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Abstract Monophasic case logic (MPCL) is a prototype of case logic designed for
mathematical psychology. A sentential deduction system on it will be proved to be
complete. The semantics of MPCL are parameterized by measures with regard to
quantification. Therefore, in proving any completeness theorem for MPCL, we have to
construct a measure. The heart of the paper lies in capturing the measure by axioms
which imply the pigeonhole principle.
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The purpose of this paper is to prove a sentential completeness theorem for
the logical system MPCL (monophasic case logic), which is a prototype of the
logical system CL (case logic) introduced by Gomi (2009c) from the viewpoint
of MP (mathematical psychology).

Motivations, backgrounds and bibliographic remarks for MP and CL have
been given in previous papers by Gomi (2009 a, b, c), and this paper is a
direct continuation of them. So I will concentrate on the mathematical detail
of the proof using their notation, terminology, definitions and results without
reviewing or restating them.

This paper borrows many ideas from the thesis by Mizumura (2000) who
presented a sequential completeness theorem for an antecedent of MPCL. Its
denotable worlds, as well as those in the present MPCL, were parameterized by
a measure with regard to quantification. Therefore in proving the completeness
theorem, he had to construct a measure, which was expected to be difficult.
Mizumura worked it out by introducing an axiom meaning the pigeonhole prin-
ciple (cf. Lemma 2.8).

Meanwhile Takaoka (2009) has taken an alternative comprehensive (and ele-
gant in my opinion) approach to the theorem and related problems. He managed
with (Dedekind) cuts essentially due to Henkin (1949) instead of resolution trees
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in Mizumura’s thesis and this paper (cf. Lemma 3.19). Takaoka’s approach,
however, also relies on the definitions, methods and intermediate results of this
paper (cf. Remark 1.1). Takaoka’s approach will be applied to CL as well in a
subsequent paper.

1 A predicate deduction system

Let (A,T, σ, S, C, X, Γ) be a MPC language, (A,W, (IW )W∈W) be the logical
system MPCL on it, and (H,G) be its predicate logical space. The purpose of
this paper is to prove that the deduction system (℘,∇) on H presented below
is G-complete under the following four conditions.

1. The quantity system P is linear.

2. The range Kf of each predicates f ∈ H is a finite set.

3. Both the sets Aε and Xε of the simple nominals and the variable simple
nominals are enumerable.

4. The set P of the positive quantifiers is the smallest of the subsets of PP
which contain the intervals (p→) = {x ∈ P | p < x} of P for all p ∈ P and
are closed under the meet p ∩ q, the join p ∪ q and the complement p◦.

Remark 1.1 The conditions 1 and 4 mean that P consists of the finite unions
of the intervals of P in the shape (p→) or (←q] = {x ∈ P | x ≤ q} or (pq] =
{x ∈ P | p < x ≤ q} for some p, q ∈ P. Thus ∅ = (00] and P = (←0] ∪ (0→)
belong to P.

As was shown in §2.2 of Gomi (09c), Aε is equal to the closure of the set Sε

of the prime simple nominals under the set F of the functionals:

Aε = [Sε]F. (1.1)

Also Sε = Cε ∪ Xε for the set Cε of the constant simple nominals. Therefore
the condition 3 means that Xε is enumerable and both Cε and F are at most
enumerable. Takaoka (09) assumes a condition different from the condition 3.

The presentation of the logic ℘ on H is simple and familiar:

℘ =
f f⇒ g

g
, (modus ponens)

where f, g ∈ H. This means that elements f1, . . . , fn, g ∈ H satisfy f1 · · · fn ℘g

iff n = 2 and f2 = f1⇒g, and similarly for the fractional expressions below.
In contrast, the presentation of the subset ∇ of H is complex. First let x0

be an arbitrary element of Xε and define the complex nominal one ∈ Aδ by

one = (x0 ∀πx0	)Ωx0. (1.2)
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Next define the four logics &,⊥,� and ∀ on H also by the fractional expressions,
where and elsewhere x � f means as in Gomi (09b) that x does not occur free
in f:

& =
f g

f∧ g
(f, g ∈ H), (∧+ logic)

⊥ =
f

a ŏk f
(f ∈ H, k ∈ Kf, a ∈ Aε), (case+ logic)

� =
x ŏk f

f
(f ∈ H, k ∈ Kf, x ∈ Xε, x � f), (case− logic)

∀ =
f

one∀π (fΩx)	 (f ∈ A∅, x ∈ Xε). (∀+ logic)

Then ∇ is defined as the (℘ ∪ & ∪ ⊥ ∪� ∪ ∀)-closure of the set ∂ of the MPC
predicates presented below:

∇ = [∂]℘∪&∪⊥∪�∪∀. (1.3)

Remark 1.2 The equation (1.3) means that ∇ is the union of the inductively
defined (℘ ∪ & ∪ ⊥ ∪ � ∪ ∀)-descendants ∂n (n = 0, 1, . . . ) of ∂, where ∂0 = ∂

and ∂n with n ≥ 1 consists of the following elements:

f (f ∈ H and g⇒ f ∈ ∂n1 for some g ∈ ∂n2 with n1 + n2 = n − 1),

f∧ g (f ∈ ∂n1 , g ∈ ∂n2 , n1 + n2 = n − 1),

a ŏk f (f ∈ ∂n−1, k ∈ Kf, a ∈ Aε),

f (f ∈ H and x ŏk f ∈ ∂n−1 for some k ∈ Kf and x ∈ Xε with x � f),

∀x f (f ∈ ∂n−1 ∩ A∅, x ∈ Xε),

where ∀ xf is an abbreviation of one∀π (fΩx)	 (cf. Lemma 3.2 and §2.6 of
Gomi (09c)). In other words, an element h ∈ H belongs to ∇ if and only if
there exists a sequence h1, . . . , hn of elements of H such that hn = h and,
for each i ∈ {1, . . . , n}, either hi ∈ ∂ or hi satisfies one of the following five
conditions.

• hj = hk⇒hi for some j, k ∈ {1, . . . , i − 1}.

• hi = hj ∧ hk for some j, k ∈ {1, . . . , i − 1}.

• hi = a ŏkhj for some j ∈ {1, . . . , i − 1}, k ∈ Khj , and a ∈ Aε.

• hj = x ŏk hi for some j ∈ {1, . . . , i − 1}, k ∈ Khi , and x ∈ Xε with x � hi.

• hi = ∀xhj for some j ∈ {1, . . . , i − 1} with hj ∈ A∅ and x ∈ Xε.

The equation (1.3) means also that an element h ∈ H belongs to ∇ if and only
if there exists a (℘ ∪ & ∪ ⊥ ∪ � ∪ ∀)-proof figure with elements of ∂ at the top
and h at the bottom.
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The set ∂ of the MPC predicates consists of the following twenty three kinds
of predicates, the first of which is the collection of familiar ones:

f♦ ∨ f,

(f∧ g)⇒ f,

(f∧ g)⇒ g,

f⇒ (f∨ g),
g⇒ (f∨ g),

(f♦ ∨ g)⇒ (f⇒ g),(
(f⇒h)∧ (g⇒ h)

)⇒ (
(f∨ g)⇒ h

)
,(

(h⇒ f)∧ (h⇒ g)
)⇒ (

h⇒ (f∧ g)
)
,(

(h⇒ f)∧
(
h⇒ (f⇒ g)

))⇒ (h⇒ g),

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(Boolean pred.)

where f, g, h ∈ H. The remaining twenty two kinds of MPC predicates are
characteristic of MPCL and so are called the proper MPC predicates.

a xk (b ŏl f)⇔ b ŏl (a xk f), (Q, ŏ pred.)

where a ∈ G, b ∈ Aε, f ∈ H, k, l ∈ Kf, k �= l, and x ∈ {ŏ} ∪ Q. Also a ∈ Aε

in case x = ŏ. Both here and elsewhere, the two-way arrow ⇔ is a device for
showing a predicate g⇒h and its reverse h⇒ g together.

(ai ŏki)i=1,...,l(f∧ g)⇔ (
(ai ŏki)i=1,...,mf∧ (ai ŏki)i=n+1,...,lg

)
, (∧ pred.)

(ai ŏki)i=1,...,l(f∨ g)⇔ (
(ai ŏki)i=1,...,mf∨ (ai ŏki)i=n+1,...,lg

)
, (∨ pred.)

(ai ŏki)i=1,...,l(f⇒g)⇔ (
(ai ŏki)i=1,...,mf⇒ (ai ŏki)i=n+1,...,lg

)
,

(⇒ pred.)

where a1, . . . , al ∈ Aε, f, g ∈ H, and k1, . . . , kl are distinct cases such that
k1, . . . , kn ∈ Kf − Kg, kn+1, . . . , km ∈ Kf ∩ Kg, and km+1, . . . , kl ∈ Kg − Kf

(0 ≤ n ≤ m ≤ l). Also, (ai ŏki)i=1,...,l(f∧ g) is an abbreviation for

a1 ŏk1 (a2 ŏk2 (· · · (al ŏkl (f∧ g)) · · · )),

and similarly for analogous expressions.
(
(ai ŏki)i=1,...,n(f♦)

)⇔ (
(ai ŏki)i=1,...,nf

)♦, (♦ pred.)

where a1, . . . , an ∈ Aε, f ∈ H, and k1, . . . , kn are distinct cases in Kf.

a¬pk f ⇔ a pk f♦, (¬ pred.)

a p◦k f⇔ (apk f)♦, (◦ pred.)

where a ∈ G, f ∈ H, k ∈ Kf, and p ∈ P.

a (p ∩ q)k f⇔ (apk f∧ a qk f), (∩ pred.)
a (p ∪ q)k f⇔ (apk f∨ a qk f), (∪ pred.)
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where a ∈ G, f ∈ H, k ∈ Kf, and p, q ∈ P.

apk f⇔ apπ
(
(x ŏk f)Ωx

)	, (P pred.)

where a ∈ G, f ∈ H, x ∈ Xε, Kf = {k}, p ∈ P, and x does not occur free in f.

apπb	⇔ (a � b)pπone	, (	 pred.)

where a, b ∈ G and p ∈ P.
(
one∀π

(
(f⇒ g)Ωx

)	)⇒(
f⇒one∀π (gΩx)	)

, (∀,⇒ pred.)

where f, g ∈ A∅, x ∈ Xε, and x does not occur free in f.
(
one∀π

((
(x ŏπa	)⇒ (x ŏk f)

)
Ωx

)	)⇒a∀k f, (∀ pred.)

where x ∈ Xε, a ∈ G, f ∈ H, Kf = {k}, and x does not occur free in a, f.

(a∀πb	∧ apk f)⇒ bpk f, (∀,P pred.)

where a, b ∈ G, f ∈ H, k ∈ Kf, and p ∈ P.

(a � b)p + qk f⇒ (apk f∨ bqk f), (�,+ pred.)

where a, b ∈ G, f ∈ H, k ∈ Kf, and p, q ∈ P.

(one� pk f)♦, (one� pred.)

where f ∈ H, k ∈ Kf, and p ∈ P.

b ŏπa	⇒ a∃πone	, (∃ pred.)

where a ∈ G and b ∈ Aε.

(a � b)	⇔ (a	∧ b	), (� pred.)
(a � b)	⇔ (a	∨ b	), (� pred.)

(a�)	⇔ (a	)♦, (� pred.)

where a, b ∈ G.

a ŏπ (fΩx)	 ⇔ f(x/a), (Ω pred.)

where a ∈ Aε, f ∈ A∅, x ∈ Xε, and x is free from a in f. The (x/a) on the
right-hand side of ⇔ denotes the substitution of a for x.

one∀π (fΩx)	⇒ f, (∀− pred.)

where f ∈ A∅ and x ∈ Xε.
This completes the presentation of (℘,∇). The main result of this paper can

now be stated in due form.
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Theorem 1 The deduction system (℘,∇) on H is G-complete under the condi-
tions 1–4 stated at the beginning of this section.

The proof of this theorem will begin at §2 and end at §4.

Corollary 1.1 The subset ∇ of H is equal to the core C of (H,G), or the set
of the G-tautologies in H, under the conditions 1–4.

Proof We have C = [∇]℘ by Theorem 7.2 of Gomi (09a) and Theorem 1, while
(1.3) implies that [∇]℘ = ∇, hence C = ∇.

Remark 1.3 For the proof of Theorem 1, it will be shown that the deduction
system (℘ ∪ &,∇) is G-complete, and in particular the logics ℘ and & are G-
sound and close C. Also, Corollary 1.1 means C = [∂]℘∪&∪⊥∪�∪∀ (cf. Remark
1.2), and in particular the logics ⊥,� and ∀ also close C. However, ⊥,� and
∀ are not G-sound, and so, for instance, the deduction system (℘ ∪ & ∪ ∀,∇) is
not G-complete, although obviously G-sufficient.

Also, there are proper subsets ∂ ′ of ∂ which satisfy C = [∂ ′]℘∪&∪⊥∪�∪∀.
Since a deduction system in MP is a model of the human system of thinking, I
have not pursued mathematical minimalism in the presentation of ∂.

2 A generational law on the predicate sequences

The proof of Theorem 1 follows the two step general program given in Remark
7.3 of Gomi (09a) based on the fundamental theorem of completeness (Theorem
7.12 of Gomi (09a)).

The purpose of this section is to present a generational law called the MPC
law on the relations �∗ on H∗ and show that it is satisfied by the validity
relation � of the predicate logical space (H,G).

It will be shown in §3 that the MPC law is a characteristic law of (H,G) as
to the first step of the program. Also, it will be shown in §4 that the deduction
system (℘ ∪ &,∇) on H is G-sound and the deduction relation �℘∪&,∇ satisfies
the MPC law as to the second step of the program. Therefore (℘ ∪ &,∇) is
G-complete by the fundamental theorem, and hence C = ∇ as in the proof
of Corollary 1.1. Since (H,G) is a Boolean logical space with respect to the
operations ∧, ∨,♦ and ⇒ by Theorem 3.3 of Gomi (09c), Corollary 7.11.1 of
Gomi (09a) finally shows that (℘,∇) is G-complete. Thus Theorem 1 will be
proved.

Since � is a Boolean relation with respect to the operations ∧, ∨, ♦ and ⇒
by Theorem 6.8 of Gomi (09a), the MPC law is defined as the extension of the
Boolean law with respect to ∧,∨, ♦,⇒ by the proper MPC law consisting of
the twenty five laws presented below, which are in one to one correspondence
with the three logics ⊥,� and ∀ on H together with the twenty two kinds of the
proper MPC predicates used for defining ∇ by (1.3).
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Both in the presentation and elsewhere, the element of H∗ of length 0 will
be denoted by a blank and �∗ will denote the symmetric core of �∗.

�∗ f =⇒ �∗ a ŏk f, (case+ law)

where f ∈ H, a ∈ Aε, and k ∈ Kf.

�∗ x ŏk f =⇒ �∗ f, (case− law)

where x ∈ Xε, f ∈ H, k ∈ Kf, and x does not occur free in f. Theorem 3.15 of
Gomi (09c) shows that � satisfies the above two laws.

�∗ f =⇒ �∗ one∀π (fΩx)	, (∀+ law)

where f ∈ A∅ and x ∈ Xε. Theorem 3.21 of Gomi (09c) shows that � satisfies
this.

a xk (b ŏl f) �∗ b ŏl (a xk f), (Q, ŏ law)

where a ∈ G, b ∈ Aε, f ∈ H, k, l ∈ Kf, k �= l, and x ∈ {ŏ} ∪ Q. Also a ∈ Aε in
case x = ŏ. Theorems 3.4 and 3.14 of Gomi (09c) show that � satisfies this.

(ai ŏki)i=1,...,l(f∧ g) �∗ (ai ŏki)i=1,...,mf∧ (ai ŏki)i=n+1,...,lg, (∧ law)
(ai ŏki)i=1,...,l(f∨ g) �∗ (ai ŏki)i=1,...,mf∨ (ai ŏki)i=n+1,...,lg, (∨ law)
(ai ŏki)i=1,...,l(f⇒g) �∗ (ai ŏki)i=1,...,mf⇒ (ai ŏki)i=n+1,...,lg, (⇒ law)

where a1, . . . , al ∈ Aε, f, g ∈ H, and k1, . . . , kl are distinct cases such that
k1, . . . , kn ∈ Kf − Kg, kn+1, . . . , km ∈ Kf ∩ Kg, and km+1, . . . , kl ∈ Kg − Kf

(0 ≤ n ≤ m ≤ l). Theorems 3.4 and 3.6 of Gomi (09c) show that � satisfies
these three.

(ai ŏki)i=1,...,n(f♦) �∗
(
(ai ŏki)i=1,...,nf

)♦, (♦ law)

where a1, . . . , an ∈ Aε, f ∈ H, and k1, . . . , kn are distinct cases in Kf. Theorem
3.4 and Corollary 3.5.3 of Gomi (09c) show that � satisfies this.

a¬pk f �∗ a pk f♦, (¬ law)

a p◦k f �∗ (apk f)♦, (◦ law)

where a ∈ G, f ∈ H, k ∈ Kf, and p ∈ P. Theorems 3.4 and 3.10 of Gomi (09c)
show that � satisfies these two.

a (p ∩ q)k f �∗ a pk f∧ a qk f, (∩ law)
a (p ∪ q)k f �∗ a pk f∨ a qk f, (∪ law)

where a ∈ G, f ∈ H, k ∈ Kf, and p, q ∈ P. Theorems 3.4 and 3.11 of Gomi
(09c) show that � satisfies these two.

apk f �∗ apπ
(
(x ŏk f)Ωx

)	, (P law)
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where a ∈ G, f ∈ H, x ∈ Xε, Kf = {k}, p ∈ P, and x does not occur free in f.
Theorem 3.16 of Gomi (09c) shows that � satisfies this.

apπb	 �∗ (a � b)pπone	, (	 law)

where a, b ∈ G and p ∈ P. Theorems 3.4, 3.9 and 3.19 of Gomi (09c) show that
� satisfies this.

f, one∀π
(
(f⇒ g)Ωx

)	 �∗ one∀π (gΩx)	, (∀,⇒ law)

where f, g ∈ A∅, x ∈ Xε, and x does not occur free in f. Theorem 3.17 of Gomi
(09c) shows that � satisfies this.

one∀π
((

(x ŏπa	)⇒ (x ŏk f)
)
Ωx

)	 �∗ a∀k f, (∀ law)

where x ∈ Xε, a ∈ G, f ∈ H, Kf = {k}, and x does not occur free in a, f.
Theorem 3.22 of Gomi (09c) shows that � satisfies this.

a∀πb	, apk f �∗ bpk f, (∀,P law)

where a, b ∈ G, f ∈ H, k ∈ Kf, and p ∈ P. Theorems 3.4 and 3.12 of Gomi
(09c) show that � satisfies this.

(a � b)p + qk f �∗ apk f, bqk f, (�,+ law)

where a, b ∈ G, f ∈ H, k ∈ Kf, and p, q ∈ P. Theorems 3.4 and 3.13 of Gomi
(09c) show that � satisfies this.

one� pk f �∗ , (one� law)

where f ∈ H, k ∈ Kf, and p ∈ P. Theorems 3.4 and 3.19 of Gomi (09c) and the
definition of the operation pk on the MPC worlds show that � satisfies this.

b ŏπa	 �∗ a∃πone	, (∃ law)

where a ∈ G and b ∈ Aε. Theorems 3.4, 3.9 and 3.19 of Gomi (09c) show that
� satisfies this.

(a � b)	 �∗ a	∧ b	, (� law)
(a � b)	 �∗ a	∨ b	, (� law)

(a�)	 �∗ (a	)♦, (� law)

where a, b ∈ G. Theorems 3.1 and 3.4 of Gomi (09c) show that � satisfies these
three.

a ŏπ (fΩx)	 �∗ f(x/a), (Ω law)

where a ∈ Aε, f ∈ A∅, x ∈ Xε, and x is free from a in f. Theorem 3.18 of Gomi
(09c) shows that � satisfies this.

one∀π (fΩx)	 �∗ f, (∀− law)
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where f ∈ A∅ and x ∈ Xε. Theorem 3.20 of Gomi (09c) shows that � satisfies
this.

This completes the presentation of the MPC law. Henceforth, relations on
H∗ which satisfy the MPC law will be referred to MPC relations. Thus we
have proved the following in the course of the presentation.

Theorem 2 The validity relation � of the predicate logical space (H,G) is a
MPC relation.

We will proceed to derive more useful laws from the MPC law in the following
ten lemmas. So we assume there without notice that �∗ is a MPC relation on
H∗ and in particular is a Boolean relation with respect to the operations ∧,∨, ♦
and ⇒, and so the restriction to H × H of the symmetric core �∗ of �∗ is an
equivalence relation by virtue of the repetition law and cut law. Because of
Theorem 2, the lemmas apply to �.

Elements of H will be denoted by f, g, . . . with or without numerical sub-
scripts, while those of H∗ will be denoted by α, β, . . . .

Lemma 2.1 The following holds as a consequence of the Boolean law.

(1)

{
αfgβ �∗ γ ⇐⇒ α, f∧ g,β �∗ γ,

γ �∗ αfβ, γ �∗ αgβ ⇐⇒ γ �∗ α, f∧ g,β.

(2)

{
αfβ �∗ γ, αgβ �∗ γ ⇐⇒ α, f∨ g,β �∗ γ,

γ �∗ αfgβ ⇐⇒ γ �∗ α, f∨ g,β.

(3)

{
α �∗ fβ ⇐⇒ f♦α �∗ β,

fβ �∗ α ⇐⇒ β �∗ f♦α.

(4)

⎧⎪⎨
⎪⎩

α �∗ fβ, gα �∗ β ⇐⇒ f⇒ g,α �∗ β,

fα �∗ gβ ⇐⇒ α �∗ f⇒ g,β,

f, f⇒ g �∗ g (cut-implication law).

(5) f1 ∧ · · ·∧ fn �∗ (· · · (f1 ∧ f2)∧ · · · )∧ fn,

f1 ∨ · · ·∨ fn �∗ (· · · (f1 ∨ f2)∨ · · · )∨ fn

}
irrespective of the order of ap-

plying the operations ∧ and ∨ on the left-hand side of �∗.

(6) f1 �∗ g1,

f2 �∗ g2

}
=⇒ {

f1 ∧ f2 �∗ g1 ∧ g2,

f1 ∨ f2 �∗ g1 ∨ g2.

(7) α �∗ β ⇐⇒ α �∗ f∧ f♦, β ⇐⇒ f∨ f♦, α �∗ β.

Proof As for (1)–(4), consult Theorems 3.12–3.14 of Gomi (09a).
(5) Since f1 ∧ · · ·∧ fn �∗ f1 ∧ · · ·∧ fn by the repetition law, we first have

f1 · · · fn �∗ f1 ∧ · · ·∧ fn, and next (· · · (f1 ∧ f2)∧ · · · )∧ fn �∗ f1 ∧ · · ·∧ fn
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both by (1). Similarly f1 ∧ · · ·∧ fn �∗ (· · · (f1 ∧ f2)∧ · · · )∧ fn. Hence the
former �∗ equation. The proof of the latter is similar.

(6) Since f1 �∗ g1 and f2 �∗ g2, we first have f1f2 �∗ g1 and f1f2 �∗ g2 by
the weakening law, next f1f2 �∗ g1 ∧ g2, and finally f1 ∧ f2 �∗ g1 ∧ g2 both
by (1). The proof of f1 ∨ f2 �∗ g1 ∨ g2 is similar.

(7) If α �∗ β, then α �∗ f∧ f♦, β and f∨ f♦, α �∗ β by the weakening law.
If α �∗ f∧ f♦, β or f∨ f♦, α �∗ β, then since f∧ f♦ �∗ ε and ε �∗ f∨ f♦ by
the negation laws and (1) (2), we have α �∗ β by the cut law.

Lemma 2.2 Let a1, . . . , an ∈ Aε, f1, . . . , fm ∈ H, and k1, . . . , kn be distinct
cases in Kf1 ∩ · · · ∩ Kfm . Then the following holds irrespective of the order of
applying the operations ∧ and ∨ :

(ai ŏki)i=1,...,n(f1 ∧ · · ·∧ fm) �∗ (ai ŏki)i=1,...,nf1 ∧ · · ·∧ (ai ŏki)i=1,...,nfm,

(gen.∧ law)

(ai ŏki)i=1,...,n(f1 ∨ · · ·∨ fm) �∗ (ai ŏki)i=1,...,nf1 ∨ · · ·∨ (ai ŏki)i=1,...,nfm.

(gen.∨ law)

Proof We may assume m > 1 and argue by induction on m. As for the gener-
alized ∨ law, suppose ∨ has been applied in such an order that f1 ∨ · · ·∨ fm =
(f1 ∨ · · ·∨ fj)∨ (fj+1 ∨ · · ·∨ fm) holds. Then

(ai ŏki)i(f1 ∨ · · ·∨ fm) �∗ (ai ŏki)i(f1 ∨ · · ·∨ fj) ∨ (ai ŏki)i(fj+1 ∨ · · ·∨ fm)

by the ∨ law, where (ai ŏki)i is an abbreviation for (ai ŏki)i=1,...,n. Also,

(ai ŏki)i(f1 ∨ · · ·∨ fj) �∗ (ai ŏki)if1 ∨ · · ·∨ (ai ŏki)ifj,

(ai ŏki)i(fj+1 ∨ · · ·∨ fm) �∗ (ai ŏki)ifj+1 ∨ · · ·∨ (ai ŏki)ifm

by the induction hypothesis. Applying Lemma 2.1 to the above three displayed
�∗ relations, we see that the generalized ∨ law holds. The generalized ∧ law
may be proved similarly.

Lemma 2.3 Let a ∈ G, f ∈ H, k ∈ Kf, and p1, . . . , pn ∈ P. Then the following
holds irrespective of the order of applying the operations ∧ and ∨ :

a (p1 ∩ · · · ∩ pn)k f �∗ a p1k f∧ · · ·∧ a pnk f, (gen.∩ law)
a (p1 ∪ · · · ∪ pn)k f �∗ a p1k f∨ · · ·∨ a pnk f. (gen.∪ law)

Proof We may assume n > 1 and argue by induction on n. As for the gen.∪
law, a (p1 ∪ · · · ∪ pn)k f �∗ a (p1 ∪ · · · ∪ pn−1)k f ∨ a pnk f by the ∪ law, and
a (p1 ∪ · · · ∪ pn−1)k f �∗ a p1k f∨ · · ·∨ a pn−1k f by the induction hypothesis.
Applying Lemma 2.1 to these �∗ relations, we see that the gen.∪ law holds.
The gen.∩ law may be proved similarly.
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Lemma 2.4 Let a1, . . . , an ∈ G, f ∈ H, k ∈ Kf, and p1, . . . , pn ∈ P. Then
the following holds irrespective of the order of applying the operation � :

(a1 � · · · � an)p1 + · · · + pnk f �∗ a1 p1k f, · · · , an pnk f. (gen.�,+ law)

Proof We may assume n > 1 and argue by induction on n. Suppose � has been
applied in such an order that a1 � · · · �an = (a1 � · · · � ai)� (ai+1 � · · · � an)
holds. Then

(a1 � · · · � an)p1 + · · · + pnk f

�∗ (a1 � · · · � ai)p1 + · · · + pik f, (ai+1 � · · · � an)pi+1 + · · · + pnk f

by the �,+ law, and

(a1 � · · · � ai)p1 + · · · + pik f �∗ a1 p1k f, · · · , ai pik f,

(ai+1 � · · · � an)pi+1 + · · · + pnk f �∗ ai+1 pi+1k f, · · · , an pnk f

by the induction hypothesis. Applying the cut law twice to the above three
displayed �∗ relations, we see that the gen.�,+ law holds.

Lemma 2.5 Let a1, . . . , an ∈ G. Then the following holds irrespective of the
order of applying the operations �,�,∧ and ∨ :

(a1 � · · · � an)	 �∗ a1	∧ · · ·∧ an	, (gen.� law)
(a1 � · · · � an)	 �∗ a1	∨ · · ·∨ an	. (gen.� law)

Proof We may assume n > 1 and argue by induction on n. As to the
gen.� law, suppose � has been applied in such an order that a1 � · · · � an =
(a1 � · · · � ai) � (ai+1 � · · · � an) holds. Then

(a1 � · · · � an)	 �∗ (a1 � · · · � ai)	∨ (ai+1 � · · · � an)	,

(a1 � · · · � ai)	 �∗ a1	∨ · · ·∨ ai	,

(ai+1 � · · · � an)	 �∗ ai+1	∨ · · ·∨an	
by the � law and the induction hypothesis. Applying Lemma 2.1 to the above
displayed �∗ relations, we see that the gen.� law holds. The gen.� law may be
proved similarly.

From now on, When α = f1 · · · fn ∈ H∗ with f1, . . . , fn ∈ H, the subset
{f1, . . . , fn} of H will also be denoted by α.

Lemma 2.6 Let f1, . . . , fm, g1, . . . , gn ∈ H, α, β ∈ H∗, a ∈ Aε, and k ∈ K.
Assume that k belongs to the ranges of f1, . . . , fm, g1, . . . , gn but does not belong
to those of the predicates in α ∪ β. Then the following holds:

f1 · · · fmα �∗ g1 · · · gnβ

=⇒ a ŏk f1, · · · , a ŏk fm, α �∗ a ŏk g1, · · · , a ŏk gn, β.
(gen. case+ law)
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Proof We may assume that either m ≥ 1 or n ≥ 1. Let α = f ′
1 · · · f ′

m ′

and β = g ′
1 · · ·g ′

n ′ with f ′
1, . . . , f ′m ′ , g ′

1, . . . , g ′
n ′ ∈ H. Let x ∈ Xε and define

e = x ŏπx	. Then k does not belong to the ranges of e∧ e♦ or e∨ e♦. Therefore
by Lemma 2.1, we may assume m ′ �= 0 �= n ′. Define

h = (f1 ∧ · · ·∧ fm)∧ (g1 ∨ · · ·∨ gn)♦,

h ′ = (f ′1 ∧ · · ·∧ f ′
m ′ )♦ ∨ (g ′

1 ∨ · · ·∨ g ′
n ′ ),

where the orders of applying the operations ∧ and ∨ within parentheses are
arbitrary. Then Lemma 2.1 shows that the premise of the gen. case+ law implies
�∗ h⇒h ′, and so �∗ a ŏk (h⇒h ′) by the case+ law. Furthermore, since

k ∈ Kh − Kh ′ , we have a ŏk (h⇒h ′) �∗ a ŏkh⇒h ′ by the ⇒ law. Thus

a ŏkh �∗ h ′

by the cut law and Lemma 2.1. Furthermore,
(
a ŏk (f1 ∧ · · ·∧ fm)

)
∧

(
a ŏk (g1 ∨ · · ·∨ gn)

)♦

�∗
(
a ŏk (f1 ∧ · · ·∧ fm)

)
∧

(
a ŏk (g1 ∨ · · ·∨ gn)♦) �∗ a ŏkh

by the ♦ law, Lemma 2.1 and the ∧ law. Thus

a ŏk (f1 ∧ · · ·∧ fm) �∗ a ŏk (g1 ∨ · · ·∨ gn), h ′

by the cut law and Lemma 2.1. Furthermore,

a ŏk f1 ∧ · · ·∧ a ŏk fm �∗ a ŏk (f1 ∧ · · ·∧ fm),

a ŏk (g1 ∨ · · ·∨ gn) �∗ a ŏk g1 ∨ · · ·∨ a ŏk gn

by the gen. ∧ law and gen. ∨ law. Applying the cut law to the above three dis-
played relations, we have a ŏk f1 ∧ · · ·∧ a ŏk fm �∗ a ŏk g1 ∨ · · ·∨ a ŏk gn, h ′,
hence the conclusion of the gen. case+ law by Lemma 2.1.

The following proposition is a continuation and a refinement of §4.1 and
§4.2 of Gomi (09b) and collects basic and general facts about occurrences and
substitutions.

Proposition 1 Let (A, (αλ)λ∈L) be an algebra. In addition to and on the basis
of the notation and terminology introduced in previous papers, define

La = {λ ∈ L | (Imαλ)a �= ∅}

for each element a ∈ A, and if λ ∈ La, then say that λ occurs in a. Assume
that (A, (αλ)λ∈L) has a basis S. Then the following holds.

(1) If a = αλ(a1, . . . , ak) ∈ A, then La = {λ}∪⋃k
j=1 Laj . If a ∈ S, then La = ∅.

(2) For each element a ∈ A, La is a finite set.

12



Assume furthermore that L is a subset of the free multiplicative semigroup over
Γ � S for a set Γ . Then the following holds.

(3) If a = αλ(a1, . . . , ak) ∈ A, then Sa
free =

⋃k
j=1 S

aj

free − Sλ. If a ∈ S, then
Sa

free = {a}.

(4) If a, b ∈ A and (Sλ)b
free = ∅ for each λ ∈ La, then every element of S is free

from b in a.

Assume furthermore that (A,T, σ, S) is a USA. Then the following holds.

(5) Let a, b, c ∈ A, s ∈ S and assume b = a(s/c), where (s/c) denotes the
substitution of c for s. Then Sb

free ⊆ Sc
free ∪

(
Sa

free − {s}
)

and Lb ⊆ La ∪ Lc.

Proof (0) If a ∈ S, then a has no word form, hence Aa = {a}. If a ∈ A − S,
then a has the unique word form αλ(a1, . . . , ak), hence Aa = {a} ∪ ⋃k

j=1 Aaj .
A proof of this equation is as follows. It is clear that Aa ⊇ {a} ∪ ⋃k

j=1 Aaj .
Suppose b ∈ Aa − {a}. Then there exists an occurrence b0, . . . , bn of b in a

such that bi ≺ a for some i ∈ {1, . . . , n}, and so bi = aj for some j ∈ {1, . . . , k}

by the uniqueness of the word form of a, hence b ∈ Aaj . Therefore Aa =
{a} ∪ ⋃k

j=1 Aaj .
(1) If a ∈ S, then (Imαλ)a ⊆ Im αλ ∩ {a} = ∅ by (0) for all λ ∈ L, and

so La = ∅. Therefore assume a = αλ(a1, . . . , ak). Then since a ∈ (Im αλ)a

and (Imαμ)aj ⊆ (Imαμ)a for all μ ∈ L and j ∈ {1, . . . , k} by (0), we have
{λ} ∪ ⋃k

j=1 Laj ⊆ La. Suppose μ ∈ La − {λ}. Then there exists an element
b ∈ (Imαμ)a, and b �= a because μ �= λ, and so b ∈ (Imαμ)aj for some
j ∈ {1, . . . , k} by (0), hence μ ∈ Laj . Therefore La = {λ} ∪ ⋃k

j=1 Laj .
(2) We argue by induction on r = Ranka. If r = 0, then a ∈ S, and so La = ∅

by (1). Therefore assume r ≥ 1, and let αλ(a1, . . . , ak) be the word form of a.
Then r = 1 +

∑k
j=1 Rank aj, and so Laj is a finite set for all j ∈ {1, . . . , k} by

the induction hypothesis. Therefore La are finite set by (1).
(3) If a ∈ S, then Sa

free ⊆ {a} and a is a free occurrence of a in itself by (0),
hence Sa

free = {a}. Therefore assume a = αλ(a1, . . . , ak). Let s ∈ Sa
free. Then

there exists a free occurrence s0, . . . , sn of s in a. Since s0 = a ∈ Im αλ, we have
s /∈ Sλ. Also, since a �= s by (0), si ≺ a for some i ∈ {1, . . . , n}, and so si = aj

for some j ∈ {1, . . . , k} by (0), hence s ∈ S
aj

free. Thus Sa
free ⊆

⋃k
j=1 S

aj

free −Sλ. The
converse has been proved in Lemma 4.2 of Gomi (09b).

(4) Let s0, . . . , sn be a free occurrence of an element s ∈ S in a. If si ∈ Im αλ

for some i ∈ {0, . . . , n} and λ ∈ L, then λ ∈ La, and so (Sλ)b
free = ∅. Therefore

s0, . . . , sn is free from b. Thus, every element of S is free from b in a.
(5) We argue by induction on r = Rank a. If a = s then b = c, while if

S � a �= s then b = a and s /∈ Sa
free, both by (4.5) of Gomi (09b) and (3). Thus

the assertions hold if r = 0. Therefore assume r ≥ 1, and let αλ(a1, . . . , ak) be
the word form of a. Then r = 1 +

∑k
j=1 Rank aj. If s ∈ Sλ, then b = a by (4.6)

of Gomi (09b) and s /∈ Sa
free by (3), and the assertions hold. Therefore assume
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s /∈ Sλ, and define bj = aj(s/c) for j = 1, . . . , k. Then b = αλ(b1, . . . , bk) by
(4.6) of Gomi (09b). Therefore

Sa
free =

⋃k
j=1 S

aj

free − Sλ, Sb
free =

⋃k
j=1 S

bj

free − Sλ,

La = {λ} ∪ ⋃k
j=1 Laj , Lb = {λ} ∪ ⋃k

j=1 Lbj

by (3) and (1). Also, S
bj

free ⊆ Sc
free∪

(
S

aj

free−{s}
)

and Lbj ⊆ Laj∪Lc for j = 1, . . . , k

by the induction hypothesis. Therefore the assertions hold.

Lemma 2.7 Let f1, . . . , fm, g1, . . . , gn ∈ H, α, β ∈ H∗, x ∈ Xε, and k ∈ K.
Assume that k belongs to the ranges of f1, . . . , fm, g1, . . . , gn but does not belong
to those of the predicates in α∪β and that x does not occur free in the predicates
in {f1, . . . , fm, g1, . . . , gn} ∪ α ∪ β. Then the following holds:

x ŏk f1, · · · , x ŏk fm, α �∗ x ŏk g1, · · · , x ŏk gn, β

=⇒ f1 · · · fmα �∗ g1 · · ·gnβ.
(gen. case− law)

Proof We may assume that either m ≥ 1 or n ≥ 1. Let α = f ′
1 · · · f ′

m ′ and
β = g ′

1 · · ·g ′
n ′ with f ′

1, . . . , f ′m ′ , g ′
1, . . . , g ′

n ′ ∈ H. Define e = one∀πone	.
Then k does not belong to the range of e∧ e♦ or of e∨ e♦, and x does not
occur free in e∧ e♦ or in e∨ e♦ by Proposition 1 (3). Therefore by Lemma 2.1,
we may assume m ′ �= 0 �= n ′. Define h ′ = (f ′1 ∧ · · ·∧ f ′

m ′)♦ ∨ (g ′
1 ∨ · · ·∨ g ′

n ′),
where the orders of applying the operations ∧ and ∨ within parentheses are
arbitrary. Then by Lemma 2.1 the premise of the gen. case− law implies

x ŏk f1 ∧ · · ·∧ x ŏk fm �∗ x ŏk g1 ∨ · · ·∨ x ŏk gn, h ′

irrespective of the orders of applying the operations ∧ and ∨. Furthermore,

x ŏk (f1 ∧ · · ·∧ fm) �∗ x ŏk f1 ∧ · · ·∧ x ŏk fm,

x ŏk g1 ∨ · · ·∨ x ŏk gn �∗ x ŏk (g1 ∨ · · ·∨ gn)

by the gen. ∧ law and gen. ∨ law. Applying the cut law to the above three
displayed relations and using Lemma 2.1, we have

(
x ŏk (f1 ∧ · · ·∧ fm)

)
∧

(
x ŏk (g1 ∨ · · ·∨ gn)

)♦ �∗ h ′.

Define h = (f1 ∧ · · ·∧ fm) ∧ (g1 ∨ · · ·∨ gn)♦. Then

x ŏk h �∗
(
x ŏk (f1 ∧ · · ·∧ fm)

)
∧

(
x ŏk (g1 ∨ · · ·∨ gn)♦)

�∗
(
x ŏk (f1 ∧ · · ·∧ fm)

)
∧

(
x ŏk (g1 ∨ · · ·∨ gn)

)♦

by the ∧ law, ♦ law, and Lemma 2.1. Therefore x ŏk h �∗ h ′ by the cut law,
hence �∗ x ŏk h⇒h ′. Furthermore, x ŏk h⇒h ′ �∗ x ŏk (h⇒h ′) by the ⇒
law. Therefore �∗ x ŏk (h⇒h ′) by the cut law, and since x does not occur free
in h⇒h ′ by Proposition 1 (3), we have �∗ h⇒h ′ by the case− law, hence the
conclusion of the gen. case− law.
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Lemma 2.8 Let x ∈ Xε, a, b1, . . . , bn ∈ G, α, β ∈ (A∅)∗, f ∈ H, k ∈ Kf,

p, q1, . . . , qn ∈ P, and assume that x does not occur free in the elements of
{a, b1, . . . , bn} ∪ α ∪ β and that p ≥ ∑n

i=1 qi holds, where if n = 0 then∑n
i=1 qi = 0 by definition. Then the following holds:

x ŏπa	, α �∗ x ŏπb1	, · · · , x ŏπbn	, β

=⇒ apk f, α �∗ b1 q1k f, · · · , bn qnk f, β.
(pigeonhole principle)

Proof Assume n = 0. Let b = one� and q = 0. Then x does not occur free
in b, p ≥ q, and the premise x ŏπa	, α �∗ β of the pigeonhole principle and
the weakening law imply x ŏπa	, α �∗ x ŏπb	, β. If we show apk f, α �∗
bqk f, β, then since bqk f �∗ by the one� law, we have apk f, α �∗ β by the
cut law, which is the conclusion of the pigeonhole principle.

Therefore assume n ≥ 1. Let α = g1 · · · gl and β = h1 · · ·hm with
g1, . . . , gl, h1, . . . , hm ∈ A∅. We may assume l �= 0 �= m as in the proof of
Lemma 2.7. Define e = (g1 ∧ · · ·∧ gl)∧ (h1 ∨ · · ·∨ hm)♦, where and elsewhere
the orders of applying the operations are arbitrary. Then e ∈ A∅, and the
premise of the pigeonhole principle implies

x ŏπa	, e �∗ x ŏπb1	∨ · · ·∨ x ŏπbn	,

and x ŏπb1	∨ · · ·∨ x ŏπbn	 �∗ x ŏπ (b1	∨ · · ·∨ bn	) by the gen. ∨ law.
Furthermore, since b1	∨ · · ·∨ bn	 �∗ (b1 � · · · �bn)	 by the gen.� law, we
have x ŏπ (b1	∨ · · ·∨ bn	) �∗ x ŏπ (b1 � · · · � bn)	 by the gen. case+ law.
Therefore for b = b1 � · · · � bn, the premise of the pigeonhole principle implies
�∗ e⇒(

(x ŏπa	)⇒ (x ŏπb	)
)
, and applying the ∀+ law, we have

�∗ one∀π
((

e⇒(
(x ŏπa	)⇒ (x ŏπb	)

))
Ωx

)	.

Furthermore, since x does not occur free in e by Proposition 1 (3), we have

e, one∀π
((

e⇒(
(x ŏπa	)⇒ (x ŏπb	)

))
Ωx

)	
�∗ one∀π

((
(x ŏπa	)⇒ (x ŏπb	)

)
Ωx

)	

by the ∀,⇒ law, and since x does not occur free in a or in b	 by Proposition
1 (3), we have

one∀π
((

(x ŏπa	)⇒ (x ŏπb	)
)
Ωx

)	 �∗ a∀πb	

by the ∀ law, and we have

a∀πb	, apk f �∗ bpk f

by the ∀, P law, and since p ⊆ q1 + · · · + qn by the assumption p ≥ q1+· · ·+qn,
we have

bpk f �∗ (bq1 + · · · + qnk f)∧ (bpk f)
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by the ∩ law, and we have

(bq1 + · · · + qnk f)∧ (bpk f) �∗ bq1 + · · · + qnk f

by the conjunction law, and we have

bq1 + · · · + qnk f �∗ b1 q1k f, · · · , bn qnk f

by the gen.�,+ law. Applying the cut law to the above seven displayed �∗ rela-
tions, we finally obtain e, apk f �∗ b1 q1k f, · · · , bn qnk f, hence the conclusion
of the pigeonhole principle.

Lemma 2.9 Let a1, . . . , an ∈ Aε, f ∈ H, and k1, . . . , kn be distinct cases in
Kf. Then the following holds for every ρ ∈ Sn, where and elsewhere Sn denotes
the symmetric group on the letters 1, . . . , n :

(ai ŏki)i=1,...,nf �∗ (aρi ŏkρi)i=1,...,nf. (permutation law)

Proof We only need to consider the case where ρ is a transposition, in which
case, the result follows from the Q, ŏ law and gen. case+ law.

Lemma 2.10 Let a ∈ G, f ∈ H, x ∈ Xε, k ∈ Kf, and p ∈ P. Also, let
a1, . . . , an ∈ Aε and k1, . . . , kn be the set of distinct cases in Kf − {k}. Assume
that x does not occur free in (ai ŏki)i=1,...,nf. Then the following holds:

(ai ŏki)i=1,...,n(apk f) �∗
(
a � (

x ŏk (ai ŏki)i=1,...,nf
)
Ωx

)
pπone	.

Proof Define g = (ai ŏki)i=1,...,nf. Then, as in the proof of the permutation
law, it follows from the Q, ŏ law and gen. case+ law that

(ai ŏki)i=1,...,n(apk f) �∗ apkg

holds. Also, since Kg = {k} and x does not occur free in g, we have

apkg �∗ apπ
(
(x ŏk g)Ωx

)	
by the P law. Also we have

apπ
(
(x ŏk g)Ωx

)	 �∗
(
a � (x ŏk g)Ωx

)
pπone	

by the 	 law. Applying the cut law to the above three �∗ equations, we have
(ai ŏki)i=1,...,n(apk f) �∗

(
a � (x ŏk g)Ωx

)
pπone	.

3 The law is characteristic of the predicate log-

ical space

The purpose of this section it to show that the MPC law is a characteristic
law of the predicate logical space (H,G) under the conditions 1–4 stated at the
beginning of §1. Because of Theorem 2, we only need to prove the following.
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Theorem 3 The validity relation � of the predicate logical space (H,G) is con-
tained in every MPC relation �∗ on H∗ under the conditions 1–4.

Elements (α,β) of H∗ × H∗ will be denoted by α → β and called the se-
quents. A sequent is said to be sentential if it consists of sentences.

In order to argue by contradiction, we assume that there exists a sequent
α → β such that α � β and α ��∗ β, which we call a counter sequent. A
contradiction will be obtained in a series of twenty four lemmas.

Lemma 3.1 There exists a sentential counter sequent.

Proof Let f1 · · · fmα → g1 · · ·gnβ be a counter sequent and assume that a
case k belongs to the ranges of f1, . . . , fm, g1, . . . , gn but does not belong to
those of the predicates in α ∪β. Since we are assuming that Xε is enumerable,
Lemma 4.1 of Gomi (09b) shows that there exists a variable x ∈ Xε which does
not occur free in the predicates in {f1, . . . , fm} ∪ {g1, . . . , gn} ∪ α ∪ β. Since �
satisfies the gen. case+ law by Lemma 2.6 and �∗ satisfies the gen. case− law by
Lemma 2.7, it follows that x ŏk f1, · · · , x ŏk fm, α→ x ŏk g1, · · · , x ŏk gn, β is a
counter sequent. Since we are assuming that there exists a counter sequent and
that the ranges of the predicates are finite sets, we conclude that there exists a
sentential counter sequent.

Lemma 3.2 There exists a sentential counter sequent α0 → β0 which satisfies
the following condition G.

G If the nominalizer Ωx occurs in a sentence in α0 ∪β0 for some x ∈ Xε, then
the variable x does not occur free in the sentences in α0 ∪ β0. Also the
nominalizer Ωx0 in (1.2) occurs in a sentence in α0 ∪ β0.

Proof There exists a sentential counter sequent α→ β by Lemma 3.1. Since
the ϕ-validity relation for each ϕ ∈ G is non-trivial, � is also non-trivial, hence
α ∪ β �= ∅. Let α = f1 · · · fm, β = g1 · · ·gn, and define

h = (f1 ∧ · · ·∧ fm)♦ ∨ (g1 ∨ · · ·∨ gn),

where the orders of applying the operations ∧ and ∨ within parentheses are
arbitrary. Then h is a sentence. Since both � and �∗ are Boolean relations,
Lemma 2.1 shows that → h is a counter sequent.

For each f ∈ A∅ and x ∈ Xε, let ∀x f denote the sentence one∀π (fΩx)	
for the time being. If f ∈ A∅ satisfies � f, then we have � ∀x f for all x ∈ Xε

by the ∀+ law. Conversely, if f ∈ A∅ and x ∈ Xε satisfy �∗ ∀x f, then we
have �∗ f by the ∀− law and cut law. Therefore if → f is a sentential counter
sequent, so is → ∀x f for all x ∈ Xε. Furthermore, Proposition 1 (3) (1) show
that X∀x f

free = Xf
free − {x} and Ωx0 occurs in ∀x f for each f ∈ A∅ and x ∈ Xε.

There exists a non-empty subset {x1, . . . , xk} of Xε which contains every
element of Xε occurring free in h. The above shows that → ∀xk · · · ∀x1 h is
a sentential counter sequent and no element of Xε occurs free in ∀xk · · · ∀x1 h
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but Ωx0 occurs in ∀xk · · · ∀x1 h. Thus defining α0 → β0 as → ∀xk · · · ∀x1 h,
we have that it satisfies G.

Our aim is to show α0 �� β0, which is a desired contradiction.

Lemma 3.3 Xε is partitioned into subsets X ′
ε and X ′′

ε which satisfy the follow-
ing three conditions.

• If x ∈ X ′
ε, then Ωx does not occur in the sentences in α0 ∪ β0.

• Elements of X ′′
ε do not occur free in the sentences in α0 ∪ β0.

• X ′
ε is an enumerable set, while X ′′

ε is a non-empty finite set.

Proof Let X ′′
ε be the set of the elements x ∈ Xε such that Ωx occurs in a

sentence in α0 ∪ β0, and define X ′
ε = Xε − X ′′

ε . Then X ′′
ε is a finite set by

Proposition 1 (2). Since α0 → β0 satisfies the condition G and we are assuming
that Xε is enumerable, X ′

ε and X ′′
ε partition Xε and satisfy the conditions.

We say that an element a ∈ A is good if it satisfies the following conditions.

• If x ∈ X ′
ε, then Ωx does not occur in a.

• Elements of X ′′
ε do not occur free in a.

We denote the F-closure of Cε ∪ X ′
ε by A ′

ε:

A ′
ε = [Cε ∪ X ′

ε]F. (3.1)

Lemma 3.4 The following holds as to the good elements.

(1) Let λ be an operation of A other than the nominalizers and (a1, . . . , an) ∈
Dom λ, hence n ≤ 2. Then λ(a1, . . . , an) is good iff a1, . . . , an are good.

(2) Let a ∈ Aε, f ∈ A∅, x ∈ Xε, and assume that a ŏπ (fΩx)	 is good. Then
f(x/a) is also good and x is free from a in f.

(3) A ′
ε is an enumerable subset of Aε, and an element a ∈ Aε is good iff a ∈ A ′

ε.

Proof (1) Proposition 1 (1) implies that Ωx occurs in λ(a1, . . . , an) iff it
occurs in some of a1, . . . , an. Proposition 1 (3) implies that x ∈ Xε occurs free
in λ(a1, . . . , an) iff it occurs free in some of a1, . . . , an. Therefore (1) holds.

(2) It follow from (1) that a and fΩx are good. Therefore if y ∈ X ′
ε, then

Ωy does not occur in either a or fΩx, and so it does not occur in f either by
Proposition 1 (1). Therefore Ωy does not occur in f(x/a) by Proposition 1 (5).
Also, elements of X ′′

ε do not occur free in a, and Proposition 1 (3) shows that
elements of X ′′

ε other than x do not occur free in f. Therefore elements of X ′′
ε

do not occur free in f(x/a) by Proposition 1 (5). Thus, f(x/a) is good. If a
variable y ∈ Xε occurs free in a, then y ∈ X ′

ε, and so Ωy does not occur in f as
was shown above. Therefore x is free from a in f by Proposition 1 (4).
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(3) (3.1) implies X ′
ε ⊆ A ′

ε ⊆ [Sε]F = Aε, and since both X ′
ε and Aε are

enumerable by Lemma 3.3 and our assumption, so is A ′
ε.

In order to prove the latter half, let B be the set of the good elements of
A. Since Aε = [Sε]F by (1.1), Aε is the union of F-descendants Dn (n =
0, 1, . . . ) of Sε. Similarly, A ′

ε is the union of F-descendants D ′
n (n = 0, 1, . . . )

of Cε ∪ X ′
ε. So we need only to show that Dn ∩ B = D ′

n for all n. Obviously
Sε ∩ B = (Cε ∪ Xε) ∩ B = Cε ∪ X ′

ε, so we argue by induction on n and assume
n ≥ 1. Assume a ∈ Dn ∩ B. Then a = f(a1, . . . , am) for some f ∈ F and
a1, . . . , am ∈ Aε such that ai ∈ Dni (i = 1, . . . ,m) with n = 1+

∑m
i=1 ni. Since

ai ∈ B by (1), we have ai ∈ D ′
ni

(i = 1, . . . ,m) by the induction hypothesis.
Therefore a ∈ D ′

n. Conversely assume a ∈ D ′
n. Then a = f(a1, . . . , am)

for some f ∈ F and a1, . . . , am ∈ A ′
ε such that ai ∈ D ′

ni
(i = 1, . . . ,m) with

n = 1+
∑m

i=1 ni. Since ai ∈ Dni ∩B (i = 1, . . . ,m) by the induction hypothesis,
we have a ∈ Dn ∩ B by (1). This completes the proof of the latter half by
induction.

A sequent α → β is said to be good if it consists of good predicates, and
called a SS (singular sequent) if α ��∗ β. GSS and GSSS are abbreviations
for Good Singular Sequent and Good Sentential Singular Sequent respectively.
Thus α0 → β0 is a GSSS.

Lemma 3.5 Let α→ β be a SS. Then α ∩ β = ∅ and the following holds.

(1) If f ∈ α, then fα→ β is a SS. If g ∈ β, then α→ gβ is a SS.

(2) If α = f1 · · · fl, β = g1 · · ·gm and elements f ′
1, . . . f ′

l, g
′
1, . . . , g ′

m ∈ H satisfy
fi �∗ f ′

i (i = 1, . . . , l) and g ′
j �∗ gj (j = 1, . . . ,m), then f ′

1 · · · f ′
l → g ′

1 · · ·g ′
m

is a SS.

Also the following holds for n = 1, 2, . . . , irrespective of the order of applying
the operations ∧ and ∨.

(3) If f1 ∧ · · ·∧ fn ∈ α, then f1 · · · fnα→ β is a SS.

(4) If f1 ∧ · · ·∧ fn ∈ β, then α→ fiβ is a SS for some i ∈ {1, . . . , n}.

(5) If f1 ∨ · · ·∨ fn ∈ α, then fiα→ β is a SS for some i ∈ {1, . . . , n}.

(6) If f1 ∨ · · ·∨ fn ∈ β, then α→ f1 · · · fnβ is a SS.

Also the following holds.

(7) If f⇒ g ∈ α, then either α→ fβ or gα→ β is a SS.

(8) If f⇒ g ∈ β, then fα→ gβ is a SS.

(9) If f♦ ∈ α, then α→ fβ is a SS.

(10) If f♦ ∈ β, then fα→ β is a SS.
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Proof If α ∩ β �= ∅, then α �∗ β by the repetition law, weakening law and
exchange law. Thus α ∩ β = ∅.

(1) If f ∈ α and fα �∗ β, then α �∗ β by the exchange law and contraction
law. Thus if f ∈ α, then fα→ β is a SS. The latter assertion is proved similarly.

(2) If f ′
1 · · · f ′

l �∗ g ′
1 · · · g ′

m, then α �∗ β by the cut law and exchange law.
Thus f ′

1 · · · f ′
l → g ′

1 · · · g ′
m is a SS.

(3) Suppose f1 ∧ · · ·∧ fn ∈ α. Then f1 ∧ · · ·∧ fn, α → β is a SS by (1). If
f1 · · · fnα �∗ β, then f1 ∧ · · ·∧ fn, α �∗ β by Lemma 2.1. Thus f1 · · · fnα→ β

is a SS.
(4) Suppose f1 ∧ · · ·∧ fn ∈ β. Then α → f1 ∧ · · ·∧ fn, β is a SS by (1). If

α �∗ fiβ for all i ∈ {1, . . . , n}, then α �∗ f1 ∧ · · ·∧ fn, β by Lemma 2.1. Thus
α→ fiβ is a SS for some i ∈ {1, . . . , n}.

The rest of the proof is similar and omitted.

Lemma 3.6 Let α → β be a GSS and f ∈ H. Also, let a1, . . . , an ∈ Aε,
k1, . . . , kn be distinct cases in Kf, and ρ ∈ Sn. Then the following holds.

• If (ai ŏki)i=1,...,nf ∈ α, then (aρi ŏkρi)i=1,...,nf, α→ β is a GSS.

• If (ai ŏki)i=1,...,nf ∈ β, then α→ (aρi ŏkρi)i=1,...,nf, β is a GSS.

Proof The sequents in question are good by Lemma 3.4. Since (ai ŏki)if �∗

(aρi ŏkρi)if by the permutation law, the sequents in question are singular by
Lemma 3.5.

Lemma 3.7 Let α → β be a GSS and f, g ∈ H. Also, let a1, . . . , al ∈ Aε and
k1, . . . , kl be distinct cases with k1, . . . , kn ∈ Kf − Kg, kn+1, . . . , km ∈ Kf ∩Kg,

and km+1, . . . , kl ∈ Kg − Kf (0 ≤ n ≤ m ≤ l). Then the following holds.

• If (ai ŏki)i=1,...,l(f∧ g) ∈ α, then
(ai ŏki)i=1,...,mf, (ai ŏki)i=n+1,...,lg,α → β is a GSS.

• If (ai ŏki)i=1,...,l(f∧ g) ∈ β, then either
α→ (ai ŏki)i=1,...,mf, β or α→ (ai ŏki)i=n+1,...,lg,β is a GSS.

• If (ai ŏki)i=1,...,l(f∨ g) ∈ α, then either
(ai ŏki)i=1,...,mf, α→ β or (ai ŏki)i=n+1,...,lg,α→ β is a GSS.

• If (ai ŏki)i=1,...,l(f∨ g) ∈ β, then
α→ (ai ŏki)i=1,...,mf, (ai ŏki)i=n+1,...,lg,β is a GSS.

• If (ai ŏki)i=1,...,l(f⇒ g) ∈ α, then either
α→ (ai ŏki)i=1,...,mf, β or (ai ŏki)i=n+1,...,lg,α→ β is a GSS.

• If (ai ŏki)i=1,...,l(f⇒ g) ∈ β, then
(ai ŏki)i=1,...,mf, α→ (ai ŏki)i=n+1,...,lg,β is a GSS.

Proof The sequents in question are good by Lemma 3.4, and singular by the
∧ law, ∨ law, ⇒ law, and Lemma 3.5.
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Lemma 3.8 Let α → β a GSS and f ∈ H. Also, let a1, . . . , an ∈ Aε and
k1, . . . , kn be distinct cases in Kf. Then the following holds.

• If (ai ŏki)i=1,...,n(f♦) ∈ α, then α→ (ai ŏki)i=1,...,nf, β is a GSS.

• If (ai ŏki)i=1,...,n(f♦) ∈ β, then (ai ŏki)i=1,...,nf, α→ β is a GSS.

Proof The sequents in question are good by Lemma 3.4 and singular by the
♦ law and Lemma 3.5.

Lemma 3.9 Let α→ β be a GSS, a ∈ G, f ∈ H, k ∈ Kf, and p ∈ P. Also, let
a1, . . . , an ∈ Aε and k1, . . . , kn be distinct cases in Kf − {k}. Then the following
holds.

• If (ai ŏki)i=1,...,n(a¬pk f) ∈ α, then
(ai ŏki)i=1,...,n(apk f♦), α→ β is a GSS.

• If (ai ŏki)i=1,...,n(a¬pk f) ∈ β, then
α→ (ai ŏki)i=1,...,n(apk f♦), β is a GSS.

Proof The sequents in question are good by Lemma 3.4, and singular by
Lemma 3.5, because (ai ŏki)i(a¬pk f) �∗ (ai ŏki)i(apk f♦) by the ¬ law and
gen. case+ law.

Lemma 3.10 Let α→ β be a GSS, a ∈ G, f ∈ H, k ∈ Kf, and p1, . . . , pm ∈ P.
Also, let a1, . . . , an ∈ Aε and k1, . . . , kn be distinct cases in Kf − {k}. Then the
following holds.

• If (ai ŏki)i=1,...,n(a (p1 ∪ · · · ∪ pm)k f) ∈ α, then
(ai ŏki)i=1,...,n(apjk f), α→ β is a GSS for some j ∈ {1, . . . ,m}.

• If (ai ŏki)i=1,...,n(a (p1 ∪ · · · ∪ pm)k f) ∈ β, then
α→ (ai ŏki)i=1,...,n(ap1k f), · · · , (ai ŏki)i=1,...,n(apmk f), β is a GSS.

Proof The sequents in question are good by Lemma 3.4 and singular by the
gen.∪ law, gen. case+ law, gen. ∨ law, and Lemma 3.5.

Lemma 3.11 Let α → β be a GSS, a ∈ G, f ∈ H, k ∈ Kf, and p, q ∈ P.
Also, let a1, . . . , an ∈ Aε and k1, . . . , kn be distinct cases in Kf − {k}. Then the
following holds.

• If (ai ŏki)i=1,...,n(a (p ∩ q)k f) ∈ α, then
(ai ŏki)i=1,...,n(apk f), (ai ŏki)i=1,...,n(aqk f), α → β is a GSS.

• If (ai ŏki)i=1,...,n(a (p ∩ q)k f) ∈ β, then either
α → (ai ŏki)i=1,...,n(apk f), β or α → (ai ŏki)i=1,...,n(aqk f), β is a
GSS.
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Proof The sequents in question are good by Lemma 3.4 and singular by the
∩ law, gen. case+ law, ∧ law, and Lemma 3.5.

Lemma 3.12 Let α→ β be a GSS, a ∈ G, f ∈ H, k ∈ Kf, and p ∈ P. Also, let
a1, . . . , an ∈ Aε and k1, . . . , kn be distinct cases in Kf − {k}. Then the following
holds.

• If (ai ŏki)i=1,...,n(ap◦k f) ∈ α, then
α→ (ai ŏki)i=1,...,n(apk f), β is a GSS.

• If (ai ŏki)i=1,...,n(ap◦k f) ∈ β, then
(ai ŏki)i=1,...,n(apk f), α → β is a GSS.

Proof The sequents in question are good by Lemma 3.4 and singular by the
◦ law, gen. case+ law, ♦ law, and Lemma 3.5.

Lemma 3.13 Let α → β be a GSS, a ∈ G, f ∈ H, k ∈ Kf, and p ∈ P. Also,
let a1, . . . , an ∈ Aε and k1, . . . , kn be all of the distinct cases in Kf − {k}. Then
the following holds.

• If (ai ŏki)i=1,...,n(apk f) ∈ α, then(
a�(

x ŏk (ai ŏki)i=1,...,nf
)
Ωx

)
pπone	, α → β is a GSS for all x ∈ X ′′

ε .

• If (ai ŏki)i=1,...,n(apk f) ∈ β, then
α→ (

a�(
x ŏk (ai ŏki)i=1,...,nf

)
Ωx

)
pπone	, β is a GSS for all x ∈ X ′′

ε .

Proof Define g = (ai ŏki)i=1,...,nf. Lemma 3.4 shows that a1, . . . , an, a, f

are good and therefore so is g. Therefore
(
x ŏk g

)
Ωx is good by Proposition 1

(1) and (3). Similarly one = (x0 ∀πx0	)Ωx0 is good. Thus the sequents in
question are good by Lemma 3.4 and singular by Lemmas 2.10 and 3.5.

Lemma 3.14 Let α → β be a GSSS, a, b1, . . . , bn ∈ G, and p, q1, . . . , qn ∈
P. Assume apπone	 ∈ α, b1 q1πone	, . . . , bn qnπone	 ∈ β, and p ≥∑n

i=1 qi, where if n = 0 then
∑n

i=1 qi = 0 by definition. Then

x ŏπa	, α → x ŏπb1	, · · · , x ŏπbn	, β

is a GSSS for all x ∈ X ′
ε which do not occur free in the sentences in α ∪ β.

Proof The sequent in question is good by Lemma 3.4 and singular by the pi-
geonhole principle and Lemma 3.5 because x does not occur free in a, b1, . . . , bn

by Proposition 1 (3).

Lemma 3.15 Let α→ β be a GSS and a ∈ G. Assume a∃πone	 ∈ β. Then
α→ b ŏπa	, β is a GSS for all b ∈ A ′

ε.

Proof The sequent in question is good by Lemma 3.4 and singular by the ∃
law and Lemma 3.5.
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Lemma 3.16 Let α→ β be a GSS, a, b ∈ G, and c ∈ Aε. Then the following
holds.

• If c ŏπ (a � b)	 ∈ α, then c ŏπa	, c ŏπb	, α → β is a GSS.

• If c ŏπ (a � b)	 ∈ β, then either
α→ c ŏπa	, β or α→ c ŏπb	, β is a GSS.

• If c ŏπ (a � b)	 ∈ α, then either
c ŏπa	, α → β or c ŏπb	, α → β is a GSS.

• If c ŏπ (a � b)	 ∈ β, then α→ c ŏπa	, c ŏπb	, β is a GSS.

Proof The sequents in question are good by Lemma 3.4 and singular by the
� law, � law, gen. case+ law, ∧ law, ∨ law, and Lemma 3.5.

Lemma 3.17 Let α → β be a GSS, a ∈ G, and b ∈ Aε. Then the following
holds.

• If b ŏπ (a�)	 ∈ α, then α→ b ŏπa	, β is a GSS.

• If b ŏπ (a�)	 ∈ β, then b ŏπa	, α → β is a GSS.

Proof The sequents in question are good by Lemma 3.4 and singular by the
� law, gen. case+ law, ♦ law, and Lemma 3.5.

Lemma 3.18 Let α → β be a GSS, a ∈ Aε, f ∈ A∅, and x ∈ Xε. Then the
following holds.

• If a ŏπ (fΩx)	 ∈ α, then f(x/a),α → β is a GSS.

• If a ŏπ (fΩx)	 ∈ β, then α→ f(x/a),β is a GSS.

Proof The sequents in question are good and x is free from a in f by Lemma
3.4. Therefore they are singular by the Ω law and Lemma 3.5.

Remark 3.1 Recall from Remark 1.1 that P is the set of the finite unions of
the intervals in the shape (p→), (←q] or (pq]. Here and elsewhere, let∞ be the
largest element of P, if it exists. Then (∞→) = ∅, (←∞] = P, (p∞] = (p→),
and (pq] = ∅ if p ≥ q. So henceforth, unless otherwise stated, we assume p �=∞
as to the intervals (p→), q �=∞ as to the intervals (←q], and either p < q �=∞
or p = q = 0 as to the intervals (pq]. Then since P is linear, the following holds.

• The intervals (p→) and (←q] are different from P and ∅. The intervals
(pq] are different from P and equal to ∅ iff p = q = 0.

• (p→) = (p ′→) ⇐⇒ p = p ′.

• (←q] = (←q ′] ⇐⇒ q = q ′.
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• (pq] = (p ′q ′] ⇐⇒ p = p ′, q = q ′.

• (p→) �= (←q] �= (pq ′] �= (p ′→) for all p, p ′, q, q ′ ∈ P.

Therefore each of these intervals has uniquely determined one or two ends,
which are different from ∞.

Also since P is linear, every element p ∈ P is the direct union of its uniquely
determined distinct connected components p1, . . . , pn, each of which is equal
to P or one of the above intervals. We call ¬p1, . . . ,¬pn the connected compo-
nents of ¬p ∈ ¬P, and call the ends of pi the ends of ¬pi also. We say that
an element p ∈ P occurs in an element f ∈ H, if p is equal to an end of a
connected component of x ∈ Q such that the operation xk occurs in f for some
k ∈ K. Furthermore, we say that p occurs in a subset X of H, if p occurs in a
predicate f ∈ X.

Lemma 3.19 There exists a series (αn → βn)n=1,2,... of GSSS’s which sat-
isfies the following thirty three conditions, where “n ≡ i” is an abbreviation
for “n ≡ i mod 32” for i ∈ {1, . . . , 32}. For the condition 24, we let A ′

ε =
{a1, a2, . . . }, because A ′

ε is an enumerable set by Lemma 3.4.

(0) αn−1 ⊆ αn and βn−1 ⊆ βn hold, and if an element of P − {0} occurs in
αn ∪ βn, then it also occurs in αn−1 ∪ βn−1 (n = 1, 2, . . . ).

(1) If n ≡ 1 and (ai ŏki)i=1,...,lf ∈ αn−1, then
(aρi ŏkρi)i=1,...,lf ∈ αn for all ρ ∈ Sl.

(2) If n ≡ 2 and (ai ŏki)i=1,...,lf ∈ βn−1, then
(aρi ŏkρi)i=1,...,lf ∈ βn for all ρ ∈ Sl.

(3) If n ≡ 3, (ai ŏki)i=1,...,l(f∧ g) ∈ αn−1, and the range condition

Kf − Kg = {k1, . . . , kν},

Kf ∩ Kg = {kν+1, . . . , km},

Kg − Kf = {km+1, . . . , kl}

(3.2)

is satisfied, then (ai ŏki)i=1,...,mf, (ai ŏki)i=ν+1,...,lg ∈ αn.

(4) If n ≡ 4, (ai ŏki)i=1,...,l(f∧ g) ∈ βn−1, and (3.2) is satisfied, then
(ai ŏki)i=1,...,mf ∈ βn or (ai ŏki)i=ν+1,...,lg ∈ βn.

(5) If n ≡ 5, (ai ŏki)i=1,...,l(f∨ g) ∈ αn−1, and (3.2) is satisfied, then
(ai ŏki)i=1,...,mf ∈ αn or (ai ŏki)i=ν+1,...,lg ∈ αn.

(6) If n ≡ 6, (ai ŏki)i=1,...,l(f∨ g) ∈ βn−1, and (3.2) is satisfied, then
(ai ŏki)i=1,...,mf, (ai ŏki)i=ν+1,...,lg ∈ βn.

(7) If n ≡ 7, (ai ŏki)i=1,...,l(f⇒ g) ∈ αn−1, and (3.2) is satisfied, then
(ai ŏki)i=1,...,mf ∈ βn or (ai ŏki)i=ν+1,...,lg ∈ αn.
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(8) If n ≡ 8, (ai ŏki)i=1,...,l(f⇒ g) ∈ βn−1, and (3.2) is satisfied, then
(ai ŏki)i=1,...,mf ∈ αn, (ai ŏki)i=ν+1,...,lg ∈ βn.

(9) If n ≡ 9 and (ai ŏki)i=1,...,l(f
♦) ∈ αn−1, then (ai ŏki)i=1,...,lf ∈ βn.

(10) If n ≡ 10 and (ai ŏki)i=1,...,l(f
♦) ∈ βn−1, then (ai ŏki)i=1,...,lf ∈ αn.

(11) If n ≡ 11 and (ai ŏki)i=1,...,l(a¬pk f) ∈ αn−1 with p ∈ P, then
(ai ŏki)i=1,...,l(apk f♦) ∈ αn.

(12) If n ≡ 12 and (ai ŏki)i=1,...,l(a¬pk f) ∈ βn−1 with p ∈ P, then
(ai ŏki)i=1,...,l(apk f♦) ∈ βn.

(13) If n ≡ 13 and (ai ŏki)i=1,...,l(apk f) ∈ αn−1 with p ∈ P having the con-
nected components p1, . . . , pm (m ≥ 2), then
(ai ŏki)i=1,...,l(apjk f) ∈ αn for some j ∈ {1, . . . ,m}.

(14) If n ≡ 14 and (ai ŏki)i=1,...,l(apk f) ∈ βn−1 with p ∈ P having the con-
nected components p1, . . . , pm (m ≥ 2), then
(ai ŏki)i=1,...,l(apjk f) ∈ βn for all j ∈ {1, . . . ,m}.

(15) If n ≡ 15 and (ai ŏki)i=1,...,l(aPk f) ∈ αn−1, then
(ai ŏki)i=1,...,l(a0k f) ∈ αn or (ai ŏki)i=1,...,l(a (←0]k f) ∈ αn.

(16) If n ≡ 16 and (ai ŏki)i=1,...,l(aPk f) ∈ βn−1, then
(ai ŏki)i=1,...,l(a0k f), (ai ŏki)i=1,...,l(a (←0]k f) ∈ βn.

(17) If n ≡ 17 and (ai ŏki)i=1,...,l(a (pq]k f) ∈ αn−1, then
(ai ŏki)i=1,...,l(apk f), (ai ŏki)i=1,...,l(a (←q]k f) ∈ αn.

(18) If n ≡ 18 and (ai ŏki)i=1,...,l(a (pq]k f) ∈ βn−1, then
(ai ŏki)i=1,...,l(apk f) ∈ βn or (ai ŏki)i=1,...,l(a (←q]k f) ∈ βn.

(19) If n ≡ 19 and (ai ŏki)i=1,...,l(a (←q]k f) ∈ αn−1, then
(ai ŏki)i=1,...,l(aqk f) ∈ βn.

(20) If n ≡ 20 and (ai ŏki)i=1,...,l(a (←q]k f) ∈ βn−1, then
(ai ŏki)i=1,...,l(aqk f) ∈ αn.

(21) If n ≡ 21 and (ai ŏki)i=1,...,l(apk f) ∈ αn−1, then(
a � (

x ŏk (ai ŏki)i=1,...,lf
)
Ωx

)
pπone	 ∈ αn for all x ∈ X ′′

ε .

(22) If n ≡ 22 and (ai ŏki)i=1,...,l(apk f) ∈ βn−1, then(
a � (

x ŏk (ai ŏki)i=1,...,lf
)
Ωx

)
pπone	 ∈ βn for all x ∈ X ′′

ε .

(23) If n ≡ 23, apπone	 ∈ αn−1, b1 q1πone	, . . . , bm qmπone	 ∈ βn−1,

and p ≥∑m
i=1 qi, then

x ŏπa	 ∈ αn and x ŏπb1	, . . . , x ŏπbm	 ∈ βn for some x ∈ X ′
ε.

(24) If n ≡ 24 and a∃πone	 ∈ βn−1, then
ai ŏπa	 ∈ βn for all i ∈ {1, . . . , n}, where A ′

ε = {a1, a2, . . . }.
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(25) If n ≡ 25 and c ŏπ (a � b)	 ∈ αn−1, then c ŏπa	, c ŏπb	 ∈ αn.

(26) If n ≡ 26 and c ŏπ (a � b)	 ∈ βn−1, then c ŏπa	 ∈ βn or c ŏπb	 ∈ βn.

(27) If n ≡ 27 and c ŏπ (a � b)	 ∈ αn−1, then c ŏπa	 ∈ αn or c ŏπb	 ∈ αn.

(28) If n ≡ 28 and c ŏπ (a � b)	 ∈ βn−1, then c ŏπa	, c ŏπb	 ∈ βn

(29) If n ≡ 29 and b ŏπ (a�)	 ∈ αn−1, then b ŏπa	 ∈ βn.

(30) If n ≡ 30 and b ŏπ (a�)	 ∈ βn−1, then b ŏπa	 ∈ αn.

(31) If n ≡ 31 and a ŏπ (fΩx)	 ∈ αn−1, then f(x/a) ∈ αn.

(32) If n ≡ 32 and a ŏπ (fΩx)	 ∈ βn−1, then f(x/a) ∈ βn.

Proof We will inductively define GSSS’s αn → βn (n = 1, 2, . . . ) starting
from the GSSS α0 → β0. Suppose n ≥ 1 and the GSSS αn−1 → βn−1 has been
defined. Then we enlarge αn−1 → βn−1 to a GSSS αn → βn by extending
αn−1 or βn−1 or both with a finite number of good sentences.

If n ≡ 1, extend αn−1 with all the sentences (ai ŏki)i=1,...,lf such that
(aρi ŏkρi)i=1,...,lf ∈ αn−1 for some ρ ∈ Sl. Then the resulting sequent αn →
βn satisfies the conditions 0, 1 and is a GSSS by Lemma 3.6.

If n ≡ 2, extend βn−1 with all the sentences (ai ŏki)i=1,...,lf such that
(aρi ŏkρi)i=1,...,lf ∈ βn−1 for some ρ ∈ Sl. Then the resulting sequent αn →
βn satisfies the conditions 0, 2 and is a GSSS by Lemma 3.6.

If n ≡ 3, extend αn−1 with the paired sentences (ai ŏki)i=1,...,mf and
(ai ŏki)i=ν+1,...,lg made of all the sentences (ai ŏki)i=1,...,l(f∧ g) ∈ αn−1 sat-
isfying (3.2). Then the resulting sequent αn → βn satisfies the conditions 0, 3
and is a GSSS by Lemma 3.7.

If a sentence (ai ŏki)i=1,...,l(f∧ g) satisfies (3.2), we call it a ∧-sentence,
and call sentences (ai ŏki)i=1,...,mf and (ai ŏki)i=ν+1,...,lg its constituents.

If n ≡ 4, let {h1, . . . , hk} be the set of the ∧-sentences which belong to βn−1,
and inductively make GSSS’s αn,i → βn,i (i = 0, 1, . . . , k) as follows, and let
αn → βn = αn,k → βn,k. First, let αn,0 → βn,0 = αn−1 → βn−1. Next for
i ≥ 1, there is a constituent h ′

i of hi such that αn,i−1 → h ′
iβn,i−1 is a GSSS

by Lemma 3.7, so let it be αn,i → βn,i. Then αn → βn is a GSSS and satisfies
the conditions 0, 4.

If n ≡ 6, extend βn−1 with the paired sentences (ai ŏki)i=1,...,mf and
(ai ŏki)i=ν+1,...,lg made of all the sentences (ai ŏki)i=1,...,l(f∨ g) ∈ βn−1 sat-
isfying (3.2). Then the resulting sequent αn → βn satisfies the conditions 0, 6
and is a GSSS by Lemma 3.7.

If a sentence (ai ŏki)i=1,...,l(f∨ g) satisfies (3.2), we call it a ∨-sentence,
and call sentences (ai ŏki)i=1,...,mf and (ai ŏki)i=ν+1,...,lg its constituents.

If n ≡ 5, let {h1, . . . , hk} be the set of the ∨-sentences contained in αn−1,
and inductively make GSSS’s αn,i → βn,i (i = 0, 1, . . . , k) as follows, and let
αn → βn = αn,k → βn,k. First, let αn,0 → βn,0 = αn−1 → βn−1. Next for
i ≥ 1, there is a constituent h ′

i of hi such that h ′
iαn,i−1 → βn,i−1 is a GSS by
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Lemma 3.7, so let it be αn,i → βn,i. Then αn → βn is a GSSS and satisfies
the conditions 0, 5.

If n ≡ 8, for each sentence (ai ŏki)i=1,...,l(f⇒ g) ∈ βn−1 satisfying (3.2),
add (ai ŏki)i=1,...,mf to αn−1 and add (ai ŏki)i=ν+1,...,lg to βn−1. Let αn →
βn be the resulting sequent. Then it satisfies the conditions 0, 8 and is a GSSS
by Lemma 3.7.

If a sentence (ai ŏki)i=1,...,l(f⇒ g) satisfies (3.2), we call it a ⇒-sentence,
and call sentences (ai ŏki)i=1,...,mf and (ai ŏki)i=ν+1,...,lg its constituents.

If n ≡ 7, let {h1, . . . , hk} be the set of the⇒-sentences which belong to αn−1,
and inductively make GSSS’s αn,i → βn,i (i = 0, 1, . . . , k) as follows, and let
αn → βn = αn,k → βn,k. First, let αn,0 → βn,0 = αn−1 → βn−1. Next for
i ≥ 1, let h ′

i, h
′′
i be the constituents of hi. Then either αn,i−1 → h ′

iβn,i−1 or
h ′′

i αn,i−1 → βn,i−1 is a GSSS by Lemma 3.7, so let αn,i → βn,i be the one
which is a GSSS. Then αn → βn is a GSSS and satisfies the conditions 0, 7.

If n ≡ 9, extend βn−1 with all the sentences (ai ŏki)i=1,...,lf such that
(ai ŏki)i=1,...,l(f

♦) ∈ αn−1. Then the resulting sequent αn → βn satisfies the
conditions 0, 9 and is a GSSS by Lemma 3.8.

If n ≡ 10, extend αn−1 with all the sentences (ai ŏki)i=1,...,lf such that
(ai ŏki)i=1,...,l(f

♦) ∈ βn−1. Then the resulting sequent αn → βn satisfies the
conditions 0, 10 and is a GSSS by Lemma 3.8.

If n ≡ 11, extend αn−1 with all the sentences (ai ŏki)i=1,...,l(apk f♦) such
that p ∈ P and (ai ŏki)i=1,...,l(a¬pk f) ∈ αn−1. Then the resulting sequent
αn → βn satisfies the conditions 0, 11 and is a GSSS by Lemma 3.9.

If n ≡ 12, extend βn−1 with all the sentences (ai ŏki)i=1,...,l(apk f♦) such
that p ∈ P and (ai ŏki)i=1,...,l(a¬pk f) ∈ βn−1. Then the resulting sequent
αn → βn satisfies the conditions 0, 12 and is a GSSS by Lemma 3.9.

If n ≡ 14, extend βn−1 with all the sentences (ai ŏki)i=1,...,l(aqk f) such
that q is a connected component of a disconnected element p ∈ P such that
(ai ŏki)i=1,...,l(apk f) ∈ βn−1. Then the resulting sequent αn → βn satisfies
the conditions 0, 14 and is a GSSS by Lemma 3.10.

A sentence (ai ŏki)i=1,...,l(apk f) with p ∈ P disconnected will be called a
disconnected sentence, and for each connected component q of p, the sentence
(ai ŏki)i=1,...,l(aqk f) will be called a constituent of (ai ŏki)i=1,...,l(apk f).

If n ≡ 13, let {h1, . . . , hm} be the set of the disconnected sentences contained
in αn−1, inductively make GSSS’s αn,i → βn,i (i = 0, 1, . . . ,m) as follows, and
let αn → βn = αn,m → βn,m. First, let αn,0 → βn,0 = αn−1 → βn−1. Next
for i ≥ 1, there is a constituent h ′

i of hi such that h ′
iαn,i−1 → βn,i−1 is a GSSS

by Lemma 3.10, so let it be αn,i → βn,i. Then αn → βn is a GSSS and satisfies
the conditions 0, 13.

If n ≡ 16, extend βn−1 with all the paired sentences (ai ŏki)i=1,...,l(a0k f)
and (ai ŏki)i=1,...,l(a (←0]k f) such that (ai ŏki)i=1,...,l(aPk f) ∈ βn−1. Then,
since P = 0∪ (←0], the resulting sequent αn → βn satisfies the conditions 0, 16
and is a GSSS by Lemma 3.10.

We call a sentence (ai ŏki)i=1,...,l(aPk f) a P-sentence, and call sentences
(ai ŏki)i=1,...,l(a0k f) and (ai ŏki)i=1,...,l(a (←0]k f) its constituents.

27



If n ≡ 15, let {h1, . . . , hm} be the set of the P-sentences contained in αn−1,
inductively make GSSS’s αn,i → βn,i (i = 0, 1, . . . ,m) as follows, and let
αn → βn = αn,m → βn,m. First, let αn,0 → βn,0 = αn−1 → βn−1. Next for
i ≥ 1, there is a constituent h ′

i of hi such that h ′
iαn,i−1 → βn,i−1 is a GSSS by

Lemma 3.10, so let it be αn,i → βn,i. Then αn → βn is a GSSS and satisfies
the conditions 0, 15.

If n ≡ 17, extend αn−1 with all the paired sentences (ai ŏki)i=1,...,l(apk f)
and (ai ŏki)i=1,...,l(a (←q]k f) such that (ai ŏki)i=1,...,l(a (pq]k f) ∈ αn−1.
Such an extension is possible because the number of those paired sentences
is finite by the assumption in Remark 3.11. Since (pq] = p∩(←q], the resulting
sequent αn → βn satisfies the conditions 0, 17 and is a GSSS by Lemma 3.11.

We call a sentence (ai ŏki)i=1,...,l(a (pq]k f) a proper sentence, and call sen-
tences (ai ŏki)i=1,...,l(apk f) and (ai ŏki)i=1,...,l(a (←q]k f) its constituents.

If n ≡ 18, let {h1, . . . , hm} be the set of the proper sentences contained in
βn−1, and inductively make GSSS’s αn,i → βn,i (i = 0, 1, . . . ,m) as follows,
and let αn → βn = αn,m → βn,m. First, let αn,0 → βn,0 = αn−1 → βn−1.
Next for i ≥ 1, there is a constituent h ′

i of hi such that αn,i−1 → h ′
iβn,i−1 is a

GSSS by Lemma 3.11, so let it be αn,i → βn,i. Then αn → βn is a GSSS and
satisfies the conditions 0, 18.

If n ≡ 19, extend βn−1 with all the sentences (ai ŏki)i(aqk f) such that
(ai ŏki)i(a (←q]k f) ∈ αn−1. Then, since (←q] = q◦, the resulting sequent
αn → βn satisfies the conditions 0, 19 and is a GSSS by Lemma 3.12.

If n ≡ 20, extend αn−1 with all the sentences (ai ŏki)i(aqk f) such that
(ai ŏki)i(a (←q]k f) ∈ βn−1. Then the resulting sequent αn → βn satisfies the
conditions 0, 20 and is a GSSS by Lemma 3.12.

If n ≡ 21, extend αn−1 with all the sentences
(
a � (

x ŏk (ai ŏki)i=1,...,lf
)
Ωx

)
pπone	

such that (ai ŏki)i=1,...,l(apk f) ∈ αn−1 and x ∈ X ′′
ε . Such an extension is

possible because X ′′
ε is a finite set by Lemma 3.3. The resulting sequent αn →

βn satisfies the conditions 0, 21 and is a GSSS by Lemma 3.13.
We call a sentence (ai ŏki)i=1,...,l(apk f) an upper sentence, and call sen-

tences
(
a � (

x ŏk (ai ŏki)i=1,...,lf
)
Ωx

)
pπone	 its one-representations.

If n ≡ 22, extend βn−1 with all the one-representations of the upper sen-
tences contained in βn−1. Then the resulting sequent αn → βn satisfies the
conditions 0, 22 and is a GSSS by Lemma 3.13.

If n ≡ 23, let {T1, . . . , Tl} be the set of all tuples

(apπone	, b1 q1πone	, . . . , bm qmπone	)

of distinct sentences apπone	 ∈ αn−1 and b1 q1πone	, . . . , bm qmπone	 ∈
βn−1 such that p ≥ ∑m

i=1 qi. The number of such tuples is finite because
each tuple consists of distinct sentences. Inductively make GSSS’s αn,i →

1If we did not exclude intervals ���� with � ≥ �, then ��� �̆�������������� ∅� �� may yield
infinitely many sentences ��� �̆�������������� �� �� and ��� �̆�������������� ����� �� with � ≥ �.
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βn,i (i = 0, 1, . . . , l) as follows, and let αn → βn = αn,l → βn,l. First, let
αn,0 → βn,0 = αn−1 → βn−1. Next for i ≥ 1, suppose Ti is a tuple of
apπone	 ∈ αn−1 and b1 q1πone	, . . . , bm qmπone	 ∈ βn−1, and take a
variable x ∈ X ′

ε which does not occur free in the sentences in αn,i−1 ∪ βn,i−1

(such a variable exists by Lemma 4.1 of Gomi (09b) because X ′
ε is enumerable

by Lemma 3.3). Then x ŏπa	, αn,i−1 → x ŏπb1	, · · · , x ŏπbm	, βn,i−1 is a
GSSS by Lemma 3.14, so let it be αn,i → βn,i. Then αn → βn is a GSSS and
satisfies the conditions 0, 23.

If n ≡ 24, extend βn−1 with all the n-tuples a1 ŏπa	, . . . , an ŏπa	 such
that a∃πone	 ∈ βn−1. Then the resulting sequent αn → βn satisfies the
conditions 0, 24 and is a GSSS by Lemma 3.15.

If n ≡ 25, then extend αn−1 with all the paired sentences c ŏπa	 and
c ŏπb	 such that c ŏπ (a � b)	 ∈ αn−1. Then the resulting sequent αn → βn

satisfies the conditions 0, 25 and is a GSSS by Lemma 3.16.
We call a sentence c ŏπ (a � b)	 a �-sentence, and call sentences c ŏπa	

and c ŏπb	 its constituents.
If n ≡ 26, let {h1, . . . , hm} be the set of the �-sentences contained in βn−1,

and inductively make GSSS’s αn,i → βn,i (i = 0, 1, . . . ,m) as follows, and let
αn → βn = αn,m → βn,m. First, let αn,0 → βn,0 = αn−1 → βn−1. Next for
i ≥ 1, there is a constituent h ′

i of hi such that αn,i−1 → h ′
iβn,i−1 is a GSSS by

Lemma 3.16, so let it be αn,i → βn,i. Then αn → βn is a GSSS and satisfies
the conditions 0, 26.

If n ≡ 28, extend βn−1 with all the paired sentences c ŏπa	 and c ŏπb	
such that c ŏπ (a � b) ∈ βn−1. Then the resulting sequent αn → βn satisfies
the conditions 0, 28 and is a GSSS by Lemma 3.16.

We call a sentence c ŏπ (a � b)	 a �-sentence, and call sentences c ŏπa	
and c ŏπb	 its constituents.

If n ≡ 27, let {h1, . . . , hm} be the set of the �-sentences contained in αn−1,
and inductively make GSSS’s αn,i → βn,i (i = 0, 1, . . . ,m) as follows, and let
αn → βn = αn,m → βn,m. First, let αn,0 → βn,0 = αn−1 → βn−1. Next for
i ≥ 1, since there is a constituent h ′

i of hi such that h ′
iαn,i−1 → βn,i−1 is a

GSSS by Lemma 3.16, let it be αn,i → βn,i. Then αn → βn is a GSSS and
satisfies the conditions 0, 27.

If n ≡ 29, extend βn−1 with all the sentences b ŏπa	 such that b ŏπ (a�)	
∈ αn−1. Then the resulting sequent αn → βn satisfies the conditions 0, 29 and
is a GSSS by Lemma 3.17.

If n ≡ 30, extend αn−1 with all the sentences b ŏπa	 such that b ŏπ (a�)	
∈ βn−1. Then the resulting sequent αn → βn satisfies the conditions 0, 30 and
is a GSSS by Lemma 3.17.

If n ≡ 31, extend αn−1 with all the sentences f(x/a) such that a ŏπ (fΩx)	
∈ αn−1. Then the resulting sequent αn → βn satisfies the conditions 0, 31 and
is a GSSS by Lemma 3.18.

If n ≡ 32, extend βn−1 with all the sentences f(x/a) such that a ŏπ (fΩx)	
∈ βn−1. Then the resulting sequent αn → βn satisfies the conditions 0, 32 and
is a GSSS by Lemma 3.18.
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This completes the inductive definition of the series (αn → βn)n=1,2,... of
GSSS’s which satisfy the above thirty three conditions.

Lemma 3.20 Define P =
⋃

n≥0 αn and Q =
⋃

n≥0 βn. Then P∪Q consists of
good sentences, P ∩ Q = ∅, and the following thirty four conditions hold.

(0) If an element of P − {0} occurs in P ∪ Q, then it also occurs in α0 ∪ β0.

(1) If (ai ŏki)i=1,...,lf ∈ P, then (aρi ŏkρi)i=1,...,lf ∈ P for all ρ ∈ Sl.

(2) If (ai ŏki)i=1,...,lf ∈ Q, then (aρi ŏkρi)i=1,...,lf ∈ Q for all ρ ∈ Sl.

(3) If (ai ŏki)i=1,...,l(f∧ g) ∈ P satisfies (3.2), then
(ai ŏki)i=1,...,mf ∈ P and (ai ŏki)i=ν+1,...,lg ∈ P.

(4) If (ai ŏki)i=1,...,l(f∧ g) ∈ Q satisfies (3.2), then either
(ai ŏki)i=1,...,mf ∈ Q or (ai ŏki)i=ν+1,...,lg ∈ Q.

(5) If (ai ŏki)i=1,...,l(f∨ g) ∈ P satisfies (3.2), then either
(ai ŏki)i=1,...,mf ∈ P or (ai ŏki)i=ν+1,...,lg ∈ P.

(6) If (ai ŏki)i=1,...,l(f∨ g) ∈ Q satisfies (3.2), then
(ai ŏki)i=1,...,mf ∈ Q and (ai ŏki)i=ν+1,...,lg ∈ Q.

(7) If (ai ŏki)i=1,...,l(f⇒ g) ∈ P satisfies (3.2), then either
(ai ŏki)i=1,...,mf ∈ Q or (ai ŏki)i=ν+1,...,lg ∈ P.

(8) If (ai ŏki)i=1,...,l(f⇒ g) ∈ Q satisfies (3.2), then
(ai ŏki)i=1,...,mf ∈ P and (ai ŏki)i=ν+1,...,lg ∈ Q.

(9) If (ai ŏki)i=1,...,l(f
♦) ∈ P, then (ai ŏki)i=1,...,lf ∈ Q.

(10) If (ai ŏki)i=1,...,l(f
♦) ∈ Q, then (ai ŏki)i=1,...,lf ∈ P.

(11) If (ai ŏki)i=1,...,l(a¬pk f) ∈ P with p ∈ P, then
(ai ŏki)i=1,...,l(apk f♦) ∈ P.

(12) If (ai ŏki)i=1,...,l(a¬pk f) ∈ Q with p ∈ P, then
(ai ŏki)i=1,...,l(apk f♦) ∈ Q.

(13) If (ai ŏki)i=1,...,l(apk f) ∈ P with p ∈ P having the connected compo-
nents p1, . . . , pm (m ≥ 2), then (ai ŏki)i=1,...,l(apjk f) ∈ P for some j ∈
{1, . . . ,m}.

(14) If (ai ŏki)i=1,...,l(apk f) ∈ Q with p ∈ P having the connected components
p1, . . . , pm (m ≥ 2), then (ai ŏki)i=1,...,l(apjk f) ∈ Q for all j ∈ {1, . . . ,m}.

(15) If (ai ŏki)i=1,...,l(aPk f) ∈ P, then either
(ai ŏki)i=1,...,l(a0k f) ∈ P or (ai ŏki)i=1,...,l(a (←0]k f) ∈ P.

(16) If (ai ŏki)i=1,...,l(aPk f) ∈ Q, then
(ai ŏki)i=1,...,l(a0k f) ∈ Q and (ai ŏki)i=1,...,l(a (←0]k f) ∈ Q.
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(17) If (ai ŏki)i=1,...,l(a (pq]k f) ∈ P, then
(ai ŏki)i=1,...,l(apk f) ∈ P and (ai ŏki)i=1,...,l(a (←q]k f) ∈ P.

(18) If (ai ŏki)i=1,...,l(a (pq]k f) ∈ Q, then either
(ai ŏki)i=1,...,l(apk f) ∈ Q or (ai ŏki)i=1,...,l(a (←q]k f) ∈ Q.

(19) If (ai ŏki)i=1,...,l(a (←q]k f) ∈ P, then (ai ŏki)i=1,...,l(aqk f) ∈ Q.

(20) If (ai ŏki)i=1,...,l(a (←q]k f) ∈ Q, then (ai ŏki)i=1,...,l(aqk f) ∈ P.

(21) If (ai ŏki)i=1,...,l(apk f) ∈ P, then(
a � (

x ŏk (ai ŏki)i=1,...,lf
)
Ωx

)
pπone	 ∈ P for all x ∈ X ′′

ε .

(22) If (ai ŏki)i=1,...,l(apk f) ∈ Q, then(
a � (

x ŏk (ai ŏki)i=1,...,lf
)
Ωx

)
pπone	 ∈ Q for all x ∈ X ′′

ε .

(23) If apπone	 ∈ P, b1 q1πone	, . . . , bm qmπone	 ∈ Q, and p ≥∑m
i=1 qi,

then x ŏπa	 ∈ P and x ŏπb1	, · · · , x ŏπbm	 ∈ Q for some x ∈ X ′
ε.

(24) If a∃πone	 ∈ Q, then b ŏπa	 ∈ Q for all elements b ∈ A ′
ε.

(25) If c ŏπ (a � b)	 ∈ P, then c ŏπa	 ∈ P and c ŏπb	 ∈ P.

(26) If c ŏπ (a � b)	 ∈ Q, then either c ŏπa	 ∈ Q or c ŏπb	 ∈ Q.

(27) If c ŏπ (a � b)	 ∈ P, then either c ŏπa	 ∈ P or c ŏπb	 ∈ P.

(28) If c ŏπ (a � b)	 ∈ Q, then c ŏπa	 ∈ Q and c ŏπb	 ∈ Q.

(29) If b ŏπ (a�)	 ∈ P, then b ŏπa	 ∈ Q.

(30) If b ŏπ (a�)	 ∈ Q, then b ŏπa	 ∈ P.

(31) If a ŏπ (fΩx)	 ∈ P, then f(x/a) ∈ P.

(32) If a ŏπ (fΩx)	 ∈ Q, then f(x/a) ∈ Q.

Proof If f ∈ P and g ∈ Q and i ∈ {1, . . . , 32}, then since (αn → βn)n=0,1,...

is increasing, there exist infinitely many positive integers n such that f ∈ αn,

g ∈ βn, and n ≡ i mod 32. Therefore by Lemmas 3.5 and 3.19, we see that
P∪Q consists of good sentences, P∩Q = ∅, and the first thirty three conditions
hold with special attention to (24).

Using the sets P and Q of good sentences in Lemma 3.20, we will construct
a MPC world W cognizable by A. First, since A ′

ε is enumerable by Lemma 3.4
and in particular non-empty, we may choose A ′

ε as the base S of W:

S = A ′
ε. (3.3)

Then, we may define the basic relation ∃ on S by

b ∃ a ⇐⇒ a ŏπb	 /∈ Q (3.4)
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for all a, b ∈ S.
In order to define the P-measure X �→ |X| on S, first let P ′ be the set of the

elements of P which occur in P ∪ Q. Then ∞ /∈ P ′ by Remark 3.1, and P ′ is a
finite set by Proposition 1 (2) and Lemma 3.20 (0). Therefore there exists an
element ó ∈ P such that 0 < ó and p < ó for all p ∈ P ′.

Next, for each a ∈ G, we may define

Sa = {s ∈ S | s ŏπa	 /∈ Q} (3.5)

by virtue of (3.3). In particular for a ∈ A ′
ε, Sa = {s ∈ S | a ∃ s} by (3.4).

Next if, for an element X ∈ PS and an element p ∈ P, there exist elements
b1, . . . , bm ∈ G and elements q1, . . . , qm ∈ P which satisfy the following three
conditions, then we write XRp:

(a) X ⊆ ⋃m
i=1 Sbi ,

(b) p =
∑m

i=1 qi,

(c) bi qiπone	 ∈ Q (i = 1, . . . ,m),

where if m = 0, then
⋃m

i=1 Sbi = ∅,∑m
i=1 qi = 0 and the condition (c) is vacant.

The relation R between PS and P thus defined satisfies the following:

(1) X = ∅ ⇐⇒ XR0,

(2) X ⊆ Y and Y Rp =⇒ XRp,

(3) XRp and Y Rq =⇒ (X ∪ Y)R (p + q).

That R satisfies (2) and (3) is an immediate consequence of the definition of
R. The above remark on (a) (b) (c) with m = 0 shows that ∅R0. In order
to complete the proof of (1), suppose XR0. Then either X = ∅ or there exist
elements b1, . . . , bm ∈ G and elements q1, . . . , qm ∈ P with m > 0 which satisfy
X ⊆ ⋃m

i=1 Sbi , 0 =
∑m

i=1 qi, and bi qiπone	 ∈ Q (i = 1, . . . ,m). In the latter
case, we have qi = 0, so bi ∃πone	 ∈ Q, and Lemma 3.20 (24) shows that
s ŏπbi	 ∈ Q for all elements s ∈ A ′

ε = S, hence Sbi = ∅ (i = 1, . . . ,m), and
thus X = ∅ as desired.

Furthermore, for each element X ∈ PS, the set {p ∈ P | XRp} is contained in
the subalgebra of P generated by the finite subset P ′∪{0}, and so Theorem 2.1 of
Gomi (09c) shows that min

(
{p ∈ P | XRp} ∪ {ó}

)
exists. Also 0 < ó. Therefore

Theorem 2.2 of Gomi (09c) shows that we may define the P-measure X �→ |X|

on S by

|X| = min
(
{p ∈ P | XRp} ∪ {ó}

)
. (3.6)

We have thus defined the basic relation and the P-measure on S. Using
these, we may now let W = (S→T)∪ S ∪⋃

O∈PK

(
(O→S)→T

)
be a MPC world

cognizable by A as in §2.3 of Gomi (09c).
Next, we define a specific C-denotation Φ into W by (Φ1)–(Φ3) below.

Recall C = Cδ � Cε � (C ∩ H).
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(Φ1) For each a ∈ Cδ, Φa is the element of S→T such that

(Φa)s = 1 ⇐⇒ s ∈ Sa

for each s ∈ S. Thus s ∈ Sa iff Φa ∃ s for the extended relation ∃.

(Φ2) For each a ∈ Cε, since Cε ⊆ S by (3.1) and (3.3), we define Φa = a.

(Φ3) For each f ∈ C ∩ H, Φf is the element of (Kf→S)→T such that, if Kf =
{k1, . . . , kn} with k1, . . . , kn distinct, then

(Φf)θ = 1 ⇐⇒ (
(θki) ŏki

)
i=1,...,n

f /∈ Q

for each θ ∈ Kf→S. Since θki ∈ Aε by (3.3), this definition makes
sense. By virtue of Lemma 3.20 (2), this definition does not depend on
the numbering k1, . . . , kn of elements of Kf.

Thus Φ is defined and it yields the metadenotation Φ∗ ∈ A→WVX,W .
Next, we similarly define a specific X-denotation v into W by (v1)–(v3)

below. Recall X = Xδ � Xε � (X ∩ H) and Xε = X ′
ε � X ′′

ε by Lemma 3.3.

(v1) For each x ∈ Xδ, vx is the element of S→T such that

(vx)s = 1 ⇐⇒ s ∈ Sx

for each s ∈ S. Thus s ∈ Sx iff vx ∃ s for the extended relation ∃.

(v2) For each x ∈ X ′
ε, since X ′

ε ⊆ S by (3.1) and (3.3), we define vx = x. For
each x ∈ X ′′

ε , we let vx be an arbitrary element of S.

(v3) For each f ∈ X ∩ H, vf is the element of (Kf→S)→T such that, if Kf =
{k1, . . . , kn} with k1, . . . , kn distinct, then

(vf)θ = 1 ⇐⇒ (
(θki) ŏki

)
i=1,...,n

f /∈ Q

for each θ ∈ Kf→S. The remark in (Φ3) also applies here.

Thus v is defined and it yields the projection prv ∈ WVX,W→W. Recall

(Φ∗a)v =

{
Φa if a ∈ C,

va if a ∈ X.
(3.7)

Lemma 3.21 The following holds as to the composite prvΦ∗ ∈ A→W.

(1) If a ∈ A ′
ε, then (Φ∗a)v = a.

(2) If a ∈ Sδ ∪ A ′
ε and s ∈ S, then (Φ∗a)v ∃ s iff s ∈ Sa.

Proof The composite induces an F-homomorphism of Aε into Wε = S. (Φ2)
shows that (Φ∗a)v = Φa = a for a ∈ Cε and (v2) shows that (Φ∗x)v = vx = x

for x ∈ X ′
ε. Since A ′

ε = [Cε ∪ X ′
ε]F by (3.1), (1) holds. (2) for a ∈ A ′

ε follows
from (1) and the remark following (3.5). If a ∈ Cδ then (Φ∗a)v = Φa, while if
x ∈ Xδ then (Φ∗x)v = vx. Thus (2) for a ∈ Sδ follows from (Φ1) and (v1).
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Let L be the set of the operation symbols of A:

L = {ŏk, xk,∧, ∨,⇒, ♦,	,�,�,�, f,Ωx | k ∈ K, x ∈ Q, f ∈ F, x ∈ Xε}.

Lemma 3.22 There exists a mapping I of L�A into the set Z≥0 of non-negative
integers which satisfies the following conditions.

(1) If λ ∈ L and (a1, . . . , an) ∈ Domλ, then

I
(
λ(a1, . . . , an)

)
= I(λ) + I(a1) + · · · + I(an).

(2) If a ∈ {ŏk,	, f | k ∈ K, f ∈ F} � S, then I(a) = 0.

(3) If a ∈ {∧, ∨,⇒, ♦,�,�,�,Ωx | x ∈ Xε}, then I(a) = 1.

(4) If p ∈ P − {∞}, then I(pk) = 4 for each k ∈ K.

(5) If q ∈ P − {∞}, then I
(
(←q]k

)
= 5 for each k ∈ K.

(6) If p is a connected quantifier in P other than those dealt with in (4) and
(5), then I(pk) = 6 for each k ∈ K.

(7) If p is a disconnected quantifier in P, then I(pk) = 7 for each k ∈ K.

(8) If x is a quantifier in ¬P, then I(xk) = 9 for each k ∈ K.

(9) If a ∈ Aε, then I(a) = 0.

Proof Since p �= (←q] for all p, q ∈ P, we can define I ∈ (L � S)→Z≥0

so that the conditions (2)–(8) hold. Theorem 2.2 of Gomi (09b) shows that
each element a ∈ A − S has the unique word form λ(a1, . . . , an) and it satisfies
Rank a = 1+

∑n
i=1 Rank ai. Therefore by induction on the rank, we can extend

I to an element of (L � A)→Z≥0 so that the condition (1) also holds. The
conditions (1) and (2) imply (9), because Aε = [Sε]F by (1.1).

Using Lemma 3.22, we define the mapping J of L � A into Z≥0 by

J(b) =

{
I(a) + 1 if b = apπone	 for some a ∈ G and p ∈ P − {∞},

I(b) otherwise.
(3.8)

We call I(b) and J(b) the preindex and the index of b respectively.

Lemma 3.23 The following holds as to the preindex and the index.

(1) If b ∈ A, then I(b) ≥ J(b).

(2) If a ∈ A, x ∈ Xε and b ∈ Aε, then I
(
a(x/b)

)
= I(a).
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Proof (1) Since one = (x0 ∀πx0	)Ωx0, we have I(one) = I(x0) + I(∀π) +
I(x0)+I(	)+I(Ωx0) = 9, and so I(apπone	) = I(a)+I(pπ)+I(one)+I(	) =
I(a) + 13 > I(a) + 1 = J(apπone	).

(2) We argue by induction on the rank r of a. If r = 0, or a ∈ S, then
a(x/b) ∈ S, hence I

(
a(x/b)

)
= 0 = I(a). Suppose r > 0 and let λ(a1, . . . , an)

be the word form of a. If λ = Ωx, then a(x/b) = a, so there is nothing to prove.
Suppose λ �= Ωx. Then a(x/b) = λ(a1(x/b), . . . , an(x/b)), so I

(
a(x/b)

)
=

I(λ) + I
(
a1(x/b)

)
+ · · · + I

(
an(x/b)

)
. Since I

(
ai(x/b)

)
= I(ai) (i = 1, . . . , n)

by the induction hypothesis, we conclude that I
(
a(x/b)

)
= I(λ) + I(a1) + · · ·+

I(an) = I(a).

Lemma 3.24 If h ∈ P then (Φ∗h)v = 1, while if h ∈ Q then(Φ∗h)v = 0.

Since α0 ⊆ P and β0 ⊆ Q by the definition of P and Q in Lemma 3.20 and
α0 ∪ β0 consists of sentences, Lemma 3.24 implies that α0 �� β0, which is a
contradiction concluding the proof of Theorem 3.

The proof of Lemma 3.24 is long. Let h ∈ P∪Q. Then Theorem 2.2 of Gomi
(09b) shows that there exist elements a1, . . . , al ∈ Aε (l ≥ 0), distinct elements
k1, . . . , kl ∈ Kh, and an element h ′ ∈ H which satisfy the conditions

h = (ai ŏki)i=1,...,lh
′, h ′ /∈ ⋃

k∈K Im ŏk. (3.9)

Since h is good by Lemma 3.20, we have

a1, . . . , al ∈ A ′
ε (3.10)

and h ′ is good by Lemma 3.4. Since h is a sentence by Lemma 3.20, we have

Kh ′ = {k1, . . . , kl}. (3.11)

Since h ′ /∈ ⋃
k∈K Im ŏk, either h ′ ∈ S ∩ H or h ′ is in one of the word forms

a xk f (x ∈ Q), f∧ g, f∨ g, f⇒g, f♦, c	. (3.12)

If h ′ = c	, then either c is in one of the word forms

a � b, a � b, a�, fΩx. (3.13)

or c ∈ Sδ ∪ Aε. If c ∈ Aε, then c ∈ A ′
ε by Lemma 3.4 because h ′ is good.

We first consider the above two special cases.

The case h ′ ∈ S ∩ H. Because of (3.11), (3.10) and (3.3), we may define
θ ∈ Kh ′→S by θki = ai (i = 1, . . . , l), and then we have

(Φ∗h)v =
(
Φ∗((ai ŏki)ih

′))v (by (3.9))

=
(
(Φ∗ai)v ŏki

)
i
(Φ∗h ′)v

= (ai ŏki)i(Φ
∗h ′)v (by (3.10) and Lemma 3.21)
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=
(
(θki) ŏki

)
i
(Φ∗h ′)v (by the definition of θ)

=
(
(Φ∗h ′)v

)
θ (by Corollary 3.5.2 of Gomi (09c))

=

{
(Φh ′)θ if h ′ ∈ C ∩ H,

(vh ′)θ if h ′ ∈ X ∩ H
(by (3.7)),

where the second equality holds because Φ∗ and the projection by v is a homo-
morphism with respect to the operations ŏki (i = 1, . . . , l). Hence

(Φ∗h)v = 1 ⇐⇒ (
(θki) ŏki

)
i
h ′ /∈ Q (by (Φ3) and (v3))⇐⇒ (

ai ŏki

)
i
h ′ /∈ Q (by the definition of θ)⇐⇒ h /∈ Q (by (3.9)).

Therefore if h ∈ Q then (Φ∗h)v = 0, while if h ∈ P then (Φ∗h)v = 1, because
P ∩ Q = ∅ by Lemma 3.20.

The case h ′ = c	 with c ∈ Sδ ∪ A ′
ε. Here l = 1 and k1 = π by (3.11),

a1 ∈ A ′
ε = S by (3.10) and (3.3), and h = a1 ŏπ c	 by (3.9). Therefore

(Φ∗h)v = (Φ∗a1)v ŏπ (Φ∗c)v	 = a1 ŏπ (Φ∗c)v	 by Lemma 3.21, hence

(Φ∗h)v = 1 ⇐⇒ (Φ∗c)v ∃ a1 (by Theorem 3.9 of Gomi (09c))⇐⇒ a1 ∈ Sc (by Lemma 3.21)⇐⇒ a1 ŏπ c	 /∈ Q (by (3.5))⇐⇒ h /∈ Q.

Therefore if h ∈ Q then (Φ∗h)v = 0, while if h ∈ P then (Φ∗h)v = 1.

The general case. We argue by induction on the index J(h) of h.
If J(h) = 0, then it follows from (3.8), Lemma 3.22, and the discussion on

the word forms of h ′ that either h ′ ∈ S ∩ H or h ′ = c	 for some c ∈ Sδ ∪ A ′
ε,

and in either case, Lemma 3.24 has been proved above. Therefore we assume
J(h) ≥ 1, h ′ /∈ S ∩ H, and h ′ �= c	 for any c ∈ Sδ ∪ A ′

ε. Then h ′ is in one of
the word forms (3.12) and if h ′ = c	, c is in one of the word forms (3.13). We
will consider those cases one by one, redividing them into twelve cases.

We first consider the case where h ′ is equal to a xk f (x ∈ Q) on the list
(3.12), and further divide it into the three subcases (1) x ∈ ¬P, (2) x ∈ P but
x is disconnected, and (3) x ∈ P and x is connected. In the last case, x is an
interval in one of the four shapes P, (pq] with p < q �= ∞ or p = q = 0, (←q]
with q �=∞, and p = (p→) with p �=∞.

We will often use the following argument. Recalling from Lemma 3.20 that
P ∩ Q = ∅, we say that two elements f and g of P ∪ Q is equivalent or write
f ∼ g, if either f, g ∈ P or f, g ∈ Q. Then if h ∼ h̀ and (Φ∗h)v = (Φ∗h̀)v and
J(h) > J(h̀), or if h � h̀ and (Φ∗h)v �= (Φ∗h̀)v and J(h) > J(h̀), then by the
induction hypothesis, Lemma 3.24 holds for the h.
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Case 1: h ′ = a¬pk f with p ∈ P. Here h = (ai ŏki)i(a¬pk f) by (3.9), and
h ∼ h̀ = (ai ŏki)i(apk f♦) by Lemma 3.20 (11) (12). Also, (Φ∗h)v = (Φ∗h̀)v
by Theorem 3.10 of Gomi (09c). Furthermore,

J(h) = I(h) = I(a¬pk f) = I(a) + I(¬pk) + I(f) = I(a) + 9 + I(f)

> I(a) + 8 + I(f) = I(a) + 7 +
(
I(f) + 1

)
= I(a) + 7 + I(f♦)

≥ I(a) + I(pk) + I(f♦) = I(a pk f♦) = I(h̀) = J(h̀)

by (3.8) and Lemma 3.22. Thus Lemma 3.24 holds for the h.

Case 2: h ′ = a pk f with p ∈ P disconnected. Here h = (ai ŏki)i(apk f).
Let p1, . . . , pm be the connected components of p and hj = (ai ŏki)i(apjk f)
(j = 1, . . . ,m). Then we have (Φ∗h)v = (Φ∗h1)v∨ · · ·∨ (Φ∗hm)v by Theorem
3.11 and Lemma 3.4 of Gomi (09c). Furthermore,

J(h) = I(h) = I(a pk f) = I(a) + I(pk) + I(f) = I(a) + 7 + I(f)

> I(a) + 6 + I(f) ≥ I(a) + I(pjk) + I(f) = I(a pjk f) = I(hj) ≥ J(hj)

for each j ∈ {1, . . . ,m} by (3.8), Lemmas 3.22 and 3.23. By Lemma 3.20 (13)
(14), if h ∈ P then hj ∈ P for some j ∈ {1, . . . ,m}, while if h ∈ Q then hj ∈ Q

for all j ∈ {1, . . . ,m}. Thus Lemma 3.24 holds for the h.

Case 3: h ′ = aPk f. Here h = (ai ŏki)i(aPk f). Let h1 = (ai ŏki)i(a0k f)
and h2 = (ai ŏki)i

(
a (←0]k f

)
. Then we have (Φ∗h)v = (Φ∗h1)v∨ (Φ∗h2)v as

in Case 2, because P = 0 ∪ (←0]. Furthermore,

J(h) = I(h) = I(aPk f) = I(a) + I(Pk) + I(f) = I(a) + 6 + I(f)

> I(a) + 5 + I(f)

≥
{

I(a) + I(0k) + I(f) = I(a0k f) = I(h1) ≥ J(h1),

I(a) + I
(
(←0]k

)
+ I(f) = I

(
a (←0]k f

)
= I(h2) = J(h2)

by (3.8), Lemmas 3.22 and 3.23. By Lemma 3.20 (15) (16), if h ∈ P then either
h1 or h2 belongs to P, while if h ∈ Q then h1, h2 ∈ Q. Thus Lemma 3.24 holds
for the h.

Case 4: h ′ = a (pq]k f with either p < q �= ∞ or p = q = 0 Here h =
(ai ŏki)i

(
a (pq]k f

)
. Let h1 = (ai ŏki)i(apk f) and h2 = (ai ŏki)i

(
a (←q]k f

)
.

Then since (pq] = p∩(←q], we have (Φ∗h)v = (Φ∗h1)v∧ (Φ∗h2)v by Theorem
3.11 and Lemma 3.4 of Gomi (09c). Furthermore,

J(h) = I(h) = I
(
a (pq]k f

)
= I(a) + I

(
(pq]k

)
+ I(f) = I(a) + 6 + I(f)

> I(a) + 5 + I(f)

≥
{

I(a) + I(pk) + I(f) = I
(
apk f

)
= I(h1) ≥ J(h1),

I(a) + I
(
(←q]k

)
+ I(f) = I

(
a (←q]k f

)
= I(h2) = J(h2)
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by (3.8), Lemmas 3.22 and 3.23. By Lemma 3.20 (17) (18), if h ∈ P then
h1, h2 ∈ P, while if h ∈ Q then either h1 or h2 belongs to Q. Thus Lemma 3.24
holds for the h.

Case 5: h ′ = a (←q]k f with q �= ∞. Here h = (ai ŏki)i(a (←q]k f) � h̀ =

(ai ŏki)i(aqk f) by Lemma 3.20 (19) (20). Also, we have (Φ∗h)v �= (Φ∗h̀)v by
Theorem 3.10 and Corollary 3.5.3 of Gomi (09c), because (←q] = q◦. Further-
more,

J(h) = I(h) = I
(
a (←q]k f

)
= I(a) + I

(
(←q]k

)
+ I(f) = I(a) + 5 + I(f)

> I(a) + 4 + I(f) = I(a) + I(qk) + I(f) = I(aqk f) = I(h̀) ≥ J(h̀)

by (3.8), Lemmas 3.22 and 3.23. Thus Lemma 3.24 holds for the h.

Case 6: h ′ = apk f �= apπone	 with p �= ∞. Here h = (ai ŏki)i(apk f).
In view of Lemma 3.3, let x ∈ X ′′

ε and h̀ =
(
a� (

x ŏk (ai ŏki)if
)
Ωx

)
pπone	.

Then h ∼ h̀ by Lemma 3.20 (21) (22). Since x does not occur free in g =

(ai ŏki)if by Lemma 3.4, we have h � h̀ by Lemma 2.10, hence (Φ∗h)v =

(Φ∗h̀)v. Furthermore,

J(h) = I(h) = I(a) + I(pk) + I(f) = I(a) + 4 + I(f) = I(a) + 4 + I(g)

> I(a) + 3 + I(g)

= I(a) + I(�) + I(g) + I(Ωx) + 1 = I
(
a � (x ŏk g)Ωx

)
+ 1 = J(h̀)

by (3.8) and Lemma 3.22. Thus Lemma 3.24 holds for the h.

Case 7: h ′ = apπone	 with p �=∞. Here h = h ′ = apπone	. Define

X = {s ∈ S | (Φ∗a)v ∃ s}.

Then Theorems 3.9 and 3.19 of Gomi (09c) imply

(Φ∗h)v = 1 ⇐⇒ p < |X|.

Case 7.1: h ∈ P. Here apπone	 ∈ P, so p ∈ P ′ and hence p < ó. In order
to prove (Φ∗h)v = 1 by contradiction, assume |X| ≤ p. Then |X| �= ó, and so
the definition (3.6) of |X| shows that there exist elements b1, . . . , bm ∈ G and
elements q1, . . . , qm ∈ P which satisfy the conditions

(i) X ⊆ ⋃m
i=1 Sbi ,

(ii) p ≥∑m
i=1 qi,

(iii) bi qiπone	 ∈ Q (i = 1, . . . ,m),
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where m ≥ 0. Therefore by Lemma 3.20 (23), there exists an element x ∈ X ′
ε

such that x ŏπa	 ∈ P and x ŏπb1	, · · · , x ŏπbm	 ∈ Q. Furthermore,

J(h) = I(a) + 1 > I(a) = I(x ŏπa	) = J(x ŏπa	)

by (3.8) and Lemma 3.22. Therefore
(
Φ∗(x ŏπa	)

)
v = 1 by the induction

hypothesis. Since
(
Φ∗(x ŏπa	)

)
v = (Φ∗x)v ŏπ (Φ∗a)v	 = x ŏπ (Φ∗a)v	 by

Lemma 3.21, Theorem 3.9 of Gomi (09c) yields (Φ∗a)v ∃ x, hence x ∈ X. On
the other hand, since x ŏπbi	 ∈ Q, the definition (3.5) of Sbi yields x /∈ Sbi

for i = 1, . . . ,m. This contradicts (i). Thus (Φ∗h)v = 1.

Case 7.2: h ∈ Q. Here apπone	 ∈ Q. Suppose s ∈ S−Sa. Then s ŏπa	 ∈
Q by (3.5). Also J(h) = I(a) + 1 > I(a) = I(s ŏπa	) = J(s ŏπa	) by (3.8)
and Lemma 3.22. Therefore

(
Φ∗(s ŏπa	)

)
v = 0 by the induction hypothesis,

and so (Φ∗a)v � s by Theorem 3.9 of Gomi (09c) and Lemma 3.21, that is,
s ∈ S − X. Thus X ⊆ Sa, and so |X| ≤ p by (3.6). Therefore (Φ∗h)v = 0.

We have exhausted the cases where h ′ has a word form a xk f (x ∈ Q).

Case 8: h ′ = f∧ g or f∨ g or f⇒ g. Let ∗ denote any one of the op-
erations ∧, ∨ and ⇒. Then h = (ai ŏki)i=1,...,l(f ∗ g). Let ρ ∈ Sl and
hρ = (aρi ŏkρi)i=1,...,l(f ∗ g). Then h ∼ hρ by Lemma 3.20 (1) (2), J(h) =
J(hρ) by (3.8) and Lemmas 3.22, and (Φ∗h)v = (Φ∗hρ)v by Corollary 3.5.1
of Gomi (09c). Therefore we may assume that (3.2) is satisfied. Let hf =
(ai ŏki)i=1,...,mf and hg = (ai ŏki)i=ν+1,...,lg. Then (Φ∗h)v = (Φ∗hf)v ∗
(Φ∗hg)v by Theorem 3.6 of Gomi (09c). Also, the following holds by Lemma
3.20 (3)–(8).

• When ∗ is ∧, if h ∈ P then hf, hg ∈ P, while if h ∈ Q then either hf ∈ Q

or hg ∈ Q.

• When ∗ is ∨, if h ∈ P then either hf ∈ P or hg ∈ P, while if h ∈ Q then
hf, hg ∈ Q.

• When ∗ is ⇒, if h ∈ P then either hf ∈ Q or hg ∈ P, while if h ∈ Q then
hf ∈ P and hg ∈ Q.

Furthermore,

J(h) = I(h) = I(f) + I(∗) + I(g) = I(f) + 1 + I(g) >

{
I(f) = I(hf) ≥ J(hf),

I(g) = I(hg) ≥ J(hg)

by (3.8), Lemmas 3.22 and 3.23. Thus Lemma 3.24 holds for the h.

Case 9: h ′ = f♦. Here h = (ai ŏki)i(f
♦), and h � h̀ = (ai ŏki)if by Lemma

3.20 (9) (10). Also, (Φ∗h)v �= (Φ∗h̀)v by Corollary 3.5.3 of Gomi (09c). Fur-
thermore,

J(h) = I(h) = I(f) + I(♦) = I(f) + 1 > I(f) = I(h̀) ≥ J(h̀)
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by (3.8), Lemmas 3.22 and 3.23. Thus Lemma 3.24 holds for the h.

We are left with the case h ′ = c	 with c in one of the word forms (3.13).

Case 10: h ′ = (a�b)	 or (a�b)	. Let ∗ denote � or �. Then l = 1, k1 = π,
and h = a1 ŏπ (a ∗ b)	. Let ha = a1 ŏπa	 and hb = a1 ŏπb	. Then the
following holds by Theorems 3.1 and 3.6 of Gomi (09c) and Lemma 3.20 (25)–
(28).

• When ∗ is �, (Φ∗h)v = (Φ∗ha)v∧ (Φ∗hb)v, and if h ∈ P then ha, hb ∈ P,
while if h ∈ Q then either ha ∈ Q or hb ∈ Q.

• When ∗ is �, (Φ∗h)v = (Φ∗ha)v∨ (Φ∗hb)v, and if h ∈ P then either
ha ∈ P or hb ∈ P, while if h ∈ Q then ha, hb ∈ Q.

Furthermore,

J(h) = I(h) = I(a) + I(∗) + I(b) = I(a) + 1 + I(b) >

{
I(a) = I(ha) = J(ha),

I(b) = I(hb) = J(hb)

by (3.8) and Lemma 3.22. Thus Lemma 3.24 holds for the h.

Case 11: h ′ = a�	. Here l = 1, k1 = π, h = a1 ŏπa�	, and h � h̀ =
a1 ŏπa	 by Lemma 3.20 (29) (30). Also, (Φ∗h)v �= (Φ∗h̀)v by Theorem 3.1
and Corollary 3.5.3 of Gomi (09c). Furthermore,

J(h) = I(h) = I(a) + I(�) = I(a) + 1 > I(a) = I(h̀) = J(h̀)

by (3.8) and Lemma 3.22. Thus Lemma 3.24 holds for the h.

Case 12: h ′ = (fΩx)	. Here l = 1, k1 = π, h = a1 ŏπ (fΩx)	, and
h ∼ h̀ = f(x/a1) by Lemma 3.20 (31) (32). Also, since x is free from a1 in
f by Lemma 3.4, we have (Φ∗h)v = (Φ∗h̀)v by Theorem 3.18 of Gomi (09c).
Furthermore,

J(h) = I(h) = I(f) + I(Ωx) = I(f) + 1 > I(f) = I
(
f(x/a1)

)
= I(h̀) ≥ J(h̀)

by (3.8), Lemmas 3.22 and 3.23. Thus Lemma 3.24 holds for the h.

This completes the proof of Lemma 3.24. Thus we have proved Theorem 3.

4 A predicate deduction system satisfying the

law

The purpose of this section is to prove the following theorem, from which The-
orem 1 is derived as was shown in §2.
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Theorem 4 The deduction system (℘∪&,∇) on H is G-sound and its deduction
relation �℘∪&,∇ is a MPC relation.

Proof The largest G-logic on H is equal to the partial validity relation � of
the predicate logical space (H,G) by Theorem 6.5 of Gomi (09a), and � is the
restriction of the validity relation � of (H,G). Also, Theorem 6.6 of Gomi (09a)
shows that an element f ∈ H belongs to the core C of (H,G) iff � f holds.
Therefore by Theorem 7.1 of Gomi (09a), the former assertion means that �
satisfies the three laws

f, f⇒ g � g, fg � f∧ g, � h

for all elements f, g ∈ H and h ∈ ∇. Since � is a Boolean relation with respect
to the operations ∧,∨, ♦ and ⇒, it follows from the definition of the Boolean
law and Lemma 2.1 that � satisfies the first and second laws and every Boolean
predicate h satisfies � h.

For instance, since f♦ � f⇒g and g � f⇒ g by the first and second impli-
cation laws, we have f♦ ∨g � f⇒g, hence � (f♦ ∨ g)⇒ (f⇒ g). Also, since
f, f⇒h, g⇒h � h and g, f⇒h, g⇒h � h by the cut-implication law, we have
f∨ g, f⇒h, g⇒h � h, hence �

(
(f⇒h)∧ (g⇒h)

)⇒ (
(f∨ g)⇒h

)
. Also,

since h, h⇒ f, h⇒ g � f and h, h⇒ f, h⇒g � g, we have h, h⇒ f, h⇒g �
f∧ g, hence �

(
(h⇒ f)∧ (h⇒g)

)⇒ (
h⇒ (f∧ g)

)
. Also, since

h, h⇒ f, h⇒ (f⇒ g) � f, h, h⇒ f, h⇒ (f⇒ g) � f⇒g, f, f⇒g � g

by the cut-implication law, we have h, h⇒ f, h⇒(f⇒ g) � g by the cut law,
hence �

(
(h⇒ f)∧

(
h⇒ (f⇒ g)

))⇒ (h⇒ g).
Consequently, C is closed under ℘ and & and contains all Boolean predicates.

Since � satisfies the case+ law, the case− law and the ∀+ law, C is also closed
under the case+ logic ⊥, case− logic � and ∀+ logic ∀. Therefore in view of
(1.3), it remains to show that every proper MPC predicate h satisfies � h.
By virtue of Lemma 2.1, it is a direct consequence of the proved fact that �
satisfies the twenty two laws from the Q, ŏ law to the ∀− law.

Let R = ℘ ∪ &. Then the deduction relation �R,∇ is Boolean with respect
to the operations ∧,∨, ♦ and ⇒ by Corollary 5.9.1 of Gomi (09a). Also, since
∇ is closed under R ∪ ⊥ ∪ � ∪ ∀ and contains ∂ by (1.3), it follows that �R,∇
satisfies the twenty five laws which constitute the proper MPC law.

For instance as for the case+ law, assume �R,∇ f. Then f ∈ [∇]R = ∇,
and so since ∇ is closed under ⊥, we have a ŏk f ∈ ∇ = [∇]R for all a ∈ Aε

and k ∈ Kf, hence �R,∇ a ŏk f. Thus �R,∇ satisfies the case+ law. The same
argument applies to the case− law and ∀+ law as well.

Since (one� pk f)♦ ∈ ∂ ⊆ ∇ ⊆ [∇]R for all f ∈ H, k ∈ Kf, and p ∈ P, we
have �R,∇ (one� pk f)♦, hence one� pk f �R,∇ by Lemma 2.1. Thus �R,∇
satisfies the one� law.

Let a ∈ G, b ∈ Aε, f ∈ H, k, l ∈ Kf, k �= l, and x ∈ {ŏ} ∪ Q. Also, let
a ∈ Aε in case x = ŏ. Then, since a xk (b ŏl f)⇒ b ŏl (a xk f) ∈ ∂ ⊆ ∇ ⊆ [∇]R,
we have �R,∇ a xk (b ŏl f)⇒ b ŏl (a xk f), hence a xk (b ŏl f) �R,∇ b ŏl (a xk f)
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by Lemma 2.1. Similarly we have b ŏl (a xk f) �R,∇ a xk (b ŏl f), and thus �R,∇
satisfies the Q, ŏ law. The same argument applies to the remaining laws other
than the ∀,⇒ law, the ∀, P law, and the �,+ law.

As for the ∀,⇒ law, let f, g ∈ A∅, x ∈ Xε, and assume that x does not occur
free in f. Then, since

(
one∀π

(
(f⇒ g)Ωx

)	)⇒(
f⇒ one∀π (gΩx)	) ∈ ∂ ⊆ ∇ ⊆ [∇]R,

we have �R,∇
(
one∀π

(
(f⇒g)Ωx

)	)⇒(
f⇒one∀π (gΩx)	)

, hence

f, one∀π
(
(f⇒ g)Ωx

)	 �R,∇ one∀π (gΩx)	.

by Lemma 2.1. Thus �R,∇ satisfies the ∀,⇒ law.
As for the ∀, P law, let a, b ∈ G, f ∈ H, k ∈ Kf, and p ∈ P. Then, since

(a∀πb	∧ apk f)⇒ bpk f ∈ ∂ ⊆ ∇ ⊆ [∇]R,

we have �R,∇ (a∀πb	∧ apk f)⇒ bpk f, hence a∀πb	, apk f �R,∇ bpk f

by Lemma 2.1. Thus �R,∇ satisfies the ∀, P law.
As for the �,+ law, let a, b ∈ G, f ∈ H, k ∈ Kf, and p, q ∈ P. Then, since

(a � b)p + qk f⇒ (apk f∨ bqk f) ∈ ∂ ⊆ ∇ ⊆ [∇]R,

we have �R,∇ (a � b)p + qk f⇒ (apk f∨ bqk f), hence

(a � b)p + qk f �R,∇ apk f, bqk f.

by Lemma 2.1. Thus �R,∇ satisfies the �,+ law.
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