.7) shows that p is an L N IX-holomorphism as well as an M-
holomorphism. We have thus constructed the sorted algebra (WVYx.w T p) as
noticed.

3.6 Metadenotations

Let @ be a C-denotation into the denotable world W for the formal language
(A,T,0,S,C,X,T). We will construct a sort-consistent holomorphism of A into
the metaworld (WVYx.w T p) associated with W constructed in §3.5 under the
assumption that there exists an interpretation Iy of LNTX on W.

First define the mapping ¢ of S = CIIX into Vx,w—W so that, for each v €
Vx,w, (pa)v = @a for all a € C and (@a)v =va for all a € X. Then ¢(S¢) C
Vx,w—W; for each t € T, because ®(C¢) € W, and v(X¢) € W;. Therefore,
@ belongs to S—WVx.w and satisfies p@ = ols, and so the universality of A
shows that @ is uniquely extended to a sort-consistent holomorphism of A into
WVx.w_ We call it the metadenotation associated with @ and denote it by
@*. Being an extension of ¢, @* satisfies the following for each v € Vx w:

(@*a)y = ®a ifaeC, (3.11)
~ Jva ifaeX. ’

Remark 4.1 will show that @* may be regarded as sorting elements a € A by
their functional expressions a®(x1,...,%xn) € Woy, X -+ X Wox, = Woq, where
X1,...,Xn are free variables of a. From the viewpoint of MP, this suggests that
humans in fact cognize functions on the outer worlds.

3.7 Logical systems

A logical system is a formal language (A, T, o, S,C,X,I") equipped with a
non-empty collection W of denotable worlds for A and a family (Iw )wew of
interpretations Iy of LN TX on each W € W. We call the pair (W, (IW)WGW)
the semantics of the formal language. As shown in §3.6, it assigns each C-
denotation @ the metadenotation @*.
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3.8 Sentential logical spaces

Once the concept of a logical system (A, W, (Iw)wew) on the formal language
(A, T,0,S,C, X, T is defined in §3.7, there are various ways to associate it with
logical spaces. Here we concentrate on the most usual case where the following
condition is satisfied.

e For an element ¢ € T, the ¢p-part Ay of A is non-empty, and the ¢p-part
Wy, of each W € W is a lattice which has the smallest element and the
largest element and is non-trivial in the sense that #Wg > 2.

Then we call ¢ and Ay a truth and the set of the ¢p-sentences, respectively.
Let W € W. Also, let ®,v be a C-denotation and an X-denotation into
W, respectively. Then the interpretation Iy of LN TX on W yields the meta-
world WYXW as shown in §3.5, and @ determines the metadenotation ®* €
A—WVX.W as shown in §3.6, hence the composite pr,®* € A—W. Since ®* is
a sort-consistent holomorphism and pr, is a sort-consistent M-holomorphism,

pr, @* is a sort-consistent M-holomorphism, (3.12)

and consequently pr,®*Ay C W, for each t € T. Therefore, we can define the
mappping OV € Ay —=Wy, by

QY = pr,@|a,, (3.13)
that is, ®Va = (O*a)v for each a € Ay.
Now, for each W € W, we define the subset Fw of Ay —Wy by
Fw ={®@" | ® is a C-denotation into W, v € Vx w}. (3.14)

Then (Ag, Fw) is a Wep-valued functional logical space, and so a certain logical
space (Ag,Bw) is associated with it as in §6.2 of [5]. We finally define B =
Uwew Bw. Then (Ay,B) is a logical space.

Thus, we have seen that each logical system (A, W, (Iw )wew) with a truth
¢ yields the logical space (Ag,B). We call it the ¢-sentential logical space
associated with the logical system.

In particular, if Wy, is equal to a lattice I for all W € W, then defining
F = Uwew Fw, we have an L-valued functional logical space (Ag,J), which
is equivalent to (Ag,B) in the sense that the largest F-logic on Ay is equal
to the largest B-logic on Agy. We call (Ag,F) the ¢p-sentential functional
logical space associated with the logical system. According to [5] and (3.13),
the largest J-logic on Ay, that is, the relation F mentioned in the introduction
satisfies a1 --- am F b for elements ay,...,am,b € Ay iff the following holds
for each pair @, v of a C-denotation and an X-denotation into each W € W and
each element 1 € L:

(@*aj)v>1l(i=1,...,m) = (O*b)v>1.
In terms of functional expressions defined in Remark 4.1, a; - -+ a;y F b holds iff

ai®wr,...ow)>1(i=1,....m) = b®(wq,...,wn) >1
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holds for each C-denotation @ into each W € W and each (wq,...,wy) €
Wox, X+ X Wy, , where x1, ..., xn are common free variables of ar,...,am,b.
Also, this fact together with Theorem 4.2 yields the following result for instance.

Theorem 3.1 Let ay,...,am,b be elements of Ag which satisfy a1 ---am E b.

Let x1,...,xn be distinct variables, and let ¢ci € Agx, fori = 1,...,n. Let
ajy,...,a,b’ be the elements obtained from ay, ..., am,b by the substitution of
Cly...,Cn fOTX1,...,Xn. Assume that x; is free from ci in each of ay,...,am,b

fori=1,...,n. Then aj---aj, Eb’ holds.

4 Denotations, occurrences and substitutions

In order to test the theory in §3 for adequacy and prepare for its application
[2,7,10], I will prove in §4.3 two general theorems on the relationship between
denotations, occurrences and substitutions. §4.1 and §4.2 collect notation, ter-
minology, and basic facts on occurrences and substitutions.

4.1 Occurrences

Here we let (A, (p)aer) be an algebra. If, for two elements a,b € A, there exists
an index A € Lsuch that a = xx(...,b,...), then we write b < a. If there exists
a sequence (bi)i—o,...n (N > 0) of elements of A such that by =a, b, =b and
either bi < bj_1 or by = b1 for i = 1,...,n, then we write b =< a or say
that b occurs in a, and call the sequence an occurrence of b in a. For each
subset X of A and each element a € A, we define

X¢={xeX|x=x=<al (4.1)
Henceforth in this subsection, we assume that (A, (xx)aer) has a basis S.

Lemma 4.1 For each element a € A, S® is a finite set.

Proof We argue by induction on r = Ranka. If r=0or a € S, then $* ={a}
by Theorem 2.2. Assume r > 1. Then the word form o (aj,...,ax) of a
satisfies Ranka =1+ Z};] Rank a; and S¢ C U;;] S% by Theorem 2.2. Since
S% is finite for j = 1,...,k by the induction hypothesis, so is S¢.

We furthermore assume that L is contained in the set of the formal products
of the elements of ' 1S for a set I', or more precisely

L is a subset of the free multiplicative semigroup over ' IT S. (4.2)

Then, as a special case of (4.1), we may argue about the set S* of the elements
of S which occur in A € L in the semigroup:

S*={seS|s=<A. (4.3)
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Let a € A and s € S. Then an occurrence (si)i=o,....n of s in a is said to be
free, if {so,...,sn) NImax = 0 for each A € L such that s € S*. If there exists
a free occurrence of s in a, we say that s occurs free in a or write s < a. For
each subset X of S and each element a € A, we define

Xftee =1x € X | x < a}.

Let a € A, s € S, and b € A. Then an occurrence (si)i—o,...n of s in a is
said to be free from b, if {sg,...,sn}NImay = 0 for each A € L such that
(SMP.. # 0. Furthermore we say that s is free from b in a, if every free
occurrence of s in a is free from b. Therefore if s < a, then obviously s is free

from b in a.

Lemma 4.2 If a = ax(ay,...,ax) € A, then S&_ = U}<:1 Sl —SA,

free free
Proof Let s € ngee — S? for some j € {1,...,k}. Then there exists a free
occurrence (si)i=1,...n of sin aj, and if s € S* for some p € L, then{s1,...,sn}N

Imoy, =0 and p # A, hence a ¢ Imx, by Theorem 2.2. Thus for sp = a,

. . k aj
(si)i=o,...,n is a free occurrence of s in a. We have shown S§ , 2 Uj:1 Sfr;e—S)‘.

The rest of the proof is left to the reader because it is needed only in examples
in §5.

Lemma 4.3 Let a = oan(ay,...,ax) €A, s€S, andb € A. Assume that s is
free from b in a and s < a. Then (SM)E.. =0 and s is free from b in a; for
i=1,... k.

Proof Since a € Imay, (S*)P,. = 0 and s ¢ S*. Let (si)i—1,... n be a free
occurrence of s in aj for some j € {1,...,k}. Then for s = a, (si)i=o,...n iS a
free occurrence of s in a as in the proof of Lemma 4.2. Therefore if (S¥)2 . # 0
for some p € L, then {so,s1,...,sn}NImay = 0. Thus s is free from b in qj.
Lemma 4.4 Let a = ax(ar,...,ax) €A, s €S—S* andb € A. Assume that
s is free from b in a. Then s is free from b in a; forj=1,... k.

Proof This is a consequence of Lemmas 4.2 and 4.3.

4.2 Substitutions

Here we let (A, T,0,S) be a USA on an algebra (A, (oa)acr) and assume that
(4.2) is satisfied for a set I'. Then S is a basis of (A, (xx)aer) by Theorem 2.2,
and so we can apply the definitions and results in §4.1.

Let s1,...,8n (n > 0) be distinct elements of S and cq,...,cqn € A with
osi = oci (1 =1,...,n). Then we will define, for each element a € A, the
$1,...,8 e
element a (¥) € A satisfying
C1y,...,Cn

o (a <s1,,sn)> =oa (4.4)
C1y...,Cn
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by induction on n and r = Rank a arranged in lexicographical order.

First if n = 0, then we define a (z]”zn> = a, hence (4.4). Assume
Ty--ohtn

n>1. First if r =0 or a € S, then we define

S1,...,8n c¢i if a=s; for someie{l,...,n},
o Shoosn ) _ (4.5)
C1,...,Cn a ifaé{sy,...,sn},
hence (4.4). If r > 1, then let aa(aj,...,ax) be the word form of a and
{s1,...,8n)—S* ={si,,...,8i,. ) (0<m<n) withi; <--- <1, and define

S1,...,8n Si;y...,Si Si;,...,Si
a( ) ) >_(X)\<a]< 1) ) m)’...’ak( 1) bl m)>. (46)
Cly...,Cn Ciyy--orCin Ciyy-o+rCipg

This is possible, because r = 1 + Z}(:] Rank a; by Theorem 2.2, and so a].’ =

Siyy--+)Si . .
aj <u has already been defined and satisfies oa/ = oqj for j =
CiyyeeCig

1,...,k by induction, hence (aj,...,a;) € Domx) because o is a holomor-

phism. Since oaj = oq; for j = 1,...,k and o is a homomorphism, (4.4) also
holds.

) S1y..+,S STy-+e)S
We denote the transformation a — a ("n> on A by ("n>
C1y,...,Cn C1y...,Cn

and call it the (simultaneous) substitution of c1,...,cq for s1,...,sn.

Lemma 4.5 If a = x\(ar,...,ax) € A and s; € S for somei € {1,... n},

then
$1,...,8n S1,.+438i-1,8i+1y.+-,Sn
al ———— | =a .
Cly..sCn Cly.v»Ci—1,Ci+1,...,Cn

Proof This is because {s1,...,5n}—S" ={s1,...,81-1,5i41,...,5n} — S*.

Lemma 4.6 Ifa € A and s; € a for somei€{1,...,n}, then

(31)"'asn> <S1)"')Si])si+1)"')sn)

a _ =a .

C1y...,Cn C1y.-+,Ci—1,Ci41,...,Cn

Proof We argue by induction on n and r = Ranka as in the definition of
substitutions. If r = 0 or a € S, then a # s; by our assumption, and (4.5)

yields the desired result for n = 1,2,.... Therefore assume r > 1, and let
ax(ar,...,ax) be the word form of a. Then r =1+ Z?ﬁ Rank a; by Theorem

2.2. We assume s; ¢ S* in view of Lemma 4.5. Then s; € a; by Lemma 4.2,
and so
$1,...,8n S1y.++y8i—-1,8i41,...,85n
Gl —— | =9
Cly...,Cn Cly.. o, Ci-1,Cit1,...,Cn
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by the induction hypothesis for j = 1,...,k, and (4.6) yields the desired result,

if{s1,...,sntNS* = (). Therefore assume sy € S* for some h € {1,...,n}. Then
h # 1, hence n > 2, and so the proof is complete if n = 1. If h < i, then
a<s1,...,sh1,sh+1,...,sn)
C1y...,Ch—1yCh+1,y..-,Cn
_a(S],...,Sh_],Sh+‘|,...,Si_],Si+‘|,...,Sn>
C1,.--»Ch—-1,Ch+1,..-,Ci-1,Cix+1,...,Cn

by the induction hypothesis, and Lemma 4.5 yields the desired result, and sim-
ilarly for the case i < h.

4.3 Two denotation theorems

Throughout this subsection, we let (A, T, 0,5, C, X, T") be a formal language with
index set L, W be its denotable world, and ® be a C-denotation into W. Also
we assume that the metaworld (WVY*w T p) has been constructed by some
interpretation Iy of LN TX on W. Then the metadenotation ®* € A—WVx.w
is defined. Let (ota)aer, (Ba)aer, and (wx)rem be the operations of A, WVYx.w
and W respectively, where M = LNT by (3.1). Note that (4.2) is satisfied and
so we can apply the definitions and results in §4.1 and §4.2. Furthermore, since
L C TUTX, the following holds as to (4.3):

o _ 0 ifAeM, (@.7)
) {x} ifAeLNTx (x € X). '

Theorem 4.1 Let a € A and v,v' € Vx w. Assume vx =Vv'x for all x € Xg,,.
Then (®*a)v = (®*a)v’.

Proof We argue by induction on r = Ranka. Assumer=0ora € S=CUX.
If a € C, then (®*a)v = ®a = (O*a)v’ by (3.11). If a € X, then since a < a
by Theorem 2.2, (O0*a)v =va =v’a = (®*a)v’ by (3.11) and our assumption.

Assume r > 1, and let ax(aj,...,ax) be the word form of a. Then r =
14 Z};] Rank aj by Theorem 2.2. Also, since ®* is an L-homomorphism, we
have (Q*a)v = (Ba(D*ar,..., D ax))v.

Assume A € M. Then, since the projection by v is an M-homomorphism, the
above equation may be rewritten (®*a)v = wx((CD*m W, ..., (CD*ak)v), and a
similar equation holds with v replaced by v’. Also since A € M, S* = () by (4.7),
and so Lemma 4.2 shows that Xg’ee C Xg .o, hence (®*aj)v = (®*a;)v’ by the
induction hypothesis for j = 1,..., k. Therefore (®*a)v = (O*a)v’.

Assume A ¢ M. Then A € Tx for some x € X and k = 1. Therefore
(@*a)v = (BA(@*a1))v = Aw ((®*a;)((x/0O)v)) by (3.9), and a similar equa-
tion holds with v replaced by v’. Thus, we only need to show (®*a )((X/D)\)) =
(@*aﬂ((x/l])v’), which means that (@*m)((x/w)v) = (@*aﬂ((x/w)v’) for
each w € Wy« because of (3.6), This will follow from the induction hypothesis,
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once we show ((x/w)v)y = ((x/w)v’)y for each y € Xg!,. If y = x, this holds

by (3.5). If y # x, then y ¢ S* by (4.7), and so y € X&., by Lemma 4.2, hence
((x/w)v)y =vy =v'y = ((x/w)v')y by (3.5) and our assumption.

Remark 4.1 Let a € A. Then Lemma 4.1 shows that there exists a sequence
X1,...,%n of distinct variables with n > 0 which satisfy X§,, C {x1,...,xn}.
We call them free variables of a, and define the function F € Wgy, X -+ X
Wix,, = Wieq as follows. If (wi,...,Wn) € Wiy, X+ X Wy, , then there exists
an element v € Vx w which satisfies vx; = wj fori =1,...,n. Using any one of
such v € Vx w, we define F(wy,...,wn) = (O*a)v. Since @* is sort-consistent,
(®*a)v belongs to Wsq. Moreover, Theorem 4.1 shows that (®*a)v does not
depend on the choice of such v. Thus, the function F is determined by @, a, and

X1,...,Xn. We call it the functional expression of a under @ with respect
t0 X1,...,%n, and denote it by a®(x1,...,%n), while we abbreviate its value at
(W1,...,Wn) € Wox, X - X Wex, to a®(wr,...,wy).

For instance if a € C, then arbitrary distinct variables x1,...,x are free
variables of a, and (3.11) shows that a®(x1,...,xn) is of constant value ®a.
If x € X, then arbitrary distinct variables x1,...,xy with x € {x1,...,xn} are
free variables of x, and if x = x4, then (3.11) shows that x®(x1,...,xn) is the

projection of Wy, X -+ X Wiy, onto Woy, .

Functional expressions are useful for understanding the intention of the def-
initions of (wx)aem and Iw (cf. §5.2 and §5.3).

Elements a,b € A satisfy ®*a = ®*b iff a®(x1,...,%n) = 0% (x1,...,%n)
for their common free variables x1,...,xn. Thus, the metadenotation ®* may
be regarded as sorting elements of A according to their functional expressions.

In order to state the next theorem, we generalize the transformation (3.5).

Let x1,...,xn (n > 0) be distinct variables of A and let wi € Woyy, (1 =
X1,.0..,X
1,...,m). Then we define the transformation v — (H) von Vx w by
Ty-ooyWn

<< X1,...,Xn >v)y—{wi ify =x; for some i €{1,...,n}, (4.8)

Wi, ..., Wn vy ifyeX—{x1,...,xn}

and denote it by (M) Then the following holds fori=2,...,n:

Wi,...,Wn
X1y, Xi-1 Xiy.e ey Xn . Xiy.e oy Xn X1y y Xiz1 (49)
Wi,..., Wi Wiy.ooyWn Wi,..., Wq Wi,y Wi
Theorem 4.2 Let x1,...,xn be distinct variables of A and a,cy,...,cn €
A (n>0). Assume that ox; = ocqy and X is free from ¢y in a fori=1,... n.

Then the following holds for each v € Vx w :
X1yeeoyXn X1y yXn
o}y _— = (" . (4.10
( (a(m,...,cn)))v ( a)((((D*c])v,...,((l)*cn)v)v) (4.10)
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Proof We argue by induction on n and r = Rank a as in the definition of the
L X1y.vyXn X1yeenyXn

substitutions. If n =0, then both (C1 . ,Cn> and ((CD*C1 S (CD*cn)v>
are identity transformations, and so (4.10) holds. Therefore assume n > 1.

Assumer=0orae S=CUX. If a € C, then a € {x1,...,xn}, and so the
left-hand side of (4.10) is equal to (®*a)v by (4.5), and therefore, both sides are
equal to ®a by (3.11). If a = x; for some 1 € {1,...,n}, then the left-hand side
is equal to (®*ci)v by (4.5), while the right-hand side is also equal to (D*ci)v
by (3.11) and (4.8). If a € X —{x1,...,xn}, then the left-hand side is equal to
va as in the case a € C, while the right-hand side is also equal to va by (3.11)
and (4.8).

Assume v > 1, and let ap(ai,...,ax) be the word form of a. Define u =

X1y.eeey Xn X1y.eeoy Xn X1yeeoy Xn
b= —_— db; =q; | ——— | f
<((D*c1)v,...,((D*cn)v>v’ a<c1,...,cn)’an ) a’<c1,...,cn> o
j=1,...,k. We have to show (®*b)v = (O*a)u. Notice r =1 —1—2;1 Rank a;.
Suppose x; « aforsomei € {1,...,n}. Then Lemma 4.6 shows that the left-

hand side of (4.10) remains unchanged by the deletion of ?, while Theorem 4.1
i
Xi

(D*ci)v

shows that the right-hand side remains unchanged by the deletion of

Therefore, (4.10) holds by the induction hypothesis.

Therefore assume x; < afori=1,...,n. Then {x1,...,xn}NS* = 0. Hence
b = ax(b1,...,bx) by (4.6), and x; is free from c¢; in a; by Lemma 4.4 for
i=1,...,nand j =1,... k. Therefore (d*b;)v = (®*a;j)u by the induction
hypothesis for j = 1,...,k. Also, since ®* is an L-homomorphism, we have
(@*b)v = (BA(@*by,...,@*by))v and (O*a)u = (BA(P*ar,..., D ax))u.

If A € M, then since the projections by v and u are M-homomorphisms,
the above equations may be rewritten (®*b)v = wx((CD*bﬂv,...,((D*bk)v)
and (O*a)u = wx((CD*cu )u,...,(d)*ak)u). Since (O@*b;)v = (®*a;)u for j =
1,...,k, we conclude that (®*b)v = (®*a)u holds.

Assume A € M. Then A € T'x for some x € X and k = 1. Therefore
we have (@*b)v = Aw ((©*b1)((x/0)v)) and (P*a)u = Aw ((@*a1)((x/O)u))
by (3.9), and so in view of (3.6), we only need to show ((D*bﬂ((x/w)v) =
(@*ar)((x/w)u) for all w € Wex. Recall that x; is free from ¢ in a; for
i=1,...,n. Therefore

(©°b1) ((x/w)v) = (@ ay) (( : q)*m’j,:::::(xg)*cn)v,) ((x/w)v)>

by the induction hypothesis, where v/ = (x/w)v. We are assuming that x; is

free from ¢; in @ = apay and x; < a fori=1,...,n, and x € S*. Therefore,
x &« c¢i by Lemma 4.3, and so (®*ci)v’ = (®*ci)v by Theorem 4.1 for 1 =
1,...,n. Recall {x1,...,%n}NS* =0 while x € S*. Therefore x1,...,%n, X are

(CI)*C]))(\]),:::))((&;*C )v) ((x/w)v) = (x/w)u by (4.9). Thus

(@*b1)((x/wW)v) = (@*ar)((x/w)u) as desired.

distinct, and so
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5 Examples

Here are given common examples of logical systems (A, W, (Iw Jwew) on formal
languages (A, T, o, S, C,X,T"). Uncommon examples will be given in [3].

5.1 Propositional logics as degenerate logical systems

Here we assume the conditions (1) S = X # 0 and C = 0, (2) T is a total
singleton, say {¢}, and (3) ' =L, hence M =L as to (3.1) and LNTX = .

Propositional logics, either classical or non-classical, fall within this case
when given semantics by truth functions or Kripke frames, because the following
holds as to §3.1-§3.8 under the conditions (1)—(3).

First, (2) means that (A,S) is a UTA and A = Ag. Secondly, (2) and (3)
mean that the denotable worlds for A are the non-empty total algebras W sim-
ilar to A and W = W¢,. Thirdly, (3) shows that we are not involved with the
interpretations of L N TX on W. The results so far show that a logical system
under (1)—(3) is a UTA (A, S) with S # () equipped with a non-empty collection
W of non-empty total algebras similar to A. Fourthly, (1) shows that () is the
unique C-denotation into W. Also, since S = X = X3 and W = Wy, Vx w is
equal to S—»W. Fifthly, since M = L and Vxw = S—W, the metaworld asso-
ciated with W is the (S—W)-power WS=W of W. Sixthly, the metadenotation
(* associated with the C-denotation @) into W is a homomorphism of A into
WS=W which satisfies (0*s)v = vs for each s € S and each v € S—»W. For each
v € SSW in view of (3.13), define the mapping (¥ € A—W by (¥ = pr, 0",
that is, (¥a = (0*a)v for each a € A. Also, define Fy, = {0V | ve S—W} in
view of (3.14). Then @V is a homomorphism by (3.12) and satisfies §¥|s = v.
Conversely, if f € A—>W is a homomorphism, then v = f|s belongs to S—-W,
and since (A,S) is a UTA, v is uniquely extended to a homomorphism of A
into W, hence f = (). Thus, Fy is the set of all homomorphisms of A into
W. Now assume that the logical system (A, W) has a truth, that is, A # () and
every member W € W is a non-trivial lattice with the smallest element and the
largest element. Then a logical space (A, B) is associated with (A, W) as in §3.8.
In particular when W is a singleton {W}, (A, B) is equivalent to the functional
logical space (A, Fw ).

5.2 Classical first-order predicate logic

The first-order predicate language may be defined to be the formal language
(A, T,0,S,C, X, T") with the following syntax (T, T,S,C, X, T'). First, let S, C, and
X be sets with S = CIT X and X # (). Next, let T' = {A\,V,=,—,V,I} I FIIP
with distinct symbols A, V,=,—,V, 3 and sets F,P with P # (). Next, let T be
a set {e, ¢} of distinct elements €, d equipped with the operations denoted by
the symbols in the subset L ={A,V,=,—,Vx,3x | x € X}UFUP of (TIIS)* and
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satisfying

DomA = DomV =Dom= ={¢} x {$}, dAG=0dVd=d=d=d,

Dom — = Dom Vx = Dom Jx = {¢}, —¢ =Vxb = Ixp = ¢,
Domf ={e} x --- x {e}, f(e,...,€) =€,
Domp:{e}x"'x{e}a p(e)"'ae):(b

(5.1)

with arities of f € F and p € P arbitrary. Finally, define the pre-sorting T € S—T
by ts = € for all s € S. Then L C IT'UT'X and L N TX consists of the unary
operations Vx, 3x (x € X) as required in §3.1. Also, M ={A,V,=,~}JUFUP as
to (3.1).

The syntax implies that the denotable worlds W for A are the direct unions
W I Wy, equipped with operations A\, V,=,—, f € F, and p € P satisfying

Dom A =DomV =Dom= =Wy x Wy, Im/A, ImV, Im= C W,

Dom— = W,, Im—C Wy,
Domf =W, x --- x W, Imf C W,
Domp =W, x -+ x W, Imp C Wy.

In order to consider the classical first-order predicate logic, we define W to be
the collection of the denotable worlds W such that Wy, is the binary lattice
T ={0,1} on which A,V, =, — are the meet, join, implication and complement.

We finally define the interpretation Iy of the set L N I'X of the variable
operations on each W € W. Let A € LNTX. Then A = Vx,3x (x € X), hence
Th ={¢} and Ap = ¢ by (5.1). Therefore, (3.3) and (3.4) show that the meaning
Aw of A on W is a mapping Aw € (Wex— W4 ) =Wy We define

(5.2)

inf{fw|w e Wg,} if A =Vx,
Aw (f) = .
sup{fw | w € Wgy} if A =3x

for each f € Wyx—Wy, where the infimum and supremum are taken with
respect to the usual order on Wy = T. This completes the definition of the
logical system for the classical first-order predicate logic.

The intention of (5.2) for A = Vx is as follows. First, (3.8) and (3.10)
show that the unary operation B on the metaworld WY*.W satisfies Dom B =
Vx,w—Wy and Im fa C Vx w—Wsy. Next, (3.9), (5.2) and (3.6) show that

(Ba@)v =inf{@((x/W)Vv) | W € Wy } (5.3)
for each @ € Vx w—Wy and v € Vx w.
Let a € Ay and @ be a C-denotation into W. Then Aa € Ay, by (5.4) below,
hence ®*a, ®*(Aa) € Vx,w—Wy, and
(@*(Aa))v = (BA(@*a))v = inf{(D*a)((x/W)V) | W € Wy }

by (5.3) for each v € Vx w.
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Assume that x,x2, ..., xn are free variables of a. Then x,, ..., x are those of
Aa by Lemma 4.2, and the above equation shows that the functional expressions
a®(x,x2,...,xn) and (Aa)®(x2,...,xn), which are both T-valued, satisfy

Aa)® (w2, ..., wn) =inf{a®(w,wz,...,wn) | W € Wey}
for each (wa,...,Wn) € W5y, X -+ X Wey, . Thus
(Vxa)®(wa, ..., wn) =1 < a®(w,wa,...,wn) =1 for all w € Wiy.

The intention of (5.2) for A = Ix is similar with “all” replaced by “some.”
We can visibly reconstruct A and o as mentioned in §3.1. First, since o is a
holomorphism, (5.1) shows that the operations of A satisfy

DomA =DomV =Dom= =Ayp x Ay, ImAImV,Im= C Ay,

Dom— = DomVx = Dom Ix = Ay, Im—, ImVx,Im3x C Ay, (5.4)
Domf=A¢ x--- X Ag, ImfC A, ’
Domp =A¢ x -+ X Ag, Imp C Ag.

Next, let B be the closure [S]f of S in the F-reduct Af of A. Then, B # () and
B is the union U?:o S, of the descendants S;, (n =0,1,...) of S, and since S is
contained in the e-part A¢ of A, (5.4) shows that B C A¢ and S, is inductively
described as follows. First, So = S. Next for n > 1, S, consists of the elements
f(b1,...,bx), where f € F and b; € Sn, (i = 1,...,k) for some non-negative
integers ni,...,ng satisfying n =1+ 21;1 .

Next, let By be the first descendant of B in the P-reduct Ap of A. Then B;
consists of the elements p(by,...,bx) with p € P and by,...,bx € B. Therefore
B1 #0 and (5.4) shows that By is contained in the ¢-part Ag of A.

Next, let D be the closure of By in the {A\,V,=,— Vx,3x | x € X}-reduct
of A. Then (5.4) shows that D = (J;_oDn € Ay and Dy, (n = 0,1,...)
are inductively described as follows. First, Do = By. Next for n > 1, D,
consists of the elements d; Ady, di Vda, di = dz, —d, Vxd, and Ixd, where
di€Dyn, i=1,2),n=14+n1+n,, d€Dy_1,and x € X.

Let (ar,...,ax) € (BUD)*NDomA for A € Land a = A(ay, ..., ax). Recall
B CAcand D C Ap. Hence if A € F, then ay,...,ax € B, and since B is
closed under every operation in F, we have a € B. Next if A € P, then also
ai,...,ax € B, hence a € By € D. Finally if A € {A\,V,=,—,Vx,3x | x € X},
then aj,...,ax € D, and since D is closed under A,V,=,—, Vx,3x (x € X),
we have a € D. Therefore B U D is closed under every operation of A, hence
A =BUD because A = [S] and S € BUD. Since B C A, D C Ay,
and Ac N Ay = 0, we conclude that B = A and D = Ay. Furthermore,
it follows from Theorem 2.2 that A. as an F-algebra is a UTA over S and
that Ag as a {A\,V,=,—,Vx,3x | x € X}-algebra is a UTA over the set Dy =
By = {p(ar,...,ax) | p €P, ai,...,ax € Ac}. Consequently, we have A, =
[T o Sn and Ag — 15 Do

Thus, the formal language A defined above is the set of the terms and for-
mulas in the usually defined first-order predicate logic with F and P serving as
the sets of the function symbols and the predicate symbols respectively.
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5.3 Typed A-calculus

The set of the A-terms in the typed A-calculus may be defined to be the formal
language (A, T, 0,S, C, X,T") with the following syntax (T,7,S, C, X,I"). First, let
S,C, and X be sets with S = CII X and X # (). Next, let T be a set {e, A} of
distinct elements e and A. Next, let T be the UTA over a set Ty with one binary
operation —. Then T = [[;_,Tn and T (n = 1,2,...) are the sets of the
elements t1—ty with t; € T, (1=1,2) and n =1+ n; +n,. Equip the set T
with the operations denoted by the symbols in the subset L = {e,Ax | x € X} of
(TITIS)* and satisfying

Dom e = {(t—u, t) | (t,u) € T?}, (t—u) et =1,
DomAx =T, Axt = Tx—t,

where the pre-sorting T € S—T is arbitrary. Then L C TUI'X and LNTX consists
of the unary operations Ax (x € X). Also, M = {e} as to (3.1).

The formal language A thus defined is the set of A-terms in the typed A-
calculus, where To is the set of the basic types, [J_; Tn is the set of the func-
tional types, the operation e is the application, and the operation Ax (x € X) is
a A-abstraction.

We will construct a specific denotable world W for A. Since the set W is the
direct union W = [ ], Wy of its t-parts W, (t € T), we first define a family
of sets Wy (t € T). Since (T, Tp) is a UTA with respect to the operation —,
we define Wy by induction on the rank n of t with respect to —. If n =0 or
t € Ty, we define W; to be an arbitrary non-empty set. Suppose n > 1. Then
t=t1—ty withti € Ty, i=12)andn =1+n; +ny, and Wy, (i =1,2)
have already been defined. Therefore we define Wy = Wy, -»W,,. It remains to
define a binary operation e on W. First, we define

Dome = U(t,u)eTz(Wt—m X Wy) = H(t,u)eTz(Wtau X Wy).

Next for a € Wi, and b € Wy, since Wi, = Wy —W,,, we may define aeb
to be the image ab in W,, of b € W, by the mapping a € Wy —W,,.

We finally define the interpretation Iy of LN TX on W. Let u = Ax.
Then Ty =T, and Wy = Woxyt = Wex—W; for each t € T. Therefore,
(3.3) and (3.4) show that the meaning pw of p on W is a transformation on
Uier (Wox—Wi) satistying pw (Wox—Wi) € Wox—W; for each t € T. There-
fore we define

].Lw(f) =f (5.5)

for each f € | Jyc1(Wox—W4).

The intention of this is as follows. First, (3.8) and (3.10) show that the unary
operation B, on the metaworld WY*.W satisfies Dom B, = Uyt (Vx,w—We)
and B (Vxw—Wi) C Vx w— (Wex—W,) for each t € T. Next, (3.9), (5.5)
and (3.6) show that

((Bu@)v)w = @((x/w)v) (5.6)
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for each @ € Uyt (Vx,w—Wi), v € Vx w, and w € Wo,y.
Let a € Ay and @ be a C-denotation into W. Then pa € Agx—t, hence
D*a € Vx,w—W,, O (pa) € Vxw—(Wex—Wy), and

(D" (pa))v)w = ((Bu(@*a))v)w = (0*a)((x/W)v)

by (5.6) for each v € Vx w and w € Wox.
Assume that x, X2, ..., X are free variables of a. Then x», ..., x, are those of

pna by Lemma 4.2, and the above equation shows that the functional expressions

a®(x,x2,...,%xn) and (na)®(xz,...,xn), which are W;-valued and (Wyx—W,)-

valued respectively, satisfy

l

(Axa)®(wa,...,wn))w=a®(w,wz,...,wn)

for each (W, wa,...,Wn) € Wiy X Wiy, X -+ X Wey, . In particular if Wy =T
and we identify Wg,—W, with P(Wqsy), the above equation may be written

(?\XG)@(Wz,...,Wn) ={we Wy | acp(W»WZ»-'- ywir) =1}

6 Appendix: Universal sorted algebras and free
algebras

The latter half of Theorem 2.1 is a routine consequence of the universalities of
A and A’. The proof of the former half is as follows.

Let (ta)aer be the operations of T and mj be an arity of t) for each A € L.
Let K=STILII { [, ] } be the direct union of the prime set S, the index set L,
and the bracket set { L] } consisting of the left bracket and the right bracket.
Let K be the set of words on the alphabet K.

For each non-negative integer n, we will construct the subset S;; of K* and
on € Spu—T as follows by induction on n. First, we define So = S and o9 = T.
Next for n > 1, we define S, to be the set of all words [Aaj ... ax], where A € L,
a €Sy, G=1,...,k),n=1+ Z}<:1 1y, (On, ai1,...,0n, ax) € Domt,, and
k = m, for a typographic reason, and define

onAar...ax] =ta(on, a1,...,0n, ak). (6.1)

The latter half of the following lemma shows that oy, is well-defined.

Lemma 6.1 The words in Sy contain precisely n indices. Also, for each el-
ement a € Sy (n > 1), there exists a unique tuple A,a;,my (j = 1,...,my)
which satisfies a = Aaj...am\], A € L, a5 € Sy, (j = 1,...,ma), and
n=1+3"n;

The former half of this lemma is immediately proved by induction on n. The
latter half is a consequence of the following lemma.
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Lemma 6.2 Each word in Sy, (n > 1) contains as many left brackets as right
brackets. Let a = Aaj...am,] € Sn (0 > 1) with X € L, a5 € Sn; (j =
1,...,my), andn =1+ Z;E n;. Then the following holds for j =1,...,my.

(1) a contains precisely one more left brackets than right brackets on the left-
hand side of a;.

(2) a contains at least two more left brackets than right brackets on the left-hand
side of each left bracket of a; other than the leftmost left bracket of a;.

The above holds with “left” and “right” interchanged.

The former half of this lemma is immediately proved by induction on n, from
which (1) immediately follows. We will derive (2) form (1) by induction on n. If
n =1, then nj; =0, so a; has no left brackets and (2) obviously holds. If n > 2
and a; has a left bracket other than the leftmost left bracket, then it is a left
bracket of some of by,..., by, in the expression aj = [uby... by, ] with p € L,
bi €Sy, i=1,...,my),andn; = 1+Z{1‘§ ni;. The induction hypothesis and
(1) show that aj has at least one more left brackets than right brackets on the
left-hand side of the left bracket in question. Each of aq,...,a;—1 has as many
left brackets as right brackets, and a has the leftmost left bracket. Therefore
(2) holds. The same proof works with “left” and “right” interchanged.

We will derive the latter half of Lemma 6.1 from Lemma 6.2. Let a =
Maj...am] €Snn>1) withAel,qyeSy (G=1,...,mp),and n =1+
> "4 ny. Then the leftmost left bracket of each aj with n; > 1 is characterized
as a left bracket of a on the left-hand side of which there are precisely one
more left brackets than right brackets. This also holds with “left” and “right”
interchanged. The pairs of adjacent such left and right brackets cut the elements
a; with n; > 1 out of a. The remaining primes contained in a are the elements
aj with nj = 0. The former half of Lemma 6.1 shows that n; for j =1,...,my
is characterized as the number of the indices contained in a;. Finally, A is
characterized as the index next to the leftmost left bracket of a.

The proof of Lemma 6.1 is complete, and so is the construction of S,, and
on (N =0,1,...). We define A = J,,5o Sn. Then the former half of Lemma
6.1 shows that A is the direct union of S, (n =0,1,...). Therefore, we define
o€ A>T by ols, =0, (n=0,1,...). Then o|s = T, and the definition (6.1)
of on may be rewritten o[Aay ...am,] =tr(car,...,0am, ).

For each A € L, we define the operation a) on A by

on(ar,...,am,) =MAar...am,l, (6.2)
where Dom oy = {(a1,...,am,) € A™ | (cay,...,0am,) € Domty}. Cer-
tainly, o is an operation on A, because there exists a non-negative integer
ny such that aj € Sy, for j = 1,...,mp, and n = 1 + Z)n:] n; satisfies

Aaj...am,] € Sn. Thus, we have constructed an algebra (A, (o )aer) sim-
ilar to T. Moreover, o is necessarily a holomorphism of A into T. Therefore,
(A, T, 0) is a sorted algebra. Also, S, is equal to the n-th descendant of S.
Therefore A = [S].
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Finally, in order to show that the universality is satisfied, we let (A’, T, ¢’) be
a sorted algebra, and assume that ¢ € S—A’ satisfies 6'¢ = ols. Let (ot} )aer
be the operations of A’. We will construct f,, € S, —A’ such that o’f,, = o by
inductiononn =0, 1,.... First, we define fo = ¢. Then 0'fg = 0’ = 0|s = 0y
as desired. Next for n > 1, we wish to define f;; by

frna= o} (fn,ar,...,fo. ax) (6.3)

for each element a € Sy, using its unique expression a = [Aaj ... ax] with A € L,

a €Sy, G=1,...,k),n=1 +Z;‘:1 ny, and (On,ar,...,0n, ax) € Domty,
where k = mj. This definition is possible, because on;a; = o’ fn;q5 for j =
1,...,k by the induction hypothesis and ¢’ is exact. Furthermore o'f,, = on

holds, because

o'fna=o'(os(fn,a1,...,fr ax)) =ta(o'fn, a1, ..., 0'fn ax)

=ta(on,a1,...,0n, ax) = onlAaj...ax] = ona

by (6.1). We have defined f,, for each non-negative integer n so that ¢'f, = opn
holds. Finally, we define f € A=A’ by fls, =fn, (n=0,1,...). Then fls = ¢
and o'f = 0. Also, (6.2) and (6.3) together with the comments on them show
that f is a holomorphism.

Proof of the former half of Theorem 2.2 In view of the latter half of
Theorem 2.1, it only remains to show that the USA (A, T, 0, S) constructed above
satisfies (3) of Theorem 2.2. Suppose an element a € A — S has expressions
a=or(ar,...,ax) and a = oas(aj,...,ay,) with AN € L, (aj,...,ax) €
Dom &y and (aj,...,ay,) € Domay,. Suppose aj € Sy; (j = 1,...,k) and
af, € Sny, (i =1,...,K'). Definen =1+ ¥ njandn’ =1+ 35 nf,.

Then a € S N Sn/. Thus, A=A, k =k’ and a; = aj (j =1,...,k) by Lemma
6.1.
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