A Completeness Theorem
for Monophasic Case Logic
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Abstract Monophasic case logic (MPCL) is a prototype of case logic designed for
mathematical psychology. A sentential deduction system on it will be proved to be
complete. The semantics of MPCL are parameterized by measures with regard to
quantification. Therefore, in proving any completeness theorem for MPCL, we have to
construct a measure. The heart of the paper lies in capturing the measure by axioms
which imply the pigeonhole principle.
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The purpose of this paper is to prove a sentential completeness theorem for
the logical system MPCL (monophasic case logic), which is a prototype of the
logical system CL (case logic) introduced by Gomi (2009¢) from the viewpoint
of MP (mathematical psychology).

Motivations, backgrounds and bibliographic remarks for MP and CL have
been given in previous papers by Gomi (2009 a, b, ¢), and this paper is a
direct continuation of them. So I will concentrate on the mathematical detail
of the proof using their notation, terminology, definitions and results without
reviewing or restating them.

This paper borrows many ideas from the thesis by Mizumura (2000) who
presented a sequential completeness theorem for an antecedent of MPCL. Its
denotable worlds, as well as those in the present MPCL, were parameterized by
a measure with regard to quantification. Therefore in proving the completeness
theorem, he had to construct a measure, which was expected to be difficult.
Mizumura worked it out by introducing an axiom meaning the pigeonhole prin-
ciple (cf. Lemma 2.8).

Meanwhile Takaoka (2009) has taken an alternative comprehensive (and ele-
gant in my opinion) approach to the theorem and related problems. He managed
with (Dedekind) cuts essentially due to Henkin (1949) instead of resolution trees
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in Mizumura’s thesis and this paper (cf. Lemma 3.19). Takaoka’s approach,
however, also relies on the definitions, methods and intermediate results of this
paper (cf. Remark 1.1). Takaoka’s approach will be applied to CL as well in a
subsequent paper.

1 A predicate deduction system

Let (A,T,0,S,C,X,T") be a MPC language, (A, W, (Iw)wew) be the logical
system MPCL on it, and (H,G) be its predicate logical space. The purpose of
this paper is to prove that the deduction system (g, V) on H presented below
is G-complete under the following four conditions.

1. The quantity system P is linear.
2. The range K¢ of each predicates f € H is a finite set.

3. Both the sets A and X of the simple nominals and the variable simple
nominals are enumerable.

4. The set B of the positive quantifiers is the smallest of the subsets of PP
which contain the intervals (p—) ={x € P|p < x} of P for all p € P and
are closed under the meet p N ¢, the join p U q and the complement p°.

Remark 1.1 The conditions 1 and 4 mean that 8 consists of the finite unions
of the intervals of P in the shape (p—) or («—q] = {x€P | x < q}or (pq] =
{xeP|p<x<q}for some p,q € P. Thus § = (00] and P = (+0] U (0—)
belong to ‘P.

As was shown in §2.2 of Gomi (09¢), A, is equal to the closure of the set S,
of the prime simple nominals under the set § of the functionals:

Ac = [Sds. (1.1)

Also S, = C. UX, for the set C. of the constant simple nominals. Therefore
the condition 3 means that X, is enumerable and both C. and § are at most
enumerable. Takaoka (09) assumes a condition different from the condition 3.

The presentation of the logic ¢ on H is simple and familiar:

f f=9¢g
o =———"

. (modus ponens)

where f,g € H. This means that elements f1,...,f,,g € H satisfy f;---fLpg

iff n =2 and f; = f; = ¢, and similarly for the fractional expressions below.
In contrast, the presentation of the subset V of H is complex. First let xo

be an arbitrary element of X, and define the complex nominal one € As by

one = (xo VrxoA) Oxop. (1.2)



Next define the four logics &, L, T and V on H also by the fractional expressions,
where and elsewhere x <« f means as in Gomi (09b) that x does not occur free
in f:

&= W (f>g S H)) (/\+ ].OglC)
f .
1= TSk T (feH, keKy, a€A), (case+ logic)
T:XOfkf (feH, keKs xeXe, x 1), (case— logic)
f .
= onevnifoA  (TEAn xEX). ¥+ logic

Then V is defined as the (p U& U L U T U V)-closure of the set 9 of the MPC
predicates presented below:

V = [0l puguiuTuy- (1.3)

Remark 1.2 The equation (1.3) means that V is the union of the inductively
defined (p U & U L U T UV)-descendants 9, (n =20,1,...) of 9, where 09 = 0
and 0, with n > 1 consists of the following elements:

f (feHand g=f €0y, for some g € 0, with n; +ny =n—1),
fAg (f€0n,, g€, M +n2=n—1),
aokf (feodn_1, keKs, a€AL),
f (fe€Hand xokf € 9,7 for some k € Ky and x € X, with x « f),
vxf (fedn_1NAy, x€Xe),

where Vxf is an abbreviation of oneVrm (f Qx)A (c¢f. Lemma 3.2 and §2.6 of
Gomi (09¢)). In other words, an element h € H belongs to V if and only if

there exists a sequence hq,...,h,y of elements of H such that h, = h and,
for each 1 € {1,...,n}, either hy € 9 or h; satisfies one of the following five
conditions.

e hj =hy=hy for some j,ke{l,...,i— 1k

e hiy =hj Ahy for some j, k€ {1,...,i— 1}

e h; = aokh; for some j e {l,...,i—1}, k € Ky,, and a € A..

e hj =x0khy for some j € {1,...,1—1}, k € Ky, and x € X with x € h;.
e hy =Vxh;j for some j €{1,...,1— 1} with h; € Ay and x € X.

The equation (1.3) means also that an element h € H belongs to V if and only
if there exists a (p U& U L U T UV)-proof figure with elements of 9 at the top
and h at the bottom.



The set 9 of the MPC predicates consists of the following twenty three kinds
of predicates, the first of which is the collection of familiar ones:

OV 1,

(fAg)=f,

(fAg)=g,

f=(fVg),

g=(fVyg), (Boolean pred.)

(f°Vg)=(f=9),
(f=n)A(g=h))= (f\/g =h),
(h=f)A(h=g)) = (h= (fAQ)),
(h=fA(h=(f=g)))=(h=g),

where f,g,h € H. The remaining twenty two kinds of MPC predicates are
characteristic of MPCL and so are called the proper MPC predicates.

ark(bolf) & bol(arkf), (9,0 pred.)

where a € G, be A, feH, k,1e K¢, k#1, and r € {6JUQ. Also a € A,
in case ¢ = 0. Both here and elsewhere, the two-way arrow & is a device for
showing a predicate g = h and its reverse h=> g together.

(ai oki)izt,. 1(fAQ) & ((ai 8ki)iz1,.. mfA (@i 6Ki)izn+1,..19), (/A pred.)
(ai 0ki)iz1,..1(fV @) & ((ai 6ki)iz1,...,mfV (@i 6Ki)i—n+1,..19), (V pred.)
(ai 0ki)iz1,..1(f=9) & ((ai 6ki)i=1,....mf= (@i 0ki)i—n+1,...,19),

..........

(= pred.)

where aj,...,a1 € A¢, f,g € H, and kq,...,k; are distinct cases such that
ki,...,kn € Kf*Kg, Kn+1,.--,km € K¢ ﬂKg, and Kmy1,...,Kk € Kg — K¢
(0<n<m<1). Also, (a3 0ki)i=1,..1(f/Ag) is an abbreviation for

aj oky (a2 oka (--- (ar 0k (fAgG))---)),

and similarly for analogous expressions.

((ai 8ki)i=1,...n(f) & ((ai 0ki)iz1,...nf)®, (O pred.)

where a7,...,an € A¢, f € H, and kq,...,k, are distinct cases in K.
a—pkf & apkf, (— pred.)
ap’kf & (apkf)?, (o pred.)

where a € G, f € H, k € K¢, and p € .

a(pngkf s (apkfAagkf), (N pred.)
a(pUgkf s (apkfVagkf), (U pred.)



where a € G, f € H, k € K¢, and p,q € P.
apkf & apm((xokf) Qx)A, (B pred.)
where a € G, f € H, x € X;, Kf ={k}, p € P, and x does not occur free in f.
apntbA & (alb)pronel, (A pred.)
where a,b € G and p € P.
(onevr ((f=g) Qx)A) =(f = oneVr (g Qx)A), (V,= pred.)
where f, g € Ay, x € X¢, and x does not occur free in f.
(onevr (((xomad)= (x6kf)) Qx)A) = aVkf, (V pred.)
where x € X, a € G, f € H, K¢ ={k}, and x does not occur free in a,f.
(aVTbAAN apkf) = bpkf, (V,B pred.)
where a,b € G, f e H, k€ K¢, and p € P.
(aUb)p +gkf= (apkfVbagkf), (U, + pred.)

where a,b € G, f € H, k € K¢, and p,q € P.

(one” pk)?, (one” pred.)
where f € H, k € K¢, and p € P.
bomaA = aJmonel, (3 pred.)
where a € G and b € A..
(aMb)A & (aAADA), (M pred.)
(aUb)A & (aAVDA), (U pred.)
(a”)A & (ar)?, (O pred.)
where a,b € G.
aom (fOx)A & f(x/a), (Q pred.)

where a € Ag, f € Ay, x € X, and x is free from a in f. The (x/a) on the
right-hand side of & denotes the substitution of a for x.

oneVm (f Qx)A = f, (V— pred.)

where f € Ay and x € X,.
This completes the presentation of (g, V). The main result of this paper can
now be stated in due form.



Theorem 1 The deduction system (9,V) on H is G-complete under the condi-
tions 1—4 stated at the beginning of this section.

The proof of this theorem will begin at §2 and end at §4.

Corollary 1.1 The subset V of H is equal to the core C of (H,G), or the set
of the G-tautologies in H, under the conditions 1—4.

Proof We have C = [V], by Theorem 7.2 of Gomi (09a) and Theorem 1, while
(1.3) implies that [V], = V, hence C = V.

Remark 1.3 For the proof of Theorem 1, it will be shown that the deduction
system (p U &, V) is G-complete, and in particular the logics  and & are G-
sound and close C. Also, Corollary 1.1 means C = [0]puguiuTuy (cf. Remark
1.2), and in particular the logics L, T and V also close C. However, L, T and
Y are not G-sound, and so, for instance, the deduction system (p U& UV, V) is
not G-complete, although obviously G-sufficient.

Also, there are proper subsets 0’ of 0 which satisfy C = [0'] puguiuTuv-
Since a deduction system in MP is a model of the human system of thinking, I
have not pursued mathematical minimalism in the presentation of 9.

2 A generational law on the predicate sequences

The proof of Theorem 1 follows the two step general program given in Remark
7.3 of Gomi (09a) based on the fundamental theorem of completeness (Theorem
7.12 of Gomi (09a)).

The purpose of this section is to present a generational law called the MPC
law on the relations <, on H* and show that it is satisfied by the validity
relation < of the predicate logical space (H, 3).

It will be shown in §3 that the MPC law is a characteristic law of (H,§) as
to the first step of the program. Also, it will be shown in §4 that the deduction
system (p U &, V) on H is G-sound and the deduction relation <yu¢,v satisfies
the MPC law as to the second step of the program. Therefore (p U &, V) is
G-complete by the fundamental theorem, and hence C = V as in the proof
of Corollary 1.1. Since (H,§G) is a Boolean logical space with respect to the
operations A\, V, ¢ and = by Theorem 3.3 of Gomi (09¢), Corollary 7.11.1 of
Gomi (09a) finally shows that (p,V) is G-complete. Thus Theorem 1 will be
proved.

Since < is a Boolean relation with respect to the operations A,V, ¢ and =
by Theorem 6.8 of Gomi (09a), the MPC law is defined as the extension of the
Boolean law with respect to A\, V,$,= by the proper MPC law consisting of
the twenty five laws presented below, which are in one to one correspondence
with the three logics 1, T and V on H together with the twenty two kinds of the
proper MPC predicates used for defining V by (1.3).



Both in the presentation and elsewhere, the element of H* of length 0 will
be denoted by a blank and =, will denote the symmetric core of <,.

<., T = <, aokf, (case+ law)
where f € H, a € A, and k € Ky.
<, x0kf = <, f, (case— law)

where x € X¢, f € H, k € K¢, and x does not occur free in f. Theorem 3.15 of
Gomi (09c) shows that < satisfies the above two laws.

<, f = <, onevr(fQx)A, (V+ law)

where f € Ay and x € X;. Theorem 3.21 of Gomi (09¢) shows that < satisfies
this.

ark(bolf) <, bol(arkf), (9,06 law)

where a € G, be A, feH, k,leKs, k#1L andr e {0JUQ. Also a € A; in
case ¢ = 0. Theorems 3.4 and 3.14 of Gomi (09¢) show that < satisfies this.

(fA Q) =i (@i 6ki)izt,.. . mfA(ai 0ki)iz—nt1,. 19,  (Alaw)
UfVg) <. (ag 0ki)i=1,.. . mTV(ai0ki)i=ns1,...19,  (V law)
mf= (@i 6ki)i=nt1,...19, (= law)

.....
.....

.........

where aj,...,a1 € A¢, f,g € H, and kq,...,k; are distinct cases such that
ki,...,kn € K¢ —Kg, Kn+1y,.--,km € K¢ ﬂKg, and Kymy1,...,k € Kg — K¢
(0 <n<m<1). Theorems 3.4 and 3.6 of Gomi (09¢c) show that < satisfies
these three.

n(fo) =x ((ai 6ki)i:1,...,nf)<>a (<> laW)

.....

where ay,...,an, € A¢, f € H, and kq,...,k, are distinct cases in K¢. Theorem
3.4 and Corollary 3.5.3 of Gomi (09¢) show that < satisfies this.

a—pkf =, apkf?, (— law)
ap°kf =, (apkf)?, (o law)

where a € G, f € H, k € K¢, and p € PB. Theorems 3.4 and 3.10 of Gomi (09c¢)
show that < satisfies these two.

a(png)kf =<, apkfAaqgkf, (N law)
a(pUg)kf <, apkfVaqgkf, (U law)

where a € G, f € H, k € K¢, and p,q € *B. Theorems 3.4 and 3.11 of Gomi
(09¢) show that < satisfies these two.

apkf =, apm((xSkf) Qx)A, (B law)



where a € G, f € H, x € X, K¢ ={k}, p € P, and x does not occur free in f.
Theorem 3.16 of Gomi (09¢) shows that < satisfies this.

apmtbA =, (aMb)prmonel, (A law)

where a,b € G and p € P. Theorems 3.4, 3.9 and 3.19 of Gomi (09¢) show that
< satisfies this.

f,one Vv ((f=g) Qx) A <, oneVr (g Qx)A, (¥, = law)

where f, g € Ay, x € X¢, and x does not occur free in f. Theorem 3.17 of Gomi
(09¢) shows that < satisfies this.

oneVr (((x6mal)= (xokf)) Ox)A <, aVkf, (V law)

where x € X, a € G, f € H, K¢ = {k}, and x does not occur free in a,f.
Theorem 3.22 of Gomi (09¢) shows that < satisfies this.

avrbA, apkf <, bpkf, (¥, B law)

where a,b € G, f € H, k € K¢, and p € P. Theorems 3.4 and 3.12 of Gomi
(09c) show that < satisfies this.

(aUb)p +qkf <, apkf,bgkf, (U, + law)

where a,b € G, f € H, k € K¢, and p,q € P. Theorems 3.4 and 3.13 of Gomi
(09c) show that < satisfies this.

one” pkf <, , (one” law)

where f € H, k € K¢, and p € P. Theorems 3.4 and 3.19 of Gomi (09¢) and the
definition of the operation pk on the MPC worlds show that < satisfies this.

bomaA <, admone, (3 law)

where a € G and b € A,. Theorems 3.4, 3.9 and 3.19 of Gomi (09¢) show that
< satisfies this.

(aMb)A <, aAADA, (M law)
(aUDb)A =, aAV DA, (U law)
(a™)A =, (aA)?, (O law)

where a,b € G. Theorems 3.1 and 3.4 of Gomi (09¢) show that < satisfies these
three.

aom (fQx)A =, f(x/a), (Q law)

where a € Ag, f € Ay, x € X, and x is free from a in f. Theorem 3.18 of Gomi
(09¢) shows that < satisfies this.

oneVr (f QOx)A <, T, (V— law)



where f € Ay and x € X. Theorem 3.20 of Gomi (09¢c) shows that < satisfies
this.

This completes the presentation of the MPC law. Henceforth, relations on
H* which satisfy the MPC law will be referred to MPC relations. Thus we
have proved the following in the course of the presentation.

Theorem 2 The wvalidity relation < of the predicate logical space (H,SG) is a
MPC relation.

We will proceed to derive more useful laws from the MPC law in the following
ten lemmas. So we assume there without notice that <, is a MPC relation on
H* and in particular is a Boolean relation with respect to the operations /\,V, ¢
and =, and so the restriction to H x H of the symmetric core =<, of <, is an
equivalence relation by virtue of the repetition law and cut law. Because of
Theorem 2, the lemmas apply to <.

Elements of H will be denoted by f,g,... with or without numerical sub-
scripts, while those of H* will be denoted by «, f3,....

Lemma 2.1 The following holds as a consequence of the Boolean law.

Y <« (ngB — Y <« o‘)f\/ng'

3) x <, fp = fPax,pB,
B <. a0 = B <. fu

x <, 1B, gx < B = f=0,x <. B,
(4) {fx <. 9B &= « <. f=9,B,
f,f= g <. g (cut-implication law).

5) A AT = AT A ) A,
five- - Vig = (- (fiVf) V.- )V,
plying the operations /\ and V' on the left-hand side of =<,.

f1 <. 01, } N fiANf2 <, g1\ g2,
f2 <. 92 f1Vf <. 91 Vg

} irrespective of the order of ap-

(6)

(1) @< B = a<. FAFOB & VI ax, B.

Proof As for (1)—(4), consult Theorems 3.12-3.14 of Gomi (09a).
(5) Since f1 A---Afn <, f1A---Afy by the repetition law, we first have
fr-fn < f1A---Afn, and next (- (f1 Af)A-- )AL <. TN Afy



both by (1). Similarly f;1 A-- Afn <, (- (fi Af2)A---)Af,. Hence the
former =, equation. The proof of the latter is similar.

(6) Since f1 %, g1 and f2 <, g2, we first have f1f2 <, g1 and f1f2 <, g2 by
the weakening law, next f1f, <, g1 Agz, and finally f1 Afy <, g1 /\g2 both
by (1). The proof of f1 V{2 <, g1V g2 is similar.

(1) If « <, B, then & <, FAFC, B and fV « <, B by the weakening law.
If « <, TATO B or VO o <, B, then since fAf® <, ¢ and ¢ <, fV° by
the negation laws and (1) (2), we have x <, 3 by the cut law.

Lemma 2.2 Let aj,...,an € Ag, f1,...,fm € H, and kq,...,kn be distinct
cases in K¢, N---NKg, . Then the following holds irrespective of the order of
applying the operations N\ and V :

=1,...,

.....

(gen. V law)

Proof We may assume m > 1 and argue by induction on m. As for the gener-
alized V law, suppose V has been applied in such an order that f; V---Vf, =
(f] V.- -\/fj ) V (fj+1 \VERE \/fm) holds. Then

(ai 0ki)i(f1 V- Vim) = (ai 0ki)i(f1 V.- V1) V(aioki)i(fjr1 V- Vin)

by the V law, where (a; 0ki); is an abbreviation for (a; 0ki)i—1

.....

(ai 0ki)i(f1 V-V f;) <, (a; 0ki)if1 V-V (a; 0ki)ifj,
(ai 0ki)i(fj41 V- V) <, (ai 0ki)ifjr1 V-V (ai0ki)ifm

by the induction hypothesis. Applying Lemma 2.1 to the above three displayed
=, relations, we see that the generalized V law holds. The generalized A law
may be proved similarly.

Lemma 2.3 Leta e G, f € H, k€ K¢, and p1,...,pn € P. Then the following
holds irrespective of the order of applying the operations /\ and V :

a(piN---Npp)kf =, aprkfA---Aapnkf, (gen. N law)
a(prU---Upn)kf =, aprkfV---Vapnkf. (gen. U law)

Proof We may assume n > 1 and argue by induction on n. As for the gen.U
law, a(p1 U---Upn)kf =, a(pr U---Upn_1)kfVappkf by the U law, and
a(prU---Upn_p)kf =<, apikfV---Vapn_1kf by the induction hypothesis.
Applying Lemma 2.1 to these =<, relations, we see that the gen.U law holds.
The gen. N law may be proved similarly.
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Lemma 2.4 Let aj,...,an € G, f € H, k € K¢, and p1,...,pn € P. Then
the following holds irrespective of the order of applying the operation LI :

(e U---Uan)pr + - +pnkf <, a1 Prkf, -+ anPpnkf. (gen.U,+ law)

Proof We may assume n > 1 and argue by induction on . Suppose LI has been
applied in such an order that aj U---Uan = (ag U---Uai)U(ajr U---Uan)
holds. Then

(aqU---Uan)pr - Fpnkf
<o (@ U0 a) Py T pekf, (@it U U ) piy T TPk

by the U, + law, and

(a1 U---Uai)pr +- +pikf <. a1 prkf, - aipikf,
(app1U---Uan)piyt + - Fpnkf <, aip1 Piakf, -, an prkf

by the induction hypothesis. Applying the cut law twice to the above three
displayed =<, relations, we see that the gen. U, + law holds.

Lemma 2.5 Let aj,...,an € G. Then the following holds irrespective of the
order of applying the operations M, LU, and V :
(a1 M- MNap)A = a1 AA---Aan A, (gen. M law)
(a U - Uap)A =<, a1AV - Va, A, (gen. U law)

Proof We may assume n > 1 and argue by induction on n. As to the
gen. U law, suppose LI has been applied in such an order that a; U - - an =
(ag U---Uay)U(aips U---Uayn) holds. Then

(U - Uan)A =<y (g U---Ua)AV(ag U---Uan)A,
(U - Uap)A =y a1AV---Vai
(aip1 U - Uan)A = a1 AV---Vag A

by the U law and the induction hypothesis. Applying Lemma 2.1 to the above
displayed =, relations, we see that the gen. L law holds. The gen. N law may be
proved similarly.

From now on, When o = f;---f, € H* with f;,...,fq, € H, the subset
{f1,...,fn} of H will also be denoted by «.

Lemma 2.6 Let fy,...,fm,91,...,9n € H, o, € H*, a € A, and k € K.
Assume that k belongs to the ranges of f1,...,fm, g1,...,dn but does not belong
to those of the predicates in oo U 3. Then the following holds:

frofma<.g1---9np

B y . . (gen. case+ law)
== O-Okf1)"' ,aokfm,ocﬁ* a0k91v"' vaOkgn)B'

11



Proof We may assume that either m > 1 orn > 1. Let & = f---f/,
and B = gq---gy, with f1,...,f/ ., 97,...,95 € H. Let x € X, and define
e = x6mxA. Then k does not belong to the ranges of e A e® or eV e®. Therefore
by Lemma 2.1, we may assume m’ # 0 £ n’. Define

h:(f1/\"'/\fm)/\(g1v"’v9n)<>»
h =(fi A A ) V(g V- Val),

where the orders of applying the operations /A and V within parentheses are
arbitrary. Then Lemma 2.1 shows that the premise of the gen. case+ law implies

<, h="h', and so <, aok(h=h') by the case+ law. Furthermore, since
k € Kp — Kn/, we have a6k (h=h’) <, aokh=h' by the = law. Thus

adokh<,h’
by the cut law and Lemma 2.1. Furthermore,
(aok (fi A Afm)) A(adk(gr V-V gn))®
=. (adk(fiA - Afm)) A(adk(gr V---Vgn)?) <. adkh
by the ¢ law, Lemma 2.1 and the /\ law. Thus
adk(fi A~ Afm) <, adk(g1V---Vgn),h'
by the cut law and Lemma 2.1. Furthermore,

aokfi A---Aadkfy, <, adk(f1 A---Afy),
aok(gi1V---Vgn) <, adkgiV---Vadkgn

by the gen. /A law and gen.V law. Applying the cut law to the above three dis-
played relations, we have adkf; A---Aadkfn <, adkg;V---Vadkgn,h',
hence the conclusion of the gen.case+ law by Lemma 2.1.

The following proposition is a continuation and a refinement of §4.1 and
§4.2 of Gomi (09b) and collects basic and general facts about occurrences and
substitutions.

Proposition 1 Let (A, (xx)aeL) be an algebra. In addition to and on the basis
of the notation and terminology introduced in previous papers, define

L= el|(Imar)® #0}

for each element a € A, and if A € L?, then say that A occurs in a. Assume
that (A, (aa)aeL) has a basis S. Then the following holds.

(1) Ifa=ox(ay,...,ax) €A, then L® = (AJUUS_, L. Ifa €S, then L% =.

2) For each element a € A, L® is a finite set.
(
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Assume furthermore that L is a subset of the free multiplicative semigroup over

'S for a set T'. Then the following holds.

(3) If a = or(ar,...,ax) € A, then Sg_, = U;;] Sel.
Sp.. =1al.

(4) If a,b € A and (SM)E.. =0 for each A € L%, then every element of S is free

free
from b in a.

—SM Ifa €S, then

Assume furthermore that (A, T,0,S) is a USA. Then the following holds.

(5) Let a,b,c € A, s € S and assume b = a(s/c), where (s/c) denotes the
substitution of ¢ for s. Then S}’ree C S U (Sgee — {s}) and L® C L*ULEC.
Proof (0) If a € S, then a has no word form, hence A® ={a}. If a € A — S,
then a has the unique word form oy (aq,...,ax), hence A* = {a} U U;;] A%,
A proof of this equation is as follows. It is clear that A* D {a}U U}<:1 A%,
Suppose b € A% —{a}. Then there exists an occurrence bg,...,b, of b in a
such that by < a for some i € {1,...,n}, and so by = a; for some j € {1,...,k}
by the uniqueness of the word form of a, hence b € A% . Therefore A® =
{a}uUi, A%

(1) If a € S, then (Imoy)® C Imay N{a} = O by (0) for all A € L, and
so L = (). Therefore assume a = xa(ay,...,ax). Then since a € (Im oy)®
and (Imog,)® C (Imex,)® for all p € L and j € {1,...,k} by (0), we have
{Atu U}(ﬂ LY C L% Suppose p € L® —{A}. Then there exists an element
b € (Imoay,)?, and b # a because u # A, and so b € (Imo, )Y for some
je{l,...,k} by (0), hence p € LY. Therefore L* ={A} U U;<:1 LY,

(2) We argue by induction on r = Ranka. If r =0, thena € S, andso L® =)
by (1). Therefore assume r > 1, and let ay(ay,...,ax) be the word form of a.
Then r =1+ ZL] Rank aj, and so L% is a finite set for all j € {1,...,k} by
the induction hypothesis. Therefore L¢ are finite set by (1).

(3) If a € S, then S§ ., C{a} and a is a free occurrence of a in itself by (0),

fre

hence Sg ., = {a}. Therefore assume a = xx(as,...,ax). Let s € S . Then
there exists a free occurrence sg, ..., sy of s in a. Since sop = a € Im «;, we have
s ¢ S*. Also, since a # s by (0), si < a for some i € {1,...,n}, and so s; = q;

for some j € {1,...,k} by (0), hence s € Sg) . Thus S§

free" free
converse has been proved in Lemma 4.2 of Gomi (09b).

C U S — SN The

free

(4) Let s, - .., sn be a free occurrence of an element s € Sin a. If s; € Im oy,
for some i € {0,...,n} and A € L, then A € L%, and so (S*)?,. = 0. Therefore
$0,...,Sn is free from b. Thus, every element of S is free from b in a.

(5) We argue by induction on r = Ranka. If a = s then b = ¢, while if
S>a#sthen b=aand s ¢Sg,., both by (4.5) of Gomi (09b) and (3). Thus

free?
the assertions hold if r = 0. Therefore assume r > 1, and let a)(aq,...,ax) be

the word form of a. Then r =1 —1—2}11 Rank q;. If s € S*, then b = a by (4.6)
of Gomi (09b) and s ¢ Sg.. by (3), and the assertions hold. Therefore assume

free

13



s ¢ S*, and define b; = aj(s/c) for j = 1,...,k. Then b = ax(b1,...,bx) by
(4.6) of Gomi (09b). Therefore
S?ree = U?:] St?riee - SA’ th}ee = U?:] S?riee - S}\’
L =\NUuU, L, L° =(AJuUs, LY
b;

by (3) and (1). Also, S, € SfcreeU(SgLe—{s}) and LY C LY UL forj=1,...,k

by the induction hypothesis. Therefore the assertions hold.

Lemma 2.7 Let f1,...,fm,91,...,9n € H, &, € H*, x € X, and k € K.
Assume that k belongs to the ranges of f1,...,fm, g1,..., gn but does not belong
to those of the predicates in xUR and that x does not occur free in the predicates
m{fi,.. .., fm, 91,...,gnt U UPB. Then the following holds:

xokfy, -+ ,x0kfn,x <, x0kgy, - ,x0kgn,

(gen. case— law)
= fi o fmax < g1 gnB.

Proof We may assume that either m > 1 orn > 1. Let « = f{---f/, and
B = gi -9, with f1,...,f/ ., 97,...,95 € H. Define e = oneVmoneA.
Then k does not belong to the range of e Ae® or of eVe?, and x does not
occur free in e Ae® or in eV e® by Proposition 1 (3). Therefore by Lemma 2.1,
we may assume m’ # 0 # n’. Define h' = (f] A---Af/ )V (g]V---Vgl,),
where the orders of applying the operations /A and V within parentheses are
arbitrary. Then by Lemma 2.1 the premise of the gen. case— law implies

x0kfi A---Ax0kfm <, x0kgyV---Vx0okgn,h'
irrespective of the orders of applying the operations A and V. Furthermore,

x 0k (f1 A+ Afm) <4 x0kTi A Ax 0k T,
x0kg1V---Vxokgn <. x0k(g1V---Vgn)

by the gen. /A law and gen.V law. Applying the cut law to the above three
displayed relations and using Lemma 2.1, we have

(x Sk (fi A=~ Afm)) A (xok (g1 V-V gn))? <. R
Define h = (fi A---Afm) A (g1 V---Vgn)?. Then
x8kh =, (x0k (f1 A Afm)) A (xSk (g1 V-V gn)®)
=<, (xOk (f1 A+ Afm)) A (x8k (g1 V- Vgn))?

by the A law, ¢ law, and Lemma 2.1. Therefore x 6kh <, h’ by the cut law,
hence =<, x6kh=h’. Furthermore, x6kh=h’ =, x0k (h="h’) by the =
law. Therefore =<, x 0k (h=h') by the cut law, and since x does not occur free
in h="h' by Proposition 1 (3), we have <, h="h' by the case— law, hence the
conclusion of the gen. case— law.
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Lemma 2.8 Let x € X;, a,by,...,bn € G, o, € (Ap)", f € H, k € Ky,
P,d1,...,dn € P, and assume that x does not occur free in the elements of
{a,b1,...,bn} U UP and that p > Y I, qi holds, where if n = 0 then
Y 1 di =0 by definition. Then the following holds:

XO0mal,x 4 XOTb1 A, -+ ,xOomb, A, B

ool princin]
— apkf, o<, by Gikf, -+, bn Gukf, B. (pigeonhole principle)

Proof Assume n =0. Let b = one" and q = 0. Then x does not occur free
in b, p > q, and the premise x 0ma/A\, x <, 3 of the pigeonhole principle and
the weakening law imply xomaA, x <, x0mwbA,B. If we show apkf,a <,
bqkf, B, then since bgkf <, by the one" law, we have apkf, a <, B by the
cut law, which is the conclusion of the pigeonhole principle.

Therefore assume n > 1. Let « = g;---g1 and f = hy---h;y with
g1,.--,01, hi,...,h;m € Ayg. We may assume 1 # 0 # m as in the proof of
Lemma 2.7. Define e = (g1 A---Agi)A(h1V---Vhn)?, where and elsewhere
the orders of applying the operations are arbitrary. Then e € Ay, and the
premise of the pigeonhole principle implies

xomal,e <, Xxomb1 AV ---Vxomb, A,
and xOTb1 AV ---Vx0omb, A =, xomt (b1 AV ---Vb,A) by the gen.V law.
Furthermore, since by AV ---Vby A =, (b U---Uby)A by the gen. U law, we
have x 01t (b1 AV - Vb, A) =, x0m(by U--- U bn)A by the gen. case+ law.

Therefore for b = b L. - by, the premise of the pigeonhole principle implies
<. € :>((x oma)= (x GﬂbA)), and applying the V4 law, we have

<. oneVn ((e=((x6mal)= (xombA))) Qx)A.
Furthermore, since x does not occur free in e by Proposition 1 (3), we have

e,oneVn ((e=((xomad)= (x6nbA))) Qx)A
<, oneVm (((x6mal) = (x6mbA)) Qx)A

by the V, = law, and since x does not occur free in a or in bA by Proposition
1 (3), we have

oneVr (((x6maA)= (x6mwbA)) Qx)A <, aVrbA
by the V law, and we have
aVrtbA,apkf g, bpkf

by the V, 3 law, and since p C g1 + - - - + qn by the assumption p > q1+- - -+qn,
we have

bPkf =, (bqr T -~ F qnkf) A (bPkf)
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by the N law, and we have
(bgqr + -+ gnkf)A(bPKT) . bqr + - + gnkf
by the conjunction law, and we have
bgr +- -+ ankf <. b1 qikf,--- ,bngnkf

by the gen. LI, + law. Applying the cut law to the above seven displayed <, rela-
tions, we finally obtain e, apkf <, b1 q1kf,- bn qnkf, hence the conclusion
of the pigeonhole principle.

Lemma 2.9 Let aj,...,an € Ae, f € H, and kq,...,kn be distinct cases in
K. Then the following holds for every p € &y, where and elsewhere Gy, denotes
the symmetric group on the letters 1,... ,n:

(ai Oki)i=1,... nf =« (api Okpi)iz1,... nf. (permutation law)

.....

Proof We only need to consider the case where p is a transposition, in which
case, the result follows from the 9,6 law and gen. case+ law.

Lemma 2.10 Let a € G, f € H, x € X¢, k € K¢, and p € P. Also, let
ai,...,an € Ac and Kq,...,kn be the set of distinct cases in K¢ —{k}. Assume
that x does not occur free in (ai 0Ki)i=1,...nf. Then the following holds:

(@i 6ki)i=1,...n(aPkf) =, (@M (x Ok (a; 0ki)i=1,... nf) Qx) Pronel.

..........

.....

.....

holds. Also, since Kg = {k} and x does not occur free in g, we have
apkg =, apm((xSkg) Qx)A
by the B law. Also we have
apr((xokg) Ox)A =, (am (xokg)Qx)proneA

by the A law. Applying the cut law to the above three =<, equations, we have
(ai 6ki)i=1,...n(aPkf) <, (ar(x0kg) Qx) proneA.

.....

3 The law is characteristic of the predicate log-
ical space
The purpose of this section it to show that the MPC law is a characteristic

law of the predicate logical space (H,G) under the conditions 1-4 stated at the
beginning of §1. Because of Theorem 2, we only need to prove the following.
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Theorem 3 The validity relation < of the predicate logical space (H,G) is con-
tained in every MPC relation <, on H* under the conditions 1-4.

Elements («, 3) of H* x H* will be denoted by o« — p and called the se-
quents. A sequent is said to be sentential if it consists of sentences.

In order to argue by contradiction, we assume that there exists a sequent
o — [ such that &« < f and o £, (3, which we call a counter sequent. A
contradiction will be obtained in a series of twenty four lemmas.

Lemma 3.1 There exists a sentential counter sequent.

Proof Let fy---f,a — g7---gnf be a counter sequent and assume that a
case k belongs to the ranges of f1,...,fm,g1,...,gn but does not belong to
those of the predicates in o« U 3. Since we are assuming that X. is enumerable,
Lemma 4.1 of Gomi (09b) shows that there exists a variable x € X, which does

not occur free in the predicates in {f7,...,fm}U{g1,...,gn}U U B. Since <
satisfies the gen. case+ law by Lemma 2.6 and =, satisfies the gen. case— law by
Lemma 2.7, it follows that x ok fy,--- ,x0kf,a — x0kgy, - ,x0kgn,p is a

counter sequent. Since we are assuming that there exists a counter sequent and
that the ranges of the predicates are finite sets, we conclude that there exists a
sentential counter sequent.

Lemma 3.2 There exists a sentential counter sequent xo — 3o which satisfies
the following condition G.

G If the nominalizer Qx occurs in a sentence in xo U Po for some x € X, then
the wvariable x does not occur free in the sentences in xo U Bo. Also the
nominalizer Qxo in (1.2) occurs in a sentence in xo U Po.

Proof There exists a sentential counter sequent « — by Lemma 3.1. Since
the @-validity relation for each @ € G is non-trivial, < is also non-trivial, hence
aUB #D. Let c =F1---Tm, B =g1-9gn, and define

h=(fi A Afm)® V(g1 V- Van),

where the orders of applying the operations /A and V within parentheses are
arbitrary. Then h is a sentence. Since both < and <, are Boolean relations,
Lemma 2.1 shows that — h is a counter sequent.

For each f € Ay and x € X, let Vxf denote the sentence oneVr (f Qx)A
for the time being. If f € Ay satisfies < f, then we have < Vxf for all x € X,
by the V+ law. Conversely, if f € Ay and x € X, satisfy =, Vxf, then we
have <, f by the V— law and cut law. Therefore if — f is a sentential counter
sequent, so is — Vxf for all x € X,. Furthermore, Proposition 1 (3) (1) show
that var’éef = Xgee —{x} and Qx¢ occurs in Vxf for each f € Ay and x € X;.

There exists a non-empty subset {xi,...,xx} of X which contains every
element of X, occurring free in h. The above shows that — Vxj ---Vxj h is
a sentential counter sequent and no element of X occurs free in Vxx ---Vx1 h
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but Qxp occurs in Vxi ---Vx1 h. Thus defining o9 — o as — Vxx ---Vx1 h,
we have that it satisfies G.

Our aim is to show ap #£ Bo, which is a desired contradiction.

Lemma 3.3 X, is partitioned into subsets X! and X! which satisfy the follow-
ing three conditions.

o Ifx € X[, then Qx does not occur in the sentences in xo U Bo.
e Elements of X!' do not occur free in the sentences in oo U Bo.

e X! is an enumerable set, while X[ is a non-empty finite set.

Proof Let X! be the set of the elements x € X, such that Qx occurs in a
sentence in oo U Bo, and define X! = X, —X/. Then X/ is a finite set by
Proposition 1 (2). Since g — Po satisfies the condition G and we are assuming
that X, is enumerable, X! and X! partition X, and satisfy the conditions.

We say that an element a € A is good if it satisfies the following conditions.
o If x € X/, then Qx does not occur in a.
e Elements of X! do not occur free in a.

We denote the F-closure of C, UX/ by Al:
Al =[C. UX/]3. (3.1)

Lemma 3.4 The following holds as to the good elements.

(1) Let A be an operation of A other than the nominalizers and (ai,...,an) €
DomA, hence n < 2. Then A(ay,...,an) is good iff ai,...,an are good.

(2) Let a € A, f € Ay, x € X, and assume that a o7 (f Qx)A is good. Then
f(x/a) is also good and x is free from a in f.

(3) Al is an enumerable subset of A¢, and an element a € A is good iff a € A].

Proof (1) Proposition 1 (1) implies that Qx occurs in A(aq,...,a,) iff it
occurs in some of ay,...,an. Proposition 1 (3) implies that x € X, occurs free
in AMai,...,an) iff it occurs free in some of ay,..., an. Therefore (1) holds.

(2) It follow from (1) that a and fQx are good. Therefore if y € X/, then
Qy does not occur in either a or f Qx, and so it does not occur in f either by
Proposition 1 (1). Therefore Qy does not occur in f(x/a) by Proposition 1 (5).
Also, elements of X! do not occur free in a, and Proposition 1 (3) shows that
elements of X! other than x do not occur free in f. Therefore elements of X!
do not occur free in f(x/a) by Proposition 1 (5). Thus, f(x/a) is good. If a
variable y € X, occurs free in a, then y € X/, and so Qy does not occur in f as
was shown above. Therefore x is free from a in f by Proposition 1 (4).
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(3) (3.1) implies X, C A. C [S¢lz = A¢, and since both X/ and A, are
enumerable by Lemma 3.3 and our assumption, so is A/.

In order to prove the latter half, let B be the set of the good elements of
A. Since A = [S¢lz by (1.1), A is the union of F-descendants D, (n =
0,1,...) of S¢. Similarly, A/ is the union of §-descendants D/, (n =0,1,...)
of C¢ UX.. So we need only to show that D, N B = D], for all n. Obviously
SeNB=(C. UX,)NB =C, UX/, so we argue by induction on n and assume
n > 1. Assume a € D, N B. Then a = f(aj,...,a,) for some f € §F and
ar,...,am € A¢ suchthat a; € Dy, (i=1,...,m)withn=1+3Y ", n;. Since
ai; € B by (1), we have a; € Dy, (i =1,...,m) by the induction hypothesis.
Therefore a € D). Conversely assume a € D/. Then a = f(ar,...,am)
for some f € § and ai,...,am € A[ such that a; € D}, (i =1,...,m) with
n=1+) ", ni. Since a; € Dn,NB (1 =1,...,m) by the induction hypothesis,
we have a € Dy N B by (1). This completes the proof of the latter half by
induction.

A sequent o — f3 is said to be good if it consists of good predicates, and
called a SS (singular sequent) if o« £, . GSS and GSSS are abbreviations
for Good Singular Sequent and Good Sentential Singular Sequent respectively.
Thus xo — o is a GSSS.

Lemma 3.5 Let o« — B be a SS. Then N B =0 and the following holds.
(1) If f € «, then fao — B is a SS. If g € B, then o« — g is a SS.

(2) Ifc="=1---fi, B =91 gm and elements f],...f{,91,...,95, € H satisfy
fiofii=1,...,0andgj <, 9; G =1,...,m), thenfj---f{ = g7 gp,
is a SS.

Also the following holds for n = 1,2,..., irrespective of the order of applying
the operations /\ and V.

(8) If f1\---Nfy € «, then f1---foae — P is a SS.

(4) If fi\---Nfn € B, then o« — fiff is a SS for some i €{1,...,n}.
(5) If f1V---Vfy € «, then fix — B is a SS for some i€ {1,...,n}.
(6) Iff1V - N fn € B, then o — f1---fnp is a SS.

Also the following holds.

(7) If f= g € «, then either o« — ff or g — B is a SS.

(8) If f=g € B, then fao — gp is a SS.

(9) If f0 € «, then o« — B is a SS.
(10) If f° € B, then fo — B is a SS.
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Proof If a NP # 0, then x <, P by the repetition law, weakening law and
exchange law. Thus oo N B = 0.

(1) If f € ¢ and fox %, B, then « <, B by the exchange law and contraction
law. Thus if f € «, then foo — 3 is a SS. The latter assertion is proved similarly.

(2) If f1---f] <« 97 -+ 9p, then a <, B by the cut law and exchange law.
Thus f{---f{ = g7--- g5, is a SS.

(3) Suppose fi A---Afy € . Then f1 A---Af, 0 = B is a SS by (1). If
f1-o faax <, B, then f1 A+ Af,, a <, p by Lemma 2.1. Thus fy---foa — 3
is a SS.

(4) Suppose fi A---Afy € . Then & — f1 A---Afn, B isa SS by (1). If
o« <, fif for all i € {1,...,n}, then « <, f1A---Afy,p by Lemma 2.1. Thus
o — fif is a SS for some i € {1,...,n}.

The rest of the proof is similar and omitted.

Lemma 3.6 Let « —  be a GSS and f € H. Also, let aj,...,an € Ag,
k1,...,kn be distinct cases in K¢, and p € &,. Then the following holds.

° If (ai 6ki)i:1,.“,nf € «, then (api 6kpi)1:1,wnf,oc—> [3 s a GSS.

° If ((11 6](1)1:1 nf, E) is a GSS.

.........

Proof The sequents in question are good by Lemma 3.4. Since (a; 6ki)if <*
(api 0Kpi)if by the permutation law, the sequents in question are singular by
Lemma 3.5.

Lemma 3.7 Let « — B be a GSS and f,g € H. Also, let ay,...,a1 € A¢ and
k1,...,ky be distinct cases with kK1,...,kn € Kf —Kg, knt1,..., km € Kf NKg,
and Km+1,..., k1 € Kg = K¢ (0 <m <m <1). Then the following holds.

o If (ay0ki)i—1
(ai Oki)i=1

.....

19, — B is a GSS.

.....

o If (ai0ki)i=1,. . 1(fAg) € B, then either
o — (ai oki)i—1,....mf, B or &« = (ai 0ki)i—n+1,..19,B is a GSS.

o If (ai0ki)i—1
(ai 0ki)i=1

,,,,

19,0 = B is a GSS.

.........

..... (fV g) € B, then

o — (a3 0ki)i=1,... ,mf, (@i 0Ki)i=n+1,...10, B is a GSS.

.....

o If (ai0ki)i=1,..1(f=9) € «, then either
o — (ai 6ki)iz1,. mf, B or (@i 0ki)icn+1,..19,¢ — B is a GSS.

)

o If (ai0ki)i—1
(ai Oki)i=1

.....

19, B is a GSS.

..........

Proof The sequents in question are good by Lemma 3.4, and singular by the
A law, V law, = law, and Lemma 3.5.
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Lemma 3.8 Let « — B a GSS and f € H. Also, let a7,...,an € Ac and
k1,...,kn be distinct cases in K¢. Then the following holds.

nf, B is a GSS.

.....

..........

Proof The sequents in question are good by Lemma 3.4 and singular by the
O law and Lemma 3.5.

Lemma 3.9 Let x — 3 be a GSS, a € G, f€ H, k€ K¢, andp € B. Also, let
ai,...,an € A¢ andkq,...,kn be distinct cases in K¢ —{k}. Then the following
holds.

o If (ai0ki)iz1,. . n(a—pkf) € «, then
(@i 0Ki)i=1,...n(apkf®), @ — B is a GSS.

n(a—pkf) € B, then
w(apkfO), B is a GSS.

.....

.....

Proof The sequents in question are good by Lemma 3.4, and singular by
Lemma 3.5, because (aj 0ki)i(a—pkf) =, (a;oki)i(apkf®) by the — law and
gen. case+ law.

Lemma 3.10 Letx — p bea GSS,a € G, f € H, k € K¢, andp1,...,pm € P.
Also, let ay,...,an € Ae and Kq,...,kn be distinct cases in K¢ —{k}. Then the
following holds.

o If (ai0ki)i=1,...nla(pr U---Upm)kf) € «, then
(ai 6ki)i=1,...n(ap;kf),c = B is a GSS for somej € {1,...,m}.

nla(pr U---Upm)kf) € B, then
nlapmkf), B is a GSS.

.....

a — (a3 0ki)i=1,...nlapikf), -+, (a; 0ki)iz1

.....

Proof The sequents in question are good by Lemma 3.4 and singular by the
gen. U law, gen. case+ law, gen.V law, and Lemma 3.5.

Lemma 3.11 Let x — 3 be a GSS, a € G, f € H, k € K¢, and p,q € L.
Also, let ay,...,an € A and K1,...,kn be distinct cases in K¢ —{k}. Then the
following holds.

o If (ai0ki)iz1
(ai 0ki)iz1

.....

..........

.....

..........

GSS.
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Proof The sequents in question are good by Lemma 3.4 and singular by the
N law, gen. case+ law, A law, and Lemma 3.5.

Lemma 3.12 Let x — B be a GSS, a € G, f € H, k € K¢, and p € P. Also, let
a,...,an € A and kq,...,kn be distinct cases in K¢ —{k}. Then the following
holds.

n(ap®kf) € «, then
n(apkf), B is a GSS.

.....

.....

o If (ai0ki)i=1,..n(ap®kf) € B, then
(Cli cu)ki)iﬂ,“.,n(apkf),oc — [3 is a GSS.

Proof The sequents in question are good by Lemma 3.4 and singular by the
o law, gen. case+ law, ¢ law, and Lemma 3.5.

Lemma 3.13 Let « — 3 be a GSS, a € G, f € H, k € K¢, and p € P. Also,
let ay,...,an € A¢ and k1,...,ky be all of the distinct cases in K¢ —{k}. Then
the following holds.

.....

.....

o If (ai0ki)i—1,...n(apkf) € B, then
o — (ar(x ok (a; 6ki)i—1,...,nf) Qx) proneA, B is a GSS for allx € X!/

Proof Define g = (a;i0ki)i=1,.. nf. Lemma 3.4 shows that aj,...,an,a,f
are good and therefore so is g. Therefore (x ok g) QOx is good by Proposition 1
(1) and (3). Similarly one = (xo VitxoA) Qxo is good. Thus the sequents in
question are good by Lemma 3.4 and singular by Lemmas 2.10 and 3.5.

Lemma 3.14 Let « — 3 be a GSSS, a,by,...,bn € G, and p,q1,..., dn €
P. Assume apmone/\ € «, by qimonel,...,by qunmtoneA € B, and p >
> di, where if n=0 then Y |, qi =0 by definition. Then

xomalA, o — xombi A, -+ ;x0mbn A,
is a GSSS for all x € X! which do not occur free in the sentences in o U .

Proof The sequent in question is good by Lemma 3.4 and singular by the pi-
geonhole principle and Lemma 3.5 because x does not occur free in a,by,..., by
by Proposition 1 (3).

Lemma 3.15 Let « — 3 be a GSS and a € G. Assume aImone € . Then
ax— bomal, B is a GSS for allb € AL.

Proof The sequent in question is good by Lemma 3.4 and singular by the 3
law and Lemma 3.5.
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Lemma 3.16 Let «x — 3 be a GSS, a,b € G, and c € A.. Then the following
holds.

e [fcom(aMb)A € «, then coma,conbA,x — B is a GSS.

e Ifcom(amMb)A € B, then either
o — comalN,B or x — combA, B is a GSS.

e [fcom(aUDb)A € «, then either
comal,&x — B orcombA,x — B is a GSS.

e Ifcom(alUb)A € B, then x — comaN,combA, B is a GSS.

Proof The sequents in question are good by Lemma 3.4 and singular by the
M law, U law, gen. case+ law, A law, V law, and Lemma 3.5.

Lemma 3.17 Let « — 3 be a GSS, a € G, and b € A.. Then the following
holds.

e Ifbom(a”)A € «, then o« — bomal, P is a GSS.
e Ifbon(a”)A € B, then bomal,x — B is a GSS.

Proof The sequents in question are good by Lemma 3.4 and singular by the
O law, gen. case+ law, ¢ law, and Lemma 3.5.

Lemma 3.18 Let « — 3 be a GSS, a € A, f € Ay, and x € X.. Then the
following holds.

o I[faom(fOX)A € «, then f(x/a),a — B is a GSS.
e Ifaom(fQx)A € B, then x — f(x/a),p is a GSS.

Proof The sequents in question are good and x is free from a in f by Lemma
3.4. Therefore they are singular by the Q law and Lemma 3.5.

Remark 3.1 Recall from Remark 1.1 that B is the set of the finite unions of
the intervals in the shape (p—), («—q] or (pq]. Here and elsewhere, let co be the
largest element of P, if it exists. Then (co—) = ), (+o0] = P, (poo] = (p—),
and (pq] = 0 if p > (. So henceforth, unless otherwise stated, we assume p # oo
as to the intervals (p—), q # oo as to the intervals (+—q], and either p < q # oo
or p = q = 0 as to the intervals (pq]. Then since P is linear, the following holds.

e The intervals (p—) and (+q] are different from PP and (). The intervals
(pq] are different from P and equal to @ iff p = q = 0.

e (p=)=(p'=) &= p=p"
e («ql=(+q'l &= q=1q".
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e (pql=(p'q'l &= p=7p',a=4"
e (p—) # («dl # (pq'l # (p'—) for all p,p’,q,q" € P.

Therefore each of these intervals has uniquely determined one or two ends,
which are different from oco.

Also since P is linear, every element p € B is the direct union of its uniquely
determined distinct connected components p1,...,pn, each of which is equal
to P or one of the above intervals. We call —p1,...,—pyn the connected compo-
nents of ~p € =B, and call the ends of p; the ends of —p; also. We say that
an element p € P occurs in an element f € H, if p is equal to an end of a
connected component of ¢ € £ such that the operation gk occurs in f for some
k € K. Furthermore, we say that p occurs in a subset X of H, if p occurs in a
predicate f € X.

Lemma 3.19 There exists a series (&n — Pn)n=12,... of GSSS’s which sat-
isfies the following thirty three conditions, where ‘n = i” is an abbreviation
for n =1 mod 32”7 fori € {1,...,32}. For the condition 24, we let A, =
{a1,az,...}, because AL is an enumerable set by Lemma 3.4.

(0) atn—1 C an and Bn—1 C Pn hold, and if an element of P — {0} occurs in
on U Pn, then it also occurs in on_1UPn_1 (Nn=1,2,...).

(1) Ifn=1 and (a4 (v)ki)izhm‘lf € Xn_1, then
(@pi Okpi)iz1, ..1f € on for all p € &y.

.....

(2) [fﬂ. =2 and ((11 éki)i:1
(api 6kpi)i:1

.....

.....

.....

Kf*Kg :{k’1)"'akfv})
K N Ky ={kvi1,...,km}, (32)
Kg_Kf:{km+1a"')kl}

(5) If n =5, (a; 0ki)iz1,...1(fV g) € an_1, and (3.2) is satisfied, then
(ai 0ki)i=1,...,mf € axn or (ai 0ki)i—v 1

..........

.....

(7) Ifn=7, (a1 0ki)iz1,... 1(f=9) € an_1, and (3.2) is satisfied, then
(ai 0Ki)i=1,...,mf € Pn or (ai OKi)i=v+1,...,19 € On.

)

24



.....

(9) If n=9 and (a; 0ki)iz1,.. 1(f%) € n_1, then (a; 0ki)iz1,.. 1f € Pn.

(10) If‘ﬂ. =10 and (Cli Cu)ki)i:] 1(f<>) S anb then ((li 6ki)i:1,...,lf € Xn .

.....

(11) If n =11 and (a; 0ki)i=1,...1(a—pkf) € otn_1 with p € P, then
(ai Oki)iz1,.. 1(apkfO) € on.

.....

(12) If n =12 and (a; 0ki)i=1,... 1(a—pkf) € Pn_1 with p € P, then
(@i Oki)iz1,.. 1(apkfC) € Bn.

(13) If n = 13 and (a; 0ki)iz1,.. 1(apkf) € an_1 with p € P having the con-
nected components p1,...,pm (M > 2), then
(aj 0ki)iz1,...1(ap;jkf) € an for somej € {l,...,m}.

.....

(14) If n = 14 and (a; 0ki)i=1,... 1(apkf) € Bn_1 with p € P having the con-
nected components p1,...,pm (M > 2), then
(ai 6ki)i:1w)1(apjkf) S ﬁn fOT‘ all] S {], .. ,m}.

.....

..........

..........

a(pqlkf) € on_1, then
a(—qlkf) € an.

.....

..........

(18) Ifn =18 and (a; 0ki)i=1,... 1(a(pqlkf) € Pn_1, then
(ai 0ki)i=1,...,1(aPkf) € Bn or (a;oki)i—1,..1la(—qlkf) € Bn.

.....

.....

1(a(eqlkf) € Bn_1, then

.....

.....

(21) If n =21 and (a; 0ki)i=1,... 1(apkf) € on_1, then
(am (x ok (a; 0ki)i—1,..1f) Qx) proneA € ay for allx € X!

(22) If n = 22 and (a; 6Ki)iz1
((1 I (X ok (Cli 6ki)i:1

.....

.....

(28) If n = 23, apnioneA € an_1, b1 qimmonel,..., by qmmoneA € fn_1,
and p > Zlnl] di, then
xO0mal € an and XxOTTb1 A, ..., xOTTbm A € By for some x € X/.

(24) If n =24 and aImoneA € Bn_1, then
aiomal € By for allie{1,...,n}, where Al ={aj,az,...}.
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(25) If n =25 and com(aMb)A € an_1, then comal,cOMbA € oy.

(26) If n =26 and cOm(aMb)A € Pn_1, then comaA € By, or cOMBA € By.
(27) If n =27 and com(aUb)A € an_1, then comal € an or cOTLA € ay,.
(28) If n =28 and com(aUb)A € Bn_1, then comald,cOmbA € By

(29) If n =29 and bom(a”)A € an_1, then boma € Bn.

(30) If n =30 and bom(a”)A € Bn_1, then boma € ay.

(31) If n =31 and aom(f Qx)A € on_1, then f(x/a) € on.

(82) If n =32 and aont (f Qx)A € Bn_1, then f(x/a) € Pn.

Proof We will inductively define GSSS’s an — Pn (n = 1,2,...) starting
from the GSSS «p — Bo. Suppose n > 1 and the GSSS ;11 — Pfn_1 has been
defined. Then we enlarge o1 — Pn_1 to a GSSS an, — PBn by extending
Xn—1 Or Bn—1 or both with a finite number of good sentences.

If n = 1, extend on—1 with all the sentences (aj 0ki)iz1,..,
(api 0Kpi)iz1,...1f € an—1 for some p € G1. Then the resulting sequent o, —
[Bn satisfies the conditions 0, 1 and is a GSSS by Lemma 3.6.

If n = 2, extend 1 with all the sentences (aj0ki)i=1,...,
(api O0kpi)i=1,...1f € Bn_1 for some p € &;. Then the resulting sequent &, —
[Bn satisfies the conditions 0, 2 and is a GSSS by Lemma 3.6.

If n = 3, extend o7 with the paired sentences (a; 6ki)i—1
(ai 0Ki)i=v1,...,1g made of all the sentences (a;i 0ki)i=1,...,
isfying (3.2). Then the resulting sequent oty — By, satisfies the conditions 0, 3
and is a GSSS by Lemma 3.7.

If a sentence (aj 0ki)i—1

.....

(fAg) satisfies (3.2), we call it a A-sentence,
,,,,, mf and (a; 0ki)i—v+1,...19 its constituents.

Ifn =4, let {hq,..., hg} be the set of the A-sentences which belong to fn_1,
and inductively make GSSS’s on i — Pni (1 =0,1,...,k) as follows, and let
On — Pn = &nk = Pnk. First, let an,0 = Pn,o = xn—1 — Pn—1. Next for
i > 1, there is a constituent h{ of hi such that on i—1 — h{pn i1 is a GSSS
by Lemma 3.7, so let it be &n 3 — Pn,i- Then oy — Pr is a GSSS and satisfies
the conditions 0, 4.

If n = 6, extend Pn_1 with the paired sentences (aj 6ki)i=1, . mf and
(ai 6ki)i=v+1,...19 made of all the sentences (a; 0ki)i=1,...1(fV g) € Pn_1 sat-
isfying (3.2). Then the resulting sequent o, — Py, satisfies the conditions 0, 6
and is a GSSS by Lemma 3.7.

If a sentence (ai 0ki)i=1,.. 1(fV g) satisfies (3.2), we call it a V-sentence,
and call sentences (a; 6ki)i=1,... mf and (a; 6ki)i—v11,...19 its constituents.

If n =5, let {hy,...,hx} be the set of the V-sentences contained in oy, 1,
and inductively make GSSS’s on i — Pn,i (1 =0,1,...,k) as follows, and let
an — Bn = otnx — Pnk. First, let ono = Pn,o = an1 — PBn_1. Next for
1> 1, there is a constituent h/ of h; such that hian i1 — Bn,i—1 is a GSS by

.....

.....
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Lemma 3.7, so let it be o i — Pn,i- Then on — PBr is a GSSS and satisfies
the conditions 0, 5.

If n = 8, for each sentence (aj 0ki)i—1
add (a; 0ki)iz1,...
Bn be the resulting sequent. Then it satisfies the conditions 0, 8 and is a GSSS
by Lemma 3.7.

If a sentence (a; 6ki)i—1

.....

.....

1(f= g) satisfies (3.2), we call it a =-sentence,
,,,,, mf and (ai 0Ki)i=v+1....19 its constituents.

Ifn =7 let {hy,..., hx} be the set of the =-sentences which belong to a1,
and inductively make GSSS’s an i — Bni (1 =0,1,...,k) as follows, and let
&n — PBn = &nk = Pnk. First, let otn0 = Pno = &n—1 — Pn_1. Next for
1> 1, let h{,h{ be the constituents of h;. Then either &n i—1 — h{fn,i—1 or
honi-1 — Bn,i—1 is a GSSS by Lemma 3.7, so let on,i — Pn,i be the one
which is a GSSS. Then o, — B is a GSSS and satisfies the conditions 0, 7.

If n = 9, extend Bn—1 with all the sentences (aj 0ki)i=1,...1f such that
(ai 6k1)i:1w)1(f0) € &n—1. Then the resulting sequent &, — [, satisfies the
conditions 0, 9 and is a GSSS by Lemma 3.8.

If n = 10, extend an—1 with all the sentences (aj 0ki)i=1,.. 1f such that
(ai 6k1)i:1w)1(f0) € Bn—1. Then the resulting sequent &, — [, satisfies the
conditions 0, 10 and is a GSSS by Lemma 3.8.

If n =11, extend xn_71 with all the sentences (aj 0ki)i—1
that p e &B and (Cli éki)i:] _____
&n — Pn satisfies the conditions 0, 11 and is a GSSS by Lemma 3.9.

If n = 12, extend Pn_1 with all the sentences (aj 6ki)i—1... 1(apkf®) such
that p € P and ((11 0ki)i=1,...,
&n — Pn satisfies the conditions 0, 12 and is a GSSS by Lemma 3.9.

If n = 14, extend Bn_7 with all the sentences (aj 6ki)i=1,...1(agkf) such
that q is a connected component of a disconnected element p € P such that
(ai 6ki)i=1,...1(apkf) € Bn_1. Then the resulting sequent o, — Pr, satisfies
the conditions 0, 14 and is a GSSS by Lemma 3.10.

A sentence (a; 0ki)i=1,... 1(apkf) with p € B disconnected will be called a
disconnected sentence, and for each connected component g of p, the sentence

.....

.....

.....

.....

(aj 0Ki)i=1,...1(agkf) will be called a constituent of (a;j Oki)i=1,. . 1(apkf).
Ifn =13, let {hy,..., hn} be the set of the disconnected sentences contained
in &n_1, inductively make GSSS’s an i — Bn,i (1=0,1,...,m) as follows, and

let on — Brn = tn,m — Pn,m. First, let otn0 — Pn,o = ®n—1 — Pn—1. Next
for i > 1, there is a constituent h{ of h; such that h{on i—1 — Bn,i—1 is a GSSS
by Lemma 3.10, so let it be & i — Bn,i- Then oy, — P is a GSSS and satisfies
the conditions 0, 13.

If n =16, extend Bn_1 with all the paired sentences (a; 6k;)i—1 ,,,.‘1(a5k )
and (aj 6kq)i=1 y,“‘1(& («0]k f) such that (aj 6ki)i—1 ,,,.yl(aIP’kf) € Bn—_1. Then,
since P = OU (0], the resulting sequent o, — By, satisfies the conditions 0, 16
and is a GSSS by Lemma 3.10.

We call a sentence (a;j 0ki)i=1,...1(aPkf) a P-sentence, and call sentences
(@i 0ki)i=1,.. 1(a0kf) and (a; Oki)i—1, . 1(a(«0lkf) its constituents.
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If n =15, let {hq,...,hm} be the set of the P-sentences contained in o1,
inductively make GSSS’s ani — Pni (1 = 0,1,...,m) as follows, and let
On = Pn = nm — Pn,m. First, let an,0 — Pn,o = dtn-1 — Pn_1. Next for
1> 1, there is a constituent h/ of h; such that hian i—1 — Bn,i—1 is a GSSS by
Lemma 3.10, so let it be &n i — PBn,i- Then oy — P is a GSSS and satisfies
the conditions 0, 15.

If n =17, extend an_71 with all the paired sentences (a;i 0ki)i=1,.._,
and (a;0ki)i—1,..1(a(¢«qlkf) such that (a;oki)i=1,. . 1(a(palkf) € an_1.
Such an extension is possible because the number of those paired sentences
is finite by the assumption in Remark 3.1'. Since (pq] =P N (+ql, the resulting
sequent «,, — [ satisfies the conditions 0, 17 and is a GSSS by Lemma 3.11.

We call a sentence (a; 0ki)i=1,....1(a(pqlkf) a proper sentence, and call sen-
tences (a;j 0ki)i—1,...1(apkf) and (a;i 0ki)i=1,. . 1(a(«—qlkf) its constituents.

If n =18, let {hq,...,hn} be the set of the proper sentences contained in
Bn—1, and inductively make GSSS’s an i — Bni (1 =0,1,...,m) as follows,
and let otn = Prn = Xn,m — Bn,m-. First, let o0 = Pno = xn-1 — Pn-1.
Next for i > 1, there is a constituent h{ of hy such that &n ;-1 — h{fni—1isa
GSSS by Lemma 3.11, so let it be o3 — Pn,i. Then o, — Br is a GSSS and
satisfies the conditions 0, 18.

If n = 19, extend B,,_1 with all the sentences (a; 0ki)i(aqkf) such that
(ai 0ki)i(a(qlkf) € an—_1. Then, since («—q] = G°, the resulting sequent
&n — Pn satisfies the conditions 0, 19 and is a GSSS by Lemma 3.12.

If n = 20, extend o1 with all the sentences (a; 0ki)i(aqkf) such that
(ai 0ki)i(a(«—qlkf) € Brn_1. Then the resulting sequent x,, — B satisfies the
conditions 0, 20 and is a GSSS by Lemma 3.12.

If n = 21, extend a1 with all the sentences

(am (xok(ai0ki)iz1,...1f) Qx) prronel

such that (ai 0ki)i=1, . 1(apkf) € on_1 and x € X/. Such an extension is
possible because X! is a finite set by Lemma 3.3. The resulting sequent o, —
B+ satisfies the conditions 0, 21 and is a GSSS by Lemma 3.13.

We call a sentence (a;j 0ki)i=1,... 1(apkf) an upper sentence, and call sen-
tences (a M (x 6k (a; 0ki)i1,...1f) Qx) proneA its one-representations.

If n = 22, extend 3r,—1 with all the one-representations of the upper sen-
tences contained in 1. Then the resulting sequent «,, — Pn satisfies the
conditions 0, 22 and is a GSSS by Lemma 3.13.

If n =23, let {Tq,..., Ty} be the set of all tuples

(apmtoneA, by qimone, ..., by qmmtoneA)

of distinct sentences apmone/A € a1 and by qymmoneA, ..., by gmmoneA €
Pn_1 such that p > ZIL gdi. The number of such tuples is finite because
each tuple consists of distinct sentences. Inductively make GSSS’s an i —

1If we did not exclude intervals (pq] with p > q, then (a; 6ki)i—1
infinitely many sentences (a; 0ki)i—1 1(apkf) and (a; 0ki)i—1

»»»»»

»»»»»»»»»»
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Bni (i=0,T1,...,1) as follows, and let an — Pn = an1 — Pn,1. First, let
®n,0 — PBno = tn-1 — Pn-1. Next for i > 1, suppose T; is a tuple of
aprtoneA € xn_1 and by qimoneA, ..., b GmmroneA € Bn_1, and take a
variable x € X/ which does not occur free in the sentences in otn i—1 U Bn i1
(such a variable exists by Lemma 4.1 of Gomi (09b) because X/ is enumerable
by Lemma 3.3). Then x0mad, on i—1 — Xx0mb1 A, -+ ;X 0Ttbm A, Pni—1 IS a
GSSS by Lemma 3.14, so let it be atn i — Pn,i- Then o — Brn is a GSSS and
satisfies the conditions 0, 23.

If n = 24, extend Bn_1 with all the n-tuples a; 67ta/\, ..., a, 607taA such
that admone/A € 3,,_1. Then the resulting sequent &, — [ satisfies the
conditions 0, 24 and is a GSSS by Lemma 3.15.

If n = 25, then extend o, 7 with all the paired sentences c 6mta/A and
c07tbA such that com(aMb)A € an—1. Then the resulting sequent o, — Pn
satisfies the conditions 0, 25 and is a GSSS by Lemma 3.16.

We call a sentence c 67 (a M b)A a M-sentence, and call sentences ¢ 0mal\
and c0mbA its constituents.

If n =26, let {hi,...,hn} be the set of the M-sentences contained in Bn_1,
and inductively make GSSS’s otn i — Bni (1=0,1,...,m) as follows, and let
On = Pn = Xn,m — Pn,m. First, let an,0 = Pn,o = tn—1 — Pn—1. Next for
i>1, there is a constituent h{ of h; such that &n i—1 — h{Bn,i—1 is a GSSS by
Lemma 3.16, so let it be &tn,i — Pn,i- Then &y, — By is a GSSS and satisfies
the conditions 0, 26.

If n = 28, extend 31,1 with all the paired sentences c 6ta/ and c 6tbA
such that com(alUb) € Bn_1. Then the resulting sequent o, — By satisfies
the conditions 0, 28 and is a GSSS by Lemma 3.16.

We call a sentence com(a LI b)A a Ll-sentence, and call sentences ¢ orma\
and comtbA its constituents.

If n =27, let {hq,...,hn} be the set of the Li-sentences contained in o1,
and inductively make GSSS’s &n,i — Pn,i (1=0,1,...,m) as follows, and let
On = Pn = n,m — Pn,m. First, let an,0 — Pn,o = tn-1 — Pn_1. Next for
i > 1, since there is a constituent h{ of h; such that h{xn i1 — Bn,i—1 is a
GSSS by Lemma 3.16, let it be & 3 — Pn,i- Then oy, — Py is a GSSS and
satisfies the conditions 0, 27.

If n = 29, extend B,_1 with all the sentences b 67t a/\ such that bém(a”)A
€ an—1- Then the resulting sequent ,, — [, satisfies the conditions 0, 29 and
is a GSSS by Lemma 3.17.

If n = 30, extend o7 with all the sentences b 67t aA such that b 67 (a”)A
€ Bn—1- Then the resulting sequent &, — (3, satisfies the conditions 0, 30 and
is a GSSS by Lemma 3.17.

If n = 31, extend o, 1 with all the sentences f(x/a) such that a o7 (f Qx)A
€ an—1. Then the resulting sequent &,, — P, satisfies the conditions 0, 31 and
is a GSSS by Lemma 3.18.

If n = 32, extend P71 with all the sentences f(x/a) such that a o7 (f Qx)A
€ Pn—1. Then the resulting sequent oy — Py satisfies the conditions 0, 32 and
is a GSSS by Lemma 3.18.
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This completes the inductive definition of the series (otn — Pn)n=12,... of
GSSS’s which satisfy the above thirty three conditions.

Lemma 3.20 Define P =J,,»o%n and Q =U,>q Bn. Then PUQ consists of
good sentences, PN Q =, and the following thirty four conditions hold.

(0) If an element of P — {0} occurs in P U Q, then it also occurs in xo U Bo.
(1) If (ai (V)ki)izhm‘lf € P, then (api (u)kpi)i:]‘_“‘],f € P for all p € G;.
(2) If (a; 0ki)i=1,..1f € Q, then (api 0Kpi)i=1,...,

(3) If (ai 0ki)i=1,.. 1(fAg) € P satisfies (3.2), then
(ai 0ki)i=1,...,mf € P and (a; 6ki)i—v+1,..19 € P.

1f € Q for all p € &.

.....

(4) If (a1 0ki)i=1,.. 1 (fAg) € Q satisfies (3.2), then either
(@i 6ki)i=1,... . mf € Q or (ai 6ki)i—v+1,...19 € Q.

(5) If (ai 0ki)iz1,... 1(fV g) € P satisfies (3.2), then either
(ai 0ki)i=1

..........

(6) If (a; 0ki)i=1,...1(fV g) € Q satisfies (3.2), then
(ai oki)i=1,....mf € Q and (ai Oki)i=v11,...19 € Q.

(7) If (ai 6ki)iz1,... 1(f= g) € P satisfies (3.2), then either
(ai oki)i=1,....mf € Q or (aioki)i=v+1,..19 € P.

(8) If (ai 0ki)i=1,... 1(f=g) € Q satisfies (3.2), then
(ai 0ki)i=1,... . mf € P and (a; 0ki)i—v+1,...,19 € Q.

.....

.....

(11) If(ai éki)izhwl(aﬁpkf) € P with p e 513, then
(ai Oki)iz1,.. 1(apkf) € P.

(12) If (ai 0ki)i=1,..1(a—pkf) € Q with p € P, then
(ai Oki)iz1,.. 1(apkf®) € Q.

nents p1,...,pm (M > 2), then (aj 6ki)i=1
{1,...,m}

.....

(14) If (a; 0ki)i=1,...1(apkf) € Q with p € P having the connected components
P1yoo oy Pm (m > 2); then (ai éki)i:1,...,l(apjkf) € Q for Cl,”] € {1) .. )m}'

(15) If (ai 0ki)iz1,...1(aPkf) € P, then either
(ai Oki)i=1

.....

(16) If (ai 0ki)i=1,..1(aPkf) € Q, then
(ai 6ki)i=1,..1(a0kf) € Q and (a; Oki)i=1,...1{a(«0kf) € Q.

30



(17) If (a; 0ki)i—1,...1(a(pqlkf) € P, then
(a; Oki)i=1

..........

(18) If (ai 0ki)iz1,..1(a(pglkf) € Q, then either
(ai 0ki)i1,.. 1(apkf) € Q or (aidki)iz1,. . 1la(+qlkf) € Q.

(19) If (ai 0ki)i=1,...,1(a («=qlkf) € P, then (a; 0ki)i—1
(20) If (a;i 0ki)i—1

(21) If (a; 0ki)i=1,...1(apkf) € P, then
(am (xok(a; 0ki)i=1,...1f) Qx) proneA € P for all x € X'

.....

.....

(22) If (a; 0ki)i=1,...1(apkf) € Q, then
(ar (x 6k (a; 0ki)i=1,...1f) Qx) proneA € Q for all x € X'

(23) If aprtoneX € P, by qimonel, ..., by GmmoneA € Q, andp > 3 1 qi,
then x0mtaA € P and x6mb1 A, -+ ,x0mbm A € Q for some x € X/.

(24) If admoneA € Q, then bomal € Q for all elements b € Al.
(25) If com(amMb)A € P, then comal € P and c0tbA € P.

(26) If com(aMb)A € Q, then either coma/\ € Q or cOmbA € Q.
(27) If com(aUb)A € P, then either coma/\ € P or c6mbA € P.
(28) If com(aUDb)A € Q, then comal € Q and combA € Q.

(29) Ifbom(a®)A € P, then bomal € Q.

(30) If bort(a”)A € Q, then bomaA € P.

(31) If aomt(f Qx)A € P, then f(x/a) € P.

(32) If aont (f Qx)A € Q, then f(x/a) € Q.

Proof If fe Pand g€ Q and i€ {1,...,32}, then since (xn — Pn)n=01,...
is increasing, there exist infinitely many positive integers n such that f € oy,
g € Bn, and n =1 mod 32. Therefore by Lemmas 3.5 and 3.19, we see that

P U Q consists of good sentences, PN Q = @, and the first thirty three conditions
hold with special attention to (24).

Using the sets P and Q of good sentences in Lemma 3.20, we will construct
a MPC world W cognizable by A. First, since A, is enumerable by Lemma 3.4
and in particular non-empty, we may choose A. as the base S of W:

S=AL (3.3)
Then, we may define the basic relation 3 on S by

bda & aonbA &Q (3.4)
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for all a,b € S.

In order to define the P-measure X — |X| on S, first let P’ be the set of the
elements of P which occur in P U Q. Then co ¢ P’ by Remark 3.1, and P’ is a
finite set by Proposition 1 (2) and Lemma 3.20 (0). Therefore there exists an
element 6 € P such that 0 < 6 and p < 6 for all p € P'.

Next, for each a € G, we may define

S¢*={seS|somal ¢ Q} (3.5)

by virtue of (3.3). In particular for a € A, S* ={s € S| a I s} by (3.4).

Next if, for an element X € PS and an element p € P, there exist elements
b1,...,bm € G and elements q1,...,qm € P which satisfy the following three
conditions, then we write X Rp:

(a) X C UL, 8%,

(b) p=3" ai,
(c) bigimoneA € Q (i=1,...,m),

where if m =0, then | i, S®* =0, > ", gi = 0 and the condition (c) is vacant.
The relation R between PS and P thus defined satisfies the following:

(1) X=0 < XR0,
(2) XCYand YRp = XRp,
(3) XRpand YRq = (XUY)R(p+q).

That R satisfies (2) and (3) is an immediate consequence of the definition of
R. The above remark on (a) (b) (¢) with m = 0 shows that #RO. In order
to complete the proof of (1), suppose XR0. Then either X = () or there exist
elements by,..., by € G and elements q1, ..., qm € P with m > 0 which satisfy
XCUm,S%,0=3%",qi, and b GimoneA € Q (i=1,...,m). In the latter
case, we have qi = 0, so by ImoneA € Q, and Lemma 3.20 (24) shows that
sombiA € Q for all elements s € AL = S, hence S®* = (i =1,...,m), and
thus X = ) as desired.

Furthermore, for each element X € PS, the set {p € P| XRp} is contained in
the subalgebra of P generated by the finite subset P’ U{0}, and so Theorem 2.1 of
Gomi (09c) shows that min({p e P| XRplU {é}) exists. Also 0 < 6. Therefore
Theorem 2.2 of Gomi (09¢) shows that we may define the P-measure X — [X|
on S by

IX| = min({p € P| XRp}U{6}). (3.6)

We have thus defined the basic relation and the P-measure on S. Using
these, we may now let W = (§—=T)USUJgepx ((O—>S)—>’]I‘) be a MPC world
cognizable by A as in §2.3 of Gomi (09c).

Next, we define a specific C-denotation @ into W by (®1)-(®3) below.
Recal C=Cs IIC. I (CNH).
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(®1) For each a € Cs, @a is the element of S—T such that
(Pa)s=1 & seSs°
for each s € S. Thus s € S¢ iff ®a 3 s for the extended relation 3.
(®2) For each a € Cg, since C, C S by (3.1) and (3.3), we define ®a = a.

(®3) For each f € CNH, Of is the element of (K¢—S)—T such that, if K¢ =
{k1,...,kn} with k1, ...,k distinct, then

(@) =1 & ((0ki)oki),_,  F¢Q

for each 8 € K¢—S. Since 0k; € A, by (3.3), this definition makes
sense. By virtue of Lemma 3.20 (2), this definition does not depend on
the numbering k1, ...,k of elements of K.

Thus @ is defined and it yields the metadenotation ®* € A—-WVxw,
Next, we similarly define a specific X-denotation v into W by (v1)—(v3)
below. Recall X =Xs I X, II (XN H) and X, =X/ I X/ by Lemma 3.3.

(v1) For each x € X5, vx is the element of S—T such that
(vx)s =1 & se&S§*
for each s € S. Thus s € S* iff vx 3 s for the extended relation 3.

(v2) For each x € X/, since X, C S by (3.1) and (3.3), we define vx = x. For
each x € X!, we let vx be an arbitrary element of S.

(v3) For each f € X N H, vf is the element of (Kf—S)—T such that, if K¢ =
{k1,...,kn} with k1, ...,k distinct, then

(vle =1 & ((0ki)oki),_,  f&Q
for each 8 € K¢—S. The remark in (®3) also applies here.
Thus v is defined and it yields the projection pr, € WV%w —W. Recall

Qa ifaeC
o* = ' 3.7
(@%a)v {va if a e X. (3.7)

Lemma 3.21 The following holds as to the composite pr, @* € A—W.

(1) If a € AL, then (®*a)v = a.

(2) IfaeSs UA, and s € S, then (O*a)v I s iff s € S°.

Proof The composite induces an F-homomorphism of A into W, = S. (02)
shows that (O0*a)v = ®a = a for a € C, and (v2) shows that (O*x)v =vx =x
for x € X/. Since Al = [C: UX/lz by (3.1), (1) holds. (2) for a € A/ follows

from (1) and the remark following (3.5). If a € Cs then (®*a)v = ®@a, while if
x € X; then (®*x)v =vx. Thus (2) for a € Ss follows from (®1) and (v1).
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Let L be the set of the operation symbols of A:
L={ok ik, A\, V,=,0,A,M,1,0,§O0x [ke K, r€Q, fe€F, x € X}

Lemma 3.22 There exists a mapping I of LLLA into the set Z>¢ of non-negative
integers which satisfies the following conditions.

(1) If e L and (a1,...,an) € DomA, then

I(A(ar,...,an)) =IA) + I(ar) + -+ I(an).

(2) Ifae{ok,A,fl k€K, fe IS, then I(a) = 0.

(8) If a € {\,V,=,0,M,U,0,0x | x € X}, then I(a) =1.
(4) If p € P —{oo}, then I(pk) =4 for each k € K.

(5) If € P— {00}, then 1((—qlk) =5 for each k € K.

(6) If p is a connected quantifier in B other than those dealt with in (4) and
(5), then I(pk) = 6 for each k € K.

(7) If p is a disconnected quantifier in B, then I(pk) =7 for each k € K.
(8) If ¢ is a quantifier in =B, then (k) = 9 for each k € K.
(9) If a € A¢, then I(a) =0.

Proof Since P # («q] for all p,q € P, we can define I € (LII S)—=Z>o
so that the conditions (2)—(8) hold. Theorem 2.2 of Gomi (09b) shows that
each element a € A — S has the unique word form A(ay,...,a,) and it satisfies
Ranka =1+) " ; Rank a;. Therefore by induction on the rank, we can extend
I to an element of (L II A)—Z>o so that the condition (1) also holds. The
conditions (1) and (2) imply (9), because A, = [S:]5 by (1.1).

Using Lemma 3.22, we define the mapping | of LIl A into Z>¢o by

3.8
I(b) otherwise. (3:8)

I(b) = {I(a) +1 if b=apmoneA for some a € G and p € P —{o0},
We call 1(b) and J(b) the preindex and the index of b respectively.

Lemma 3.23 The following holds as to the preindex and the index.
(1) If b € A, then I(b) > J(b).
(2) Ifac A, x X, and b € A, then I(a(x/b)) = I(a).
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Proof (1) Since one = (xo VrtxoA) Qxp, we have I(one) = I(xo) + [(V7) +
I(x0)+I(A)+I(Qx0) = 9, and so [(aprroneA) = [(a)+1(pm)+1(one)+I1(A) =
I(a)+ 13 >1(a)+ 1 =]J(apmonel).

(2) We argue by induction on the rank v of a. If r = 0, or a € S, then
a(x/b) € S, hence I(a(x/b)) =0 =1I(a). Suppose r > 0 and let A(ay, ..., an)
be the word form of a. If A = Qx, then a(x/b) = a, so there is nothing to prove.
Suppose A # Qx. Then a(x/b) = Alai(x/b),...,an(x/b)), so I(a(x/b)) =
I(A) + I(ai (x/b)) + -+ + I(an(x/b)). Since I(ai(x/b)) =I(ay) (i=1,...,n)
by the induction hypothesis, we conclude that I(a(x/b)) =IAN)+I(a)+- -+
I(an) = I(a).

Lemma 3.24 Ifh € P then (D*h)v =1, while if h € Q then(®*h)v =0.

Since ap C P and o € Q by the definition of P and Q in Lemma 3.20 and
o U o consists of sentences, Lemma 3.24 implies that oo £ o, which is a
contradiction concluding the proof of Theorem 3.

The proof of Lemma 3.24 is long. Let h € PUQ. Then Theorem 2.2 of Gomi

(09b) shows that there exist elements aq,...,a; € A (1 > 0), distinct elements
ki,...,ki € K, and an element h’ € H which satisfy the conditions
h= ((11'L 6ki)i:1 _____ Lh/, h/ % UkEK Im 6k (39)

Since h is good by Lemma 3.20, we have
ap,...,ap € AL (3.10)
and h' is good by Lemma 3.4. Since h is a sentence by Lemma 3.20, we have
Knr ={ki1,..., k). (3.11)
Since h' ¢ | Jy cx Im ok, either h” € SN H or h' is in one of the word forms
atkf (reQ), fAg, fVg, f=g, f°, cA. (3.12)
If h' = ¢/, then either c is in one of the word forms
anhb, aub, a”, f Ox. (3.13)

orc €Ss UA,. If c € A, then ¢ € A by Lemma 3.4 because h’ is good.
We first consider the above two special cases.

The case h/ € SN H. Because of (3.11), (3.10) and (3.3), we may define
0 € Kh.—S by 0ki =a; (i=1,...,1), and then we have

(@*h)v = (0 ((a; 6ki)ih))v (by (3.9))
= ((@*ai)v oki), (@*h')v
= (ai 0ki)i (@ h')v (by (3.10) and Lemma 3.21)
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= ((0k; éki)i((l)*h’)v (by the definition of )
= ((®*h')v)6 (by Corollary 3.5.2 of Gomi (09c))
h)8 ifh'e€CNH,

_J(@
_{(v ne ithexnn VG

where the second equality holds because ®@* and the projection by v is a homo-

morphism with respect to the operations 6k; (i=1,...,1). Hence
(d*hv=1 & ((Gki) éki)ih’ ZQ (by (©3) and (v3))
= (a éki)ih' Z¢Q (by the definition of 0)
— h¢Q (by (3.9)).

Therefore if h € Q then (O*h)v = 0, while if h € P then (®*h)v = 1, because
PN Q =0 by Lemma 3.20.

The case h' = cA with ¢ € Ss UA.. Here l = 1 and k1 = 7 by (3.11),
ar € AL = S by (3.10) and (3.3), and h = aj 6mcA by (3.9). Therefore
(®*h)v = (O*aj)vom (@*c)vA = a; 6t (D*c)vA by Lemma 3.21, hence

(@*h)v=1 & (®*c)vd a; (by Theorem 3.9 of Gomi (09c¢))
& a; €S§° (by Lemma 3.21)
& ajomeA ¢Q (by (3.5))
— h<Q.

Therefore if h € Q then (®*h)v =0, while if h € P then (O*h)v = 1.

The general case. We argue by induction on the index J(h) of h.

If J(h) = 0, then it follows from (3.8), Lemma 3.22, and the discussion on
the word forms of h’/ that either h’ € SN H or h/ = cA for some c € Ss UA.,
and in either case, Lemma 3.24 has been proved above. Therefore we assume
J(h) > 1, h ¢ SNH, and h' # cA for any ¢ € Ss UA/. Then h' is in one of
the word forms (3.12) and if h' = cA, ¢ is in one of the word forms (3.13). We
will consider those cases one by one, redividing them into twelve cases.

We first consider the case where h' is equal to agkf (r € Q) on the list
(3.12), and further divide it into the three subcases (1) r € =3, (2) r € P but
¢ is disconnected, and (3) ¢ € P and ¢ is connected. In the last case, ¢ is an
interval in one of the four shapes P, (pq] with p < q # oo or p =q =0, (]
with q # oo, and p = (p—) with p # oo.

We will often use the following argument. Recalling from Lemma 3.20 that
PN Q = 0, we say that two elements f and g of P U Q is equivalent or write
f ~ g, if either f,g € P or f,g € Q. Then if h ~ h and (®*h)v = (®*h)v and
J(h) > J(h), or if h » h and (®*h)v # (O@*h)v and J(h) > J(h), then by the
induction hypothesis, Lemma 3.24 holds for the h.
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Case 1: h/ = a—pkf with p € . Here h = (a; 6ki)i(a—pkf) by (3.9), and
h~h=(q oki)i(apkf®) by Lemma 3.20 (11) (12). Also, (O*h)v = (@*h)v
by Theorem 3.10 of Gomi (09¢). Furthermore,

J(h) =I(h) = I[{a—pkf) = I(a) + I(—pk) +1( ) =1(a) + 9+ I(f)

>1(a)+8+1(f) =L(a) + 7+ (I(f) + 1) =I(a) + 7+ I(f*)

> 1(a) + I(pk) + I(f%) = I(apk %) =I(h) = I( )

by (3.8) and Lemma 3.22. Thus Lemma 3.24 holds for the h.

Case 2: h/ = apkf with p € P disconnected. Here h = (a; 6ki)i(apkf).
Let p1,...,pm be the connected components of p and h; = (a; oki)i(apjkf)
(j =1,...,m). Then we have (D*h)v = (O*h;)vV---V (O*hy,)v by Theorem
3.11 and Lemma 3.4 of Gomi (09¢). Furthermore,

J(h) = I(h) I(apkf) =I(a)+ I(pk) + I(f) = I(a) + 7 + I(f)
> I(a) + 6+ 1I(f) > I(a) + Lip;k) + I(f) = I(ap;k ) = I(h;) > J(hy)
for each j € {1,...,m} by (3.8), Lemmas 3.22 and 3.23. By Lemma 3.20 (13)

(14), if h € P then hy € P for some j € {1,...,m}, while if h € Q then h; € Q
for all j € {1,...,m}. Thus Lemma 3.24 holds for the h.

Case 3: h/ = aPkf. Here h = (a;dki)i(aPkf). Let hy = (a; 0
and hy = (aj 6ki)i (a(HO]kf). Then we have (D*h)v = (®*h;)vV
in Case 2, because P = 0 U (+0]. Furthermore,

ki)i(aOk )
(@*hy)v

J(h) = I(h) = I(aPkf) = I(a) + I(Pk) + I(f) = I(a) + 6 + I(f)
> I(a) +5 + I(f)
o JIla) +1(0K) + I(f) = 1((10kf) I(h1) > (),
~ | H@) + I((«00k) + I(f) = I(a («0k f) = I(hz) = J(h2)

by (3.8), Lemmas 3.22 and 3.23. By Lemma 3.20 (15) (16), if h € P then either

hy or h, belongs to P, while if h € Q then hy,h; € Q. Thus Lemma 3.24 holds
for the h.

Case 4: h'/ = a(pqlkf with either p < g #cc or p=q =0 Here h =
(ai éki)i(a(pq]kf). Let hy = (a; 6ki)i(apkf) and hy, = (a; éki)i(a(<—q]kf).
Then since (pq] = pN(«q], we have (0*h)v = (O*h; )v A (®*h;)v by Theorem
3.11 and Lemma 3.4 of Gomi (09¢). Furthermore,

J(h) =1I(h) = I(a(pqglkf) = I(a) + I((pqlk) + L(f) = I(a) + 6 + I(f)
> I(a) +5+1(f)

{I(a) +1(pk) + 1(f) = I(apkf) = I(hy) > J(hy),

>
| Ha) + I((«qlk) + I(f) = I(a (+qlk f) =I(h2) = J(h2)
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by (3.8), Lemmas 3.22 and 3.23. By Lemma 3.20 (17) (18), if h € P then
hi,hy € P, while if h € Q then either h;y or h; belongs to Q. Thus Lemma 3.24
holds for the h.

Case 5: h/ = a(«qlkf with q # co. Here h = (a; 6ki)i(a(—qlkf) = h =
(ai 0ki)i(aqgkf) by Lemma 3.20 (19) (20). Also, we have (O*h)v # (O* h)v by
Theorem 3.10 and Corollary 3.5.3 of Gomi (09¢), because (+—q] = ¢°. Further-
more,

J(h) =1I(h) = I(a(+qlkf) =I(a) + I((+qlk) + I(f) = I(a) + 5 + I(f)

> 1(a) +4+1(f) = I(a) + I(gk) + I(f) = I(agk f) = I(h) > J(h)
by (3.8), Lemmas 3.22 and 3.23. Thus Lemma 3.24 holds for the h.
Case 6: h'/ = apkf # aprmone/ with p # co. Here h = (q; 0ki)i(apkf).
In view of Lemma 3.3, let x € X!/ and h = (a r (X ok (ay éki)if) QX) prroneA\.
Then h ~ h by Lemma 3.20 (21) (22). Since x does not occur free in g =

(ai 8ki)if by Lemma 3.4, we have h = h by Lemma 2.10, hence (®*h)v =
((D*H)v. Furthermore,

J(h) =1(h) = I(a) + I(pk) + L(f) = I(a) + 4 + [(f) = I(a) + 4 + I(g)
>1I(a) +3+1I(g)
=1(a)+ I(M) +1(g) + I(Qx) + 1 =I(am (x3kg) Qx) + 1 = J(h)

by (3.8) and Lemma 3.22. Thus Lemma 3.24 holds for the h.

Case 7: h'/ = aprmtoneA with p # co. Here h=h’ = apmoneA. Define
X={seS|(d*a)v I s}
Then Theorems 3.9 and 3.19 of Gomi (09¢) imply

(*hjv=1 < p < [X|.

Case 7.1: h € P. Here aptoneA € P, so p € P’ and hence p < 6. In order
to prove (O*h)v = 1 by contradiction, assume |X| < p. Then |X| # 6, and so
the definition (3.6) of [X| shows that there exist elements by,...,by, € G and
elements q1,...,qm € P which satisfy the conditions

(i) XS UL, S,
(iii) bi qimoneA € Q (i=1,...,m),
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where m > 0. Therefore by Lemma 3.20 (23), there exists an element x € X/
such that x 6maA € P and xomtb1 A, -+ ,x0mtb,, A € Q. Furthermore,

J(h) =1I(a) +1>1I(a) =I(xomaA) = J(x6maA)

by (3.8) and Lemma 3.22. Therefore (®*(xomaA))v = 1 by the induction
hypothesis. Since (Q@*(xomad))v = (O*x)vom (P*a)vA = x6m(D*a)vA by
Lemma 3.21, Theorem 3.9 of Gomi (09¢) yields (®*a)v 3 x, hence x € X. On
the other hand, since x 67b;A € Q, the definition (3.5) of SPi yields x ¢ S®
for i=1,...,m. This contradicts (i). Thus (®P*h)v = 1.

Case 7.2: h€ Q. Here apmone/ € Q. Suppose s € S—S®. Then soma €
Q by (3.5). Also J(h) = I{a) +1 > I(a) = I(s6maA) = J(somaA) by (3.8)
and Lemma 3.22. Therefore ((D*(s o7t aA))v = 0 by the induction hypothesis,
and so (®*a)v $ s by Theorem 3.9 of Gomi (09¢) and Lemma 3.21, that is,
s €S —X. Thus X C ¢, and so [X| < p by (3.6). Therefore (®*h)v =0.

We have exhausted the cases where h’ has a word form arkf (r € Q).

Case 8 h'’ = fAg or fVg or f=¢g. Let * denote any one of the op-
erations /\,V and =. Then h = (a;0ki)i=1, . 1(f * g). Let p € S and
hy, = (api 0Kpi)i=1,...1(f * g). Then h ~ h, by Lemma 3.20 (1) (2), J(h) =
J(ho) by (3.8) and Lemmas 3.22, and (®*h)v = (®*h,)v by Corollary 3.5.1
of Gomi (09c). Therefore we may assume that (3.2) is satisfied. Let h¢ =
(ai 0ki)i=1,.. . mf and hg = (ai 6ki)i—v+1,...19. Then (O*h)v = (O*h¢)v *
(@*hg)v by Theorem 3.6 of Gomi (09¢c). Also, the following holds by Lemma
3.20 (3)—(8).

o When * is A, if h € P then h¢,hg € P, while if h € Q then either hf € Q
or hy € Q.

o When * is V, if h € P then either h¢ € P or hg € P, while if h € Q then
hf,hg € Q.

o When * is =, if h € P then either hf € Q or hy € P, while if h € Q then
hf € P and hg € Q.

Furthermore,

I(f) = I(h¢) > J(he),
I(g) = I(hg) > J(hg)

by (3.8), Lemmas 3.22 and 3.23. Thus Lemma 3.24 holds for the h.

J(h) =1I(h) =I(f) + 1(x) + 1(g) = I(f) + 1+ I(g) > {

Case 9: h/ =f°. Here h = (a; 6k{)i(f?), and h = h= (aj 0ki)if by Lemma
3.20 (9) (10). Also, (®*h)v # (®*h)v by Corollary 3.5.3 of Gomi (09¢). Fur-
thermore,

J(h) =I(h) = I(f) + 1(0) = I(f) + 1 > I(f) = I(h) > J(h)
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by (3.8), Lemmas 3.22 and 3.23. Thus Lemma 3.24 holds for the h.
We are left with the case h’ = cA with ¢ in one of the word forms (3.13).

Case 10: h/ = (alb)A or (aUb)A. Let*denoteMorl. Thenl=1, k1 =,
and h = a; 6m(a * b)A. Let hqy = aj 6ma/ and hy = a7 6mbA. Then the
following holds by Theorems 3.1 and 3.6 of Gomi (09¢) and Lemma 3.20 (25)—
(28).

e When % is M, (O*h)v = (O*hg)vA (O*hy)v, and if h € P then hq, hp € P,
while if h € Q then either hqa € Q or hy € Q.

e When * is L, (®*h)v = (O*hg)vV (®*hp)v, and if h € P then either
hq € Por hy € P, while if h € Q then hg,hy € Q.

Furthermore,
J(h) =I(h) =I(a) + I(x) + I(b) = I(a) + 1 + I(b) > {i(

by (3.8) and Lemma 3.22. Thus Lemma 3.24 holds for the h.

Case 11: h/ = a”A. Herel =1, k; =7, h = ajoma”A, and h = h =
aj 0rta/ by Lemma 3.20 (29) (30). Also, (®*h)v # (®*h)v by Theorem 3.1
and Corollary 3.5.3 of Gomi (09¢c). Furthermore,

J(h) =1I(h) =I(a) + [(0) =I(a) + 1 > I(a) = I(h) = J(h)

by (3.8) and Lemma 3.22. Thus Lemma 3.24 holds for the h.

Case 12: h/ = (fOx)A. Herel =1, k1 = n, h = a;on(fQx)A, and
h ~ h = f(x/a;) by Lemma 3.20 (31) (32). Also, since x is free from aj in
f by Lemma 3.4, we have (0*h)v = (®*h)v by Theorem 3.18 of Gomi (09c¢).
Furthermore,

J(h) =I(h) = I(f) + (Qx) = I(f) + 1 > I(f) = I(f(x/ar)) = I(h) > J(h)

by (3.8), Lemmas 3.22 and 3.23. Thus Lemma 3.24 holds for the h.
This completes the proof of Lemma 3.24. Thus we have proved Theorem 3.

4 A predicate deduction system satisfying the
law

The purpose of this section is to prove the following theorem, from which The-
orem 1 is derived as was shown in §2.
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Theorem 4 The deduction system (pU&, V) on H is G-sound and its deduction
relation <X pug,v 15 @ MPC relation.

Proof The largest G-logic on H is equal to the partial validity relation F of
the predicate logical space (H,S) by Theorem 6.5 of Gomi (09a), and F is the
restriction of the validity relation < of (H,§). Also, Theorem 6.6 of Gomi (09a)
shows that an element f € H belongs to the core C of (H,§) iff F f holds.
Therefore by Theorem 7.1 of Gomi (09a), the former assertion means that <
satisfies the three laws

f,f=9g<xg, fg < fAg, <h

for all elements f,g € H and h € V. Since < is a Boolean relation with respect
to the operations A,V,{ and =, it follows from the definition of the Boolean
law and Lemma 2.1 that < satisfies the first and second laws and every Boolean
predicate h satisfies < h.

For instance, since f® < f= g and g < f= g by the first and second impli-
cation laws, we have f®V g < f=g, hence < (f°Vg)= (f=g). Also, since
f,f=h,g=h<hand g,f=h,g=h < h by the cut-implication law, we have
fVg,f=hg=h < h, hence < ((f=h)A(g=h))= ((fVg)=h). Also,
since h,h=f,h=g < f and hh=f h=g < g, we have hh=f h=g <
fAg, hence < ((h=f)A(h=g))= (h=(fAg)). Also, since

hh=fh=(f=g9)f, hh=fh=(f=9)sf=g9, ff=29g<xg

by the cut-implication law, we have h,h=f h=(f=g) < g by the cut law,
hence < (h=f)A(h=(f=9)))=(h=g).

Consequently, C is closed under p and & and contains all Boolean predicates.
Since < satisfies the case+ law, the case— law and the V4 law, C is also closed
under the case+ logic L, case— logic T and V+ logic V. Therefore in view of
(1.3), it remains to show that every proper MPC predicate h satisfies < h.
By virtue of Lemma 2.1, it is a direct consequence of the proved fact that <
satisfies the twenty two laws from the £, 0 law to the V— law.

Let R = p U &. Then the deduction relation < v is Boolean with respect
to the operations A,V,{ and = by Corollary 5.9.1 of Gomi (09a). Also, since
V is closed under RU L U T UV and contains 0 by (1.3), it follows that <g v
satisfies the twenty five laws which constitute the proper MPC law.

For instance as for the case+ law, assume =<gy f. Then f € [V]g =V,
and so since V is closed under 1, we have aokf € V = [V]g for all a € A,
and k € K¢, hence <p v aokf. Thus xp v satisfies the case+ law. The same
argument applies to the case— law and V+ law as well.

Since (one®pkf)® € 9 C V C [V]g for all f € H, k € K¢, and p € P, we
have < v (one” pkf)®, hence one” pkf <r v by Lemma 2.1. Thus <z v
satisfies the one® law.

Let ae G, be A, feH, kleKs k#1 and r € {6} U Q. Also, let
a € A¢ in case r = 0. Then, since ark(bolf)=bol(arkf) € 9 C V C [Vlg,
we have <gv ark(bolf)=bol(arkf), hence ark(bolf) <r v bol(arkf)
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by Lemma 2.1. Similarly we have bol(arkf) sg v ark(bolf), and thus <z v
satisfies the 9,0 law. The same argument applies to the remaining laws other
than the V, = law, the V, 3 law, and the U, + law.

As for the V, = law, let f,g € Ay, x € X¢, and assume that x does not occur
free in f. Then, since

(onevr ((f=>g) Qx)A) =(f= oneVr (g Qx)A) €9 C V C [Vlg,
we have <g v (oneVrm ((f=g) Qx)A) =(f= oneVn(gQx)A), hence
f, oneVn ((f=> Q)QX)A <r,v oneVm (g Qx)A.

by Lemma 2.1. Thus <z v satisfies the V, = law.
As for the V, P law, let a,b € G, f € H, k € K¢, and p € P. Then, since

(aVTbAAaPkf)=bPkfc d C V C [Vig,

we have <pyv (aVAbAAapkf)= bpkf, hence aVnbA, apkf <z v bpkf
by Lemma 2.1. Thus g v satisfies the VP law.
As for the U, + law, let a,b € G, f € H, k € K¢, and p,q € P. Then, since

(aUb)p +qgkf=(apkfVbagkf) €0 CV C [V]g,
we have <g v (aUDb)p+ gkf=(apkfVbqkf), hence
((1|_| b)p + qkf #R,V aﬁkf,bﬁkf

by Lemma 2.1. Thus g v satisfies the L, + law.
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